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6BA�4EBA C?8A4@8AG8 8A @<

� +4A7E4 DH8 4 =HFGU FHF C?4A8F C4E4 DH8 8FGHI<RE4@BF =HAGBF 7HE4AG8 8FGBF 4TBF �
FH 4@BE L 4CBLB <A6BA7<6<BA4? 9H8EBA <@CBEG4AG8F 8A 8? 7S4 4 7S4� 4? <:H4? DH8 FHF
6BEE866<BA8F 78 E87466<UA L 8FG<?B 8A ?4 I8EF<UA �A4? 78 8FG8 GE454 =B

� @<F C47E8F DH8 @8 ;4A 747B GB7B ?B DH8 ;4 8FG47B 4 FH 4?64A68 L F<8@CE8 @8 ;4A
<@CH?F47B 4 74E ?B @8=BE 78 @<� 4 8??BF ?8F 785B GB7B

� GB74F ?4F C8EFBA4F 6BA ?4F DH8 6B@C4EGS 6;4E?4F � 4F47BF � C4EG<7BF 78 9WG5B?� 6H@	
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�FG4 G8F<F G <8A8 6B@B �A4?<747 8? 8FGH7<B 4F<AGUG<6B 78 FH68F<BA8F L FH5FH68F<BA8F

E86HEF<I4F 78 6H8ECBF 78 9HA6<BA8F FB5E8 6H8ECBF �A<GBF � 8AGE8 8??4F � F8 78FG464 ?4

FH68F<UA H = {Fi}∞i=0 78�A<74 CBE ?4 86H46<UA 78 G<CB �EG<A	+ 6;E8<8E

y2 + y =
x

x2 + x + 1

FB5E8 HA 6H8ECB �A<GB F2s 6BA 2s 8?8@8AGBF 
 �8G8E@<A4E 8? 6B@CBEG4@<8AGB 4F<AGU	

G <6B 78 8FG4 GBEE8 FB5E8 G4?8F 6H8ECBF �A<GBF 9H8 HA CEB5?8@4 CEBCH8FGB CBE �88?8A�

�4E6<4 L + G<6;G8ABG; 2 � 3 


�? GE454 =B 8FGP 7<I<7<7B 8A GE8F 64CSGH?BF 
 �A 8? CE<@8EB <AGEB7H6<@BF 6BA68CGBF

9HA74@8AG4?8F 78 ?4 G8BES4 78 GBEE8F 78 6H8ECBF 78 9HA6<BA8F FB5E8 6H8ECBF �A<GBF 


�? F8:HA7B 8FGP 787<647B 4 ?4 E8FB?H6<UA 78? CEB5?8@4 C?4AG847B ?SA84F 4EE<54� 8A

8FG8 F8AG<7B� 78@BFGE4@BF DH8 ?4 FH68F<UA H 8F HA4 GBEE8 78 :RA8EB �A<GB FB5E8 F2s

C4E4 6H4?DH<8E 8AG8EB CBF<G <IB s L CEB54@BF DH8 8? 6B@CBEG4@<8AGB 78 ?4 G4F4 78

78F6B@CBF<6<UA 78C8A78 78 ?4 C4E<747 78 s
 �7<6<BA4?@8AG8 � 64?6H?4@BF 78 9BE@4

CE86<F4 8? AW@8EB 78 ?H:4E8F E46<BA4?8F L 8? :RA8EB 78 6474 6H8ECB 78 9HA6<BA8F Fi

FB5E8 F4 � 787H6<8A7B DH8 ?4 GBEE8 H FB5E8 F4 8F HA4 GBEE8 4F<AGUG<64@8AG8 UCG<@4


�? G8E68E 64CSGH?B F8 8A9B64 8A ?4 6BAFGEH66<UA 78 FH5FH68F<BA8F L FHC8EFH68F<BA8F

78 6H8ECBF 78 9HA6<BA8F L 4 ?4 :8A8E4?<M46<UA 78 4?:HABF E8FH?G47BF 6BAB6<7BF 
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�? CEB5?8@4 78 6HPAGBF ?H:4E8F � CHAGBF� E46<BA4?8F CH878 G8A8E HA 6H8ECB 78 9HA6<B	

A8F � 6HEI4� 78 :RA8EB g 78�A<7B FB5E8 HA 6H8ECB �A<GB Fq ;4 F<7B B5 =8GB 78 8FGH7<B

7HE4AG8 @H6;BF 4TBF 8A G8BES4 78 AW@8EBF 
 �A 
 ��� /8<? 2 � � 3 78@BFGEU ?4 ;<CUG8F<F

78 *<8@4AA C4E4 6H8ECBF 78 9HA6<BA8F FB5E8 6H8ECBF �A<GBF L 6B@B 6BAF86H8A6<4

B5GHIB 8? F<:H<8AG8 E8FH?G47B� 747B HA 6H8ECB 78 9HA6<BA8F F FB5E8 Fq 78 :RA8EB g �

8 ? AW@8EB 78 ?H:4E8F E46<BA4?8F N(F ) F4G<F9468 ?4 78F<:H4?747

|N(F ) − (q + 1)| ≤ 2g
√
q. � 
 �

$4 6BG4 4AG8E<BE 8F 6BAB6<74 6B@B 6BG4 78  4FF8	/8<? 
 �A 
 ��
 !;4E4 2 
 � 3 L %4A<A

2 
 � 3 ABG4EBA DH8 8FG4 6BG4 CH878 F8E @8=BE474 F< 8? :RA8EB 8F :E4A78 8A 6B@C4E46<UA

6BA ?4 64E7<A4?<747 78? 6H8ECB �A<GB FB5E8 8? 6H4? F8 6BAF<78E8 8? 6H8ECB 78 9HA6<BA8F 


�8 ;86;B� 8A 8F8 @<F@B 4EGS6H?B !;4E4 <AGEB7H=B ?4 9HA6<UA

A(q) := ĺım sup
g→∞

Nq(g)

g
� � �

7BA78 Nq(g) 8F 8? @PK<@B AW@8EB 78 ?H:4E8F E46<BA4?8F 78 HA 6H8ECB 78 9HA6<BA8F

FB5E8 Fq 78 :RA8EB g L CEB5U DH8 A(q) ≤ √
2q � @8=BE4A7B ?4 6BG4 C4E4 A(q) DH8 F8

B5G<8A8 78 � 
 � 
 ,4@5<RA 78@BFGEU DH8 A(q2) ≥ q − 1 L 6BA=8GHEU DH8 8A E84?<747

I4?8 ?4 <:H4?747
 �A 
 ��� �E<A98?7 L .?Q7HG 2 � 3 CEB54EBA� C4E4 GB7B q � DH8

A(q) ≤ √
q − 1

L 8A C4EG<6H?4E 6BA6?HL8EBA DH8 A(q2) = q − 1
 + < q AB 8F HA 6H47E47B 8? I4?BE

8K46GB 78 A(q) AB F8 6BAB68 � FU?B F8 6BAB68A 6BG4F <A98E<BE8F � 4?:HA4F 78 8??4F F8

;4A B5G8A<7B HF4A7B GBEE8F 78 6H8ECBF 78 6?4F8F 
 + 8EE8 2 
 � 3 78@BFGEU DH8 8K<FG8

HA4 6BAFG4AG8 c > 0 G4? DH8 A(qn) ≥ c n log(q) C4E4 GB7B q L GB7B 8AG8EB n > 0 L

,8@><A8 2 � � 3 8A ���
 CEB5U DH8 8K<FG8 HA4 6BAFG4AG8 c > 0 G4? DH8 C4E4 GB7B q L

GB7B 8AG8EB n > 0

A(qn) ≥ c n2 log(q)
log(q)

log(n) + log(q)
·
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�FG4 8F HA4 :8A8E4?<M46<UA 78 ?4 6BG4 78 +8EE8 DH8 E8FH?G4 F8E @8=BE C4E4 GB7B q

AB CE<@B
 �AG8E<BE@8AG8 1 <A> 2 ��3 ;45S4 HF47B FHC8E�6<8F 78 +;<@HE4 78:8A8E474F

C4E4 CEB54E DH8 F< p 8F CE<@B 8AGBA68F

A(p3) ≥ 2p2 − 1

p + 2
·

%BG<I47BF CBE CBG8A6<4?8F 4C?<646<BA8F 4 ?4 G8BES4 78 6U7<:BF � �4E6<4 L + G<6;G8ABG;

8A 2 
 
 3 <AGEB7H68A ?4 AB6<UA 78 GBEE8F E86HEF<I4F 8A ?4F DH8 ?BF 6H8ECBF 78 9HA6<BA8F

DH8 ?4 6B@CBA8A FBA 78�A<7BF 8KC?S6<G4@8AG8 @87<4AG8 HA4 WA<64 86H46<UA
 -A

E8FH?G47B 6?4I8 8A 8F8 GE454 =B 8F DH8 ?4 GBEE8 F 78�A<74 E86HEF<I4@8AG8 CBE ?4

86H46<UA

yq + y =
xq

1 + xq−1
� � �

8F 4F<AGUG<64@8AG8 UCG<@4 FB5E8 Fq2 � 8FGB 8F � 8? ?S@<G8 λ(F) 78 ?4 GBEE8 F F4G<F9468

λ(F) = q − 1 = A(q2).

�8 8FG4 @4A8E4� ?BF 4HGBE8F 7<8EBA HA4 CEH854 4?G8EA4G<I4 4 ?4 6BA=8GHE4 78 !;4E4


$4 I8AG4 =4 DH8 G<8A8A ?4F GBEE8F 78 6H8ECBF 78 9HA6<BA8F 9E8AG8 4 ?BF @RGB7BF DH8

F8 ;45S4A HF47B CE8I<4@8AG8 C4E4 B5G8A8E 6BG4F 78 A(q) E47<64 8A DH8 6474 6H8ECB

78 9HA6<BA8F 78 ?4 GBEE8 8FGP 78�A<7B 8A GRE@<ABF 78 86H46<BA8F L :8A8E47BE8F L

8FGB E8FH?G4 F8E 78 :E4A HG<?<747 4? @B@8AGB 78 GE454 =4E 8A 4C?<646<BA8F 6BA6E8G4F �

6B@B 8F 8? 64FB 78 ?4 G8BES4 78 6U7<:BF 
 -A 8=8@C?B 78 8FGB F8 I8 8A 2 � 
 3 8A 7BA78� 4

C4EG<E 78 ?4 GBEE8 E86HEF<I4 78�A<74 CBE ?4 86H46<UA � � � � F8 6BAFGEHL8 HA4 FH68F<UA 78

6U7<:BF 4F<AGUG<64@8AG8 5H8A4 DH8 @8=BE4 ?4 6BG4 <A98E<BE 6?PF<64 �<?58EG	.4EF;4@BI

C4E4 ?4 9HA6<UA 78 %4A<A 8A G8BES4 78 6U7<:BF � 6BAF<78E474 CBE @H6;B G<8@CB 6B@B

<A@8=BE45?8 
 ,4@5<RA HF4A7B GBEE8F E86HEF<I4F 78 6H8ECBF 78 9HA6<BA8F � I8E 2 �3 � F8

B5GHIB HA4 :8A8E4?<M46<UA 78 ?4 6BG4 <A98E<BE 78 1 <A>� C4E4 GB7B q F8 F4G<F9468 DH8

A(q3) ≥ 2q2 − 1

q + 2
·

�A 8? 4TB ���� �88?8A� �4E6S4 L + G<6;G8ABG; 2 � 3 7<8EBA ?BF CE<@8EBF C4FBF ;46<4 ?4

6?4F<�646<UA 78 GBEE8F E86HEF<I4F FB5E8 HA 6H8ECB �A<GB Fq 6BA q 8?8@8AGBF � 78 46H8E	

7B 4 FH 6B@CBEG4@<8AGB 4F<AGUG<6B
 $BF 4HGBE8F F8 8A9B64EBA 8A GBEE8F E86HEF<I4F

78�A<74F CBE 86H46<BA8F 78 ?4 9BE@4 a(y) = b(x)� 7BA78 a L b FBA 9HA6<BA8F E46<B	

A4?8F 4786H474F FB5E8 Fq 
 �FG8 G <CB 78 GBEE8F FBA ??4@474F (a, b)	GBEE8F FB5E8 Fq 


�A C4EG<6H?4E� B5F8EI4EBA DH8 @H6;4F (a, b)	GBEE8F CH878A 78�A<EF8 E86HEF<I4@8AG8

CBE 86H46<BA8F 78 ?4 9BE@4 h(y) = A · h(B · x) C4E4 4?:WA CB?<AB@<B h FB5E8 Fq
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L A� B ∈ GL2(Fq)
 �A 8FG8 64FB 8? FS@5B?B A · u F8 HF4 C4E4 78ABG4E ?4 466<UA 78
8?8@8AGBF 78 GL2(Fq) 6B@B HA4 GE4AF9BE@46<UA 78 %V5<HF � 8FGB 8F �

?
c d

e f

?
· u : =

cu + d

eu + f
·

�FG4 B5F8EI46<UA 9H8 6?4I8 L ?8F C8E@<G<U B5G8A8E E8FH?G47BF 8A ?4 6?4F<�646<UA 78

GBEE8F 78 G<CB #H@@8E L �EG<A	+ 6;E8<8E DH8 FBA 78 :E4A <@CBEG4A6<4 8A ?4 G8BES4


�B@B HA4 4C?<646<UA 78 8FBF E8FH?G47BF 7<8EBA HA4 ?<FG4 78 GB74F ?4F (a, b)	GBEE8F

78 G<CB �EG<A	+ 6;E8<8E 6BA deg a = deg b = 2 FB5E8 8? 6H8ECB �A<GB F2 L I8E<�64EBA

DH8 GB7BF ?BF CBF<5?8F 64FBF F8 ;45S4A 6BAF<78E47B 8A GE454 =BF CE8I<BF � 8K68CGB ?4

FH68F<UA 78 G<CB �EG<A	+ 6;E8<8E H FB5E8 F2 78�A<74 E86HEF<I4@8AG8 CBE ?4 86H46<UA

y2 + y =
x

x2 + x + 1
· � ��

�A 8FG8 F8AG<7B� �88?8A� �4E6<4 L + G<6;G8ABG; C?4AG84EBA� 8A 8F8 @<F@B 4EGS6H?B�

6B@B HA CEB5?8@4 45<8EGB 78G8E@<A4E F< 8K<FG8 4?:WA 8AG8EB CBF<G <IB s ≥ 1 G4?

DH8 ?4 FH68F<UA E86HEF<I4 H 78�A<74 CBE � �� F84 HA4 GBEE8 4F<AGUG<64@8AG8 5H8A4

FB5E8 F2s 
 �FG8 CEB5?8@4 8F E8FH8?GB 8A 8FG4 G8F<F L 78 8FG4 9BE@4 6B@C?8G4@BF ?4

6?4F<�646<UA 78 ?4F (a, b)	GBEE8F 78 G<CB �EG<A	+ 6;E8<8E 6BA deg a = deg b = 2 FB5E8

F2 <A<6<47B CBE 7<6;BF 4HGBE8F 


�FG4 G8F<F F8 7<I<78 8A GE8F 64CSGH?BF 
 �A 8? 64CSGH?B HAB 74@BF ?4F 78�A<6<BA8F

5PF<64F L 4?:HABF E8FH?G47BF 6BAB6<7BF 78 ?4 G8BES4 78 6H8ECBF 78 9HA6<BA8F L 78

GBEE8F 78 6H8ECBF 78 9HA6<BA8F 
 �A 8? 64CSGH?B 7BF 78@BFGE4@BF DH8 C4E4 6H4?DH<8E

8AG8EB CBF<G <IB s ?4 FH68F<UA H 8F 8A E84?<747 HA4 GBEE8 FB5E8 F2s � DH8 8F 2	46BG474

L 78 8FC46<B 78 E4@<�646<UA �A<GB ?B DH8 <@C?<64 DH8 H 8F 78 :RA8EB �A<GB
 (BE BGE4

C4EG8 � CEB54@BF DH8 8? 6B@CBEG4@<8AGB 78 ?4 G4F4 78 78F6B@CBF<6<UA 78C8A78 78

?4 C4E<747 78 s� 6H4A7B s 8F C4E ?4 GBEE8 H G <8A8 G4F4 78 78F6B@CBF<6<UA CBF<G <I4

?B 6H4?� =HAGB 6BA ?4 �A<GH7 78? :RA8EB� <@C?<64 DH8 ?4 GBEE8 H 8F 4F<AGUG<64@8AG8

5H8A4� 6H4A7B s 8F <@C4E ?4 G4F4 78 78F6B@CBF<6<UA 8F 68EB ?B DH8 <@C?<64 DH8 H
8F 4F<AGUG<64@8AG8 @4?4
 �858@BF 78FG464E ?4 <@CBEG4A6<4 78 ?4 CEH854 C4E4 s = 2

CH8F ?4 E4@<�646<UA B AB 78 4?:HABF ?H:4E8F 78 ?4 GBEE8 78C8A78 78 ?4 8K<FG8A6<4 78

6<8EGBF 8?8@8AGBF � DH8 78AB@<A4@BF 78 G<CB 
 B G<CB � � DH8 F8 6BAFGEHL8A 4 C4EG<E 78

@4A<CH?46<BA8F 78 64EP6G8E GR6A<6B 78 ?4 86H46<UA � �� 
 (BE HA ?47B� ?B 4AG8E<BE ABF

C8E@<G8 4�E@4E DH8 ?BF ?H:4E8F E46<BA4?8F 78 H F<8@CE8 E4@<�64A 8A 4?:WA C4FB 78

?4 GBEE8 8 <A@87<4G4@8AG8 78FCHRF F8 78F6B@CBA8A 6B@C?8G4@8AG8 L� CBE BGEB ?47B�

ABF C8E@<G8 64?6H?4E 78 9BE@4 CE86<F4 8? AW@8EB 78 ?H:4E8F E46<BA4?8F L 8? :RA8EB 78

6474 6H8ECB 78 9HA6<BA8F 78 ?4 GBEE8 
 �8 ?B DH8 F8 6BA6?HL8 DH8 ?4 GBEE8 H FB5E8 F4
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8F 4F<AGUG<64@8AG8 UCG<@4


�<A4?@8AG8 � 8? 64CSGH?B GE8F ?B 787<64@BF 4 ?4 6BAFGEH66<UA 78 FH5FH68F<BA8F L FH	

C8EFH68F<BA8F 78 6H8ECBF 78 9HA6<BA8F 
 �A 8FG8 BE78A� 9BE@H?4@BF HA @RGB7B C4E4

B5G8A8E HA4 FH5FH68F<UA CEBC<4 4 C4EG<E 78 HA4 (a, b)	FH68F<UA E86HF<I4 AB GE<I<4? � 8 ?

6H4? CH878 <@C?8@8AG4EF8 6B@CHG46<BA4?@8AG8 78 9BE@4 F8A6<??4� 478@PF� 6BAFG4	

G4@BF DH8 I4E<4F 78 ?4F FH5GBEE8F 6BAB6<74F 8A ?4 ?<G8E4GHE4 CH878A B5G8A8EF8 CBE

?4 4C?<646<UA 78? @RGB7B 78F6E<GB L� 47<6<BA4?@8AG8 � CEB54@BF DH8 8? @RGB7B 747B

8A 2 � 3 8F HA 64FB C4EG<6H?4E 78? AH8FGEB
 (BE BGE4 C4EG8 � :8A8E4?<M4@BF HA E8FH?G47B

747B 8A 8? 4EGS6H?B 2 
 �3 E8?46<BA47B 6BA ?4 B5G8A6<UA 78 HA4 FHC8EGBEE8 4FSAGBG<64	

@8AG8 5H8A4 4 C4EG<E 78 HA4 GBEE8 4F<AGUG<64@8AG8 5H8A4
 �<A4?@8AG8 � 8KG8A7<@BF 8?

E8FH?G47B 78 2 � 3 8A 8? DH8 F8 74A 6BA7<6<BA8F FH�6<8AG8F C4E4 DH8 HA4 (a, b)	FH68F<UA

E86HEF<I4 AB GE<I<4? G8A:4 8FC46<B 78 78F6B@CBF<6<UA AB I46SB 4 FH68F<BA8F E86HEF<I4F

78�A<74F CBE 86H46<BA8F E87H6<5?8F 
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�A 8FG8 64CSGH?B <AGEB7H6<@BF 6BA68CGBF L E8FH?G47BF 9HA74@8AG4?8F 78 ?4 G8BES4 78

6H8ECBF 78 9HA6<BA8F L GBEE8F 78 6H8ECBF 78 9HA6<BA8F FB5E8 6H8ECBF �A<GBF A868F4E<BF

C4E4 8? 78F4EEB??B 78 ?4 G8F<F 
 $4F 78@BFGE46<BA8F F8 CH878A 6BAFH?G4E 8A ?4F F866<BA8F

1, 3 L 7 78? G8KGB 2 � � 3 


� � � � �!��������� ����������� �� ������� ��

���������

-A4 8KG8AF<UA 78 6H8ECBF F/k F8 7<68 HA '8)543 () *82'-32)6 %0+)&5%-'%6 F<

8K<FG8 HA 8?8@8AGB x ∈ F GE4F68A78AG8 FB5E8 k G4? DH8 F 8F HA4 8KG8AF<UA �A<G4 78?

6H8ECB 78 9HA6<BA8F E46<BA4?8F k(x) FB5E8 k 
 (BE F<@C?<6<747 7<E8@BF DH8 F/k 8F HA

6H8ECB 78 9HA6<BA8F 


�47B HA 6H8ECB 78 9HA6<BA8F F/k � ?4 6?4HFHE4 4?:85E4<64 78 k 8A F 8F HA FH56H8ECB

78 F L ?B 78ABG4E8@BF CBE kF 
 �F 6?4EB DH8 F/kF G4@5<RA 8F HA 6H8ECB 78 9HA6<BA8F

L 8A 64FB 78 DH8 k = kF 7<E8@BF DH8 k 8F 8? '8)543 737%0 () '3267%27)6 78 F/k 


+ 84 F/k HA 6H8ECB 78 9HA6<BA8F 
 -A %2-003 () 9%08%'-B2 (-6'5)7% O 78 F/k 8F

HA 4A<??B <AG8E@87<B CEBC<B 78 F/k � 8FGB 8F � k ? O ? F G4? DH8 C4E4 GB7B z ∈ F F8

G <8A8 DH8 z ∈ O B z−1 ∈ O 
 + 8 CH878 CEB54E DH8 ?BF 4A<??BF 78 I4?H46<UA 7<F6E8G4 78
HA 6H8ECB 78 9HA6<BA8F FBA 4A<??BF ?B64?8F � 8F 786<E� G <8A8A HA WA<6B <784? @4K<@4?


� 2 � � � (EBCBF<6<UA 
 
 
 
 
 � 3 � 


-A 08+%5 P 78 HA 6H8ECB 78 9HA6<BA8F F/k 8F HA <784? @4K<@4? 78 4?:WA 4A<??B 78

I4?H46<UA 7<F6E8G4 78 F/k 
 �? 6BA=HAGB 78 ?H:4E8F 78 F/k ?B 78ABG4@BF CBE P(F )


-A4 9%08%'-B2 (-6'5)7% 78 HA 6H8ECB 78 9HA6<BA8F F/k 8F HA4 9HA6<UA FB5E8L86G<I4

ν : F −→ Z ∪ {∞} DH8 F4G<F9468 ?4F F<:H<8AG8F 6BA7<6<BA8F �






� � ������� �!

< 
 ν(x) = ∞ F< L FU?B F< x = 0


< < 
 ν(xy) = ν(x) + ν(y) C4E4 GB7B x, y ∈ F 


< < < 
 ν(x + y) ≥ mı́n{ν(x), ν(y)} C4E4 GB7B x, y ∈ F 


<I
 ν(a) = 0 C4E4 GB7B a ∈ k∗ := k \ {0}

-A4 CEBC<8747 78 @H6;4 HG<?<747 4? @B@8AGB 78 GE454 =4E 6BA I4?H46<BA8F 8F ?4 ()�

6 -+8%0(%( 75-%2+80%5 )675-'7% � ?4 6H4? 8F 6BAF86H8A6<4 78 ?BF 4K<B@4F 4AG8E<BE8F �

L 4�E@4 DH8� 747BF x, y ∈ F G4?8F DH8 ν(x) ?= ν(y) 8AGBA68F

ν(x + y) = mı́n{ν(x), ν(y)}.

+8 CH878 CEB54E DH8 8K<FG8 HA4 5<L866<UA 8AGE8 ?BF ?H:4E8F L ?4F I4?H46<BA8F 7<F6E8G4F

78 HA 6H8ECB 78 9HA6<BA8F 
 ,4@5<RA F8 I8 DH8 747B HA ?H:4E P 78 F/k 8AGBA68F

OP = {x ∈ F : νP (x) ≥ 0} L P = {x ∈ F : νP (x) > 0},

7BA78 νP 78ABG4 ?4 I4?H46<UA 7<F6E8G4 6BEE8FCBA7<8AG8 4 P 
 + < x 8F HA 8?8@8AGB AB

AH?B 78 F G4? DH8 νP (x) > 0 786<@BF DH8 P 8F HA ')53 78 x L F< νP (x) = m > 0

786<@BF DH8 P 8F HA 68EB 78 x 78 35()2 m
 + < νP (x) < 0 786<@BF DH8 P 8F HA 4303

78 x L F< νP (x) = −m < 0 786<@BF DH8 P 8F HA CB?B 78 x 78 35()2 m
 + < P 8F HA

68EB � E8FC
 HA CB?B� 78 BE78A 1 78 x 786<@BF DH8 P 8F HA ')53 6-140) � E8FC
 4303

6-140) � 78 x
 -A 8?8@8AGB x ∈ F 8F ??4@47B HA )0)1)273 45-13 B 4%5?1)753

03'%0 C4E4 P F< P 8F HA 68EB F<@C?8 78 x


�47B HA ?H:4E P 78 F/k � F8 78�A8 8? '8)543 () '0%6)6 5)6-(8%0)6 8A P 6B@B

FP := OP/P 
 + < x ∈ OP 78ABG4@BF ?4 6?4F8 E8F<7H4? 78 x @U7H?B P 6B@B x(P )
 $4

CEBL866<UA 64AUA<64

φP : OP → FP

<A7H68 HA4 <A@8EF<UA 78 6H8ECBF 78 kF 4 FP 
 (BE ?B G4AGB F8 CH878 I8E 4 kF L 4 k

6B@B FH56H8ECBF 78 FP 
 + 8 78�A8 8? +5%(3 78 P 6B@B degP := [FP : k]
 + 8 CH878

CEB54E DH8 6H4?DH<8E ?H:4E P G <8A8 :E47B �A<GB L DH8 [kF : k] ≤ degP 
 �A C4EG<6H?4E

F< P 8F HA ?H:4E 78 :E47B HAB G8A8@BF DH8 kF = k � 8F 786<E� k 8F 8? 6H8ECB GBG4? 78

6BAFG4AG8F 78 F/k 
 -A ?H:4E 78 :E47B HAB 8F ??4@47B E46<BA4?


�A 478?4AG8 F/k 78ABG4EP HA 6H8ECB 78 9HA6<BA8F 6BA k FH 6H8ECB GBG4? 78 6BAFG4A	

G8F 


� 6BAG<AH46<UA 74@BF ?BF 6BA68CGBF A868F4E<BF C4E4 78�A<E 8? :RA8EB 78 HA 6H8ECB

78 9HA6<BA8F DH8 8F HA <AI4E<4AG8 78 :E4A <@CBEG4A6<4 8A 8FG4 G8BES4




�:7)26-32)6 %0+)&5%-'%6 () '8)5436 () *82'-32)6 �

-A (-9-635 D 78 F/k 8F HA4 FH@4 9BE@4? D =
?

P∈P(F ) nPP 7BA78 nP FBA 6B8�6<8A	

G8F 8AG8EBF L nP ?= 0 4 ?B @PF C4E4 HA AW@8EB �A<GB 78 ?H:4E8F P ∈ P(F )
 �F 6B@WA

8F6E<5<E νP (D) 8A I8M 78 nP 
 + < D 8F HA 7<I<FBE 78 F/k 78�A<@BF 8? +5%(3 deg(D)

78 D 6B@B deg(D) =
?

P∈P(F ) νP (D) deg(P ) L 8? )64%'-3 ()  -)1%22� 3', 78

D 6B@B�

L(D) := {x ∈ F : νP (x) ≥ −νP (D) C4E4 GB7B P ∈ P(F )} ∪ {0}.

�FG8 8F HA 8FC46<B I86GBE<4? �A<GB 7<@8AF<BA4? FB5E8 k L l(D) 78ABG4 FH 7<@8AF<UA


�? +@2)53 78 F/k F8 78�A8 CBE�

g(F ) := máx{deg(D) − l(D) + 1 : D 8F HA 7<I<FBE 78 F/k}.

�A 2 �� � (EBCBF<6<UA 
 
 � 
 
 �3 L 2 � � � �BEB?4E<B 
 
 � 
 
 �3 F8 78@H8FGE4 DH8 8? :RA8EB 78 HA

6H8ECB 78 9HA6<BA8F 8F HA 8AG8EB AB A8:4G<IB


�? 8=8@C?B @PF F8A6<??B 78 HA 6H8ECB 78 9HA6<BA8F 8F 8? '8)543 () *82'-32)6

5%'-32%0)6 k(x)/k � 7BA78 x 8F HA 8?8@8AGB GE4F68A78AG8 FB5E8 k 
 �FG8 6H8ECB 78

9HA6<BA8F G<8A8 :RA8EB 0 L HA4 78F6E<C6<UA @HL C4EG<6H?4E 78 FHF ?H:4E8F � ?4 6H4?

74E8@BF 4 6BAG<AH46<UA
 �474 CB?<AB@<B <EE87H6<5?8 p(x) ∈ k[x] <A7H68 HA ?H:4E

8A P(k(x)) DH8 F8 78ABG4 6B@B Pp(x) 
 �A 8FG8 64FB p(x) 8F HA 8?8@8AGB CE<@B C4E4

P := Pp(x) L FH 6BEE8FCBA7<8AG8 I4?H46<UA 7<F6E8G4 8F νP (q(x)) = n� 7BA78 q(x) 8F

78 ?4 9BE@4 p(x)nr(x) 6BA n HA 8AG8EB� r(x) = s1(x)/s2(x) ∈ k(x) L si(x) ∈ k[x] 8F

HA CB?<AB@<B AB 7<I<F<5?8 CBE p(x) C4E4 i = 1, 2
 (BE BGE4 C4EG8 G8A8@BF 4? ?H:4E

<A�A<GB� 78ABG47B CBE P∞ 
 -A 8?8@8AGB CE<@B C4E4 P∞ 8F 1/x L FH 6BEE8FCBA7<8AG8

I4?H46<UA 7<F6E8G4 8FGP 7474 CBE ν∞(p1(x)/p2(x)) = deg p2(x) − deg p1(x)
 �78@PF�

F < P 8F HA ?H:4E 78 k(x)/k 8AGBA68F P = Pp(x) C4E4 4?:WA p(x) ∈ k[x] <EE87H6<5?8 B

P = P∞ 
 � <A4?@8AG8 � degPp(x) = deg p(x) L degP∞ = 1
 �A C4EG<6H?4E� F < k 8F HA

6H8ECB �A<GB 8? AW@8EB 78 ?H:4E8F E46<BA4?8F 78 k(x) 8F |k| + 1


�A 478?4AG8 FHCBA7E8@BF DH8 F ?/k? � E8FC
 F/k� 8F HA 6H8ECB 78 9HA6<BA8F L DH8 k?

� E8FC
 k� 8F FH 6H8ECB GBG4? 78 6BAFG4AG8F 
 -A 6H8ECB 78 9HA6<BA8F F ?/k? F8 7<68 HA4

):7)26-B2 %0+)&5%-'% � E8FC
 ):7)26-B2 �2-7%� 78 HA 6H8ECB 78 9HA6<BA8F F/k

F< F ?/F L k?/k FBA 8KG8AF<BA8F 4?:85E4<64F � E8FC
 8KG8AF<BA8F �A<G4F� 78 6H8ECBF 


&H8FGEB <AG8ERF 4 ?B ?4E:B 78? GE454 =B F8 68AGE4 8A GBEE8F 78 6H8ECBF 78 9HA6<BA8F

FB5E8 6H8ECBF �A<GBF 4FS DH8 FHCBA7E8@BF DH8 k 8F HA 6H8ECB �A<GB


�;BE4 @8A6<BA4E8@BF 4?:HA4F 78�A<6<BA8F L CEBC<87478F <@CBEG4AG8F 78 ?BF ?H:4E8F

8A HA4 8KG8AF<UA 4?:85E4<64 78 6H8ECBF 78 9HA6<BA8F F ?/k? 78 F/k 
 + 84A P ∈ P(F )

L Q ∈ P(F ?)
 + < P ⊆ Q 7<E8@BF DH8 Q '%) 63&5) P B DH8 Q )67? %55-&% 78 P B



� � ������� �!

DH8 Q (-9-() 4 P B DH8 P 8F 0% 5)675-''-B2 78 Q 4 F L ?B 78ABG4@BF CBE Q|P 
 �A
8FG8 64FB F8 78@H8FGE4 DH8 8K<FG8 HA 8AG8EB CBF<G <IB e ≥ 1 G4? DH8 C4E4 GB7B x ∈ F
F8 6H@C?8 DH8

νQ(x) = eνP (x).

�? 8AG8EB CBF<G <IB e F8 6BAB68 6B@B 8? A2(-') () 5%1-�'%'-B2 78 Q FB5E8 P L F8

78ABG4 CBE e(Q|P )
 ,4@5<RA F8 CEH854 DH8 C4E4 6474 ?H:4E Q ∈ P(F ?) 8K<FG8 HA

WA<6B ?H:4E P ∈ P(F ) G4? DH8 Q 648 FB5E8 P � 6BA6E8G4@8AG8 P = Q∩F � L 78 @4A8E4
E86SCEB64 DH8 C4E4 6474 ?H:4E P 78 F 8K<FG8 4? @8ABF HAB L ?B @PF HA AW@8EB �A<GB

78 ?H:4E8F 8A F ? 4EE<54 78 P 


+ 8 7<68 DH8 HA ?H:4E P ∈ P(F ) 5%1-�'% 8A F ?/F F< 8K<FG8 HA ?H:4E Q 78 F ? 4EE<54

78 P G4? DH8 e(Q|P ) > 1
 �A 64FB 6BAGE4E<B 786<@BF DH8 P 23 5%1-�'% 8A F ?/F 


�86<@BF DH8 ?4 8KG8AF<UA F ?/F 5%1-�'% F< 8K<FG8 HA ?H:4E P ∈ P(F ) DH8 E4@<�64

L 23 5%1-�'% 8A 64FB 6BAGE4E<B 


+ < Q 648 FB5E8 P F8 CEH854 DH8 ?4 6?4F8 E8F<7H4? F ?
Q 8F HA4 8KG8AF<UA 78 6H8ECBF 78

?4 6?4F8 E8F<7H4? FP 
 � ? :E47B 78 F ?
Q/FP � 8 ? 6H4? CH878 F8E <A�A<GB� F8 78ABG4 CBE

f(Q|P ) L 8F ??4@47B 8? +5%(3 () -2)5'-% B 8? +5%(3 5)0%7-93 78 Q FB5E8 P 
 �A

64FB 78 DH8 f(Q|P ) > 1 786<@BF DH8 P 8F -2)57) 8A F ?/F 


� ? SA7<68 78 E4@<�646<UA L 8? :E47B 78 <A8E6<4 FBA @H?G<C?<64G<IBF � 8FGB 8F � F < F ??/F ?

L F ?/F FBA 8KG8AF<BA8F 4?:85E4<64F L ?BF ?H:4E8F R ∈ P(F ??)� Q ∈ P(F ?) L P ∈ P(F )

FBA G4?8F DH8 P ⊆ Q ⊆ R 8AGBA68F

e(R|P ) = e(R|Q)e(Q|P ) L f(R|P ) = f(R|Q)f(Q|P ).

�? F<:H<8AG8 E8FH?G47B @H8FGE4 DH8 8? SA7<68 78 E4@<�646<UA L 8? :E47B 78 <A8E6<4

8FGPA 8FGE86;4@8AG8 E8?46<BA47BF 


�53436-'-B2 � � � � �
� ����� � ���������� �+'4 F ?/k? ;4' +>:+49/D4 �4/:' *+

F/k� P ;4 2;-'8 *+ F ? Q1, . . . , Qr :5*5 9 25 9 2;-'8+ 9 *+ F
? '88/(' *+ P +4:5 4)+ 9�

r?

i=1

e(Qi|P )f(Qi|P ) = [F ? : F ].

+84A F ?/k? HA4 8KG8AF<UA �A<G4 78 F/k L P ∈ P(F )
 + 8 7<68 DH8 8? ?H:4E P 8F

737%01)27) 5%1-�'%(3 8A F ?/F F< 8K<FG8 Q HA ?H:4E 78 F ? 4EE<54 78 P G4? DH8

e(Q|P ) = [F ? : F ]
 $4 <:H4?747 9HA74@8AG4? <@C?<64 DH8 Q 8F 8? WA<6B ?H:4E 4EE<54

78 P L DH8 f(Q|P ) = 1
 + 8 7<68 DH8 P F8 ()6'31432) '3140)7%1)27) 8A F ?/F

F< 8K<FG8A 8K46G4@8AG8 [F ? : F ] ?H:4E8F 8A F ? 4EE<54 78 P 
 -F4A7B AH8I4@8AG8 ?4

<:H4?747 9HA74@8AG4? I8@BF DH8 P F8 78F6B@CBA8 6B@C?8G4@8AG8 8A F ?/F F< L FU?B



�:7)26-32)6 %0+)&5%-'%6 () '8)5436 () *82'-32)6 �

F< e(Q|P ) = f(Q|P ) = 1 C4E4 GB7B ?H:4E Q 78 F ? 4EE<54 78 P 
 �;BE4 I84@BF ?4

E8?46<UA DH8 ;4L 8AGE8 8? :E47B 78 ?BF ?H:4E8F L 8? :E47B 78 <A8E6<4 8A HA4 8KG8AF<UA

78 6H8ECBF 78 9HA6<BA8F �A<G4
 �47BF Q ∈ P(F ?) L P ∈ P(F ) 6BA Q 4EE<54 78 P � F8

@H8FGE4 9P6<?@8AG8 DH8

degQ =
f(Q|P ) degP

[k? : k]
·

�A C4EG<6H?4E� F < k = k? 8AGBA68F Q 8F E46<BA4? F< L FU?B F< P 8F E46<BA4? L f(Q|P ) = 1


�;BE4 78�A<@BF ?BF 6BA68CGBF 8KG8AF<UA CBE 6BAFG4AG8F L 7<I<FBE 6BABE@4 DH8 F8EPA

A868F4E<BF C4E4 8AHA6<4E ?4 F<:H<8AG8 CEBCBF<6<UA
 + 84 F ?/k? HA4 8KG8AF<UA 4?:85E4<64

78 F/k 
 + < F ? 8F ?4 6B@CBF<6<UA 78 ?BF 6H8ECBF F L k? 7<E8@BF DH8 F ? 8F HA4

):7)26-B2 435 '3267%27)6 78 F 
 �47B HA ?H:4E P ∈ P(F ) F8 78�A8 FH '32351%

� E8FC86GB 4 F ?/F � 6B@B 8? 7<I<FBE

ConF ?/F (P ) :=
?

Q|P
e(Q|P ) ·Q.

�53436-'-B2 � � � � ��#��������� ��� ����������� �/ F ?/k? + 9 ;4' +>:+49/D4 65 8

)5 49:'4:+ 9 *+ F/k +4:5 4)+ 9�

/ � �' +>:+49/D4 F ?/F 45 8'3/�)' �

// � �5 9 );+865 9 *+ ,;4) /5 4+ 9 F ? F ? :/+4+4 + 2 3/935 -B4+85 �

/// � deg(ConF ?/F (D)) = deg(D) 6'8' );'27;/+ 8 */</95 8 D *+ F �

/< � �+' Q ∈ P(F ?) ;4 2;-'8 '88/(' *+ P ∈ P(F )� �/ |k| = q ? |k?| = qm +4:5 4)+ 9�

'� degQ = n
(n,m)

� *5 4*+ n = degP �

( � f(Q|P ) = m
(n,m)

·
) � �'? +>') :'3+4:+ (n,m) 2;-'8+ 9 +4 F ? '88/(' *+ P �

�2 9C3(5 25 (n,m) *+45 :' + 2 3A>/35 )53E4 */</95 8 +4:8+ 25 9 +4:+ 85 9 n ? m�

� 6BAG<AH46<UA 78F6E<5<E8@BF 4?:HABF E8FH?G47BF E8?46<BA47BF 6BA ?4 6B@CBF<6<UA 78

7BF 6H8ECBF 78 9HA6<BA8F 


�53436-'-B2 � � � � ����� �� ���$������ �+' F ?/F ;4' +>:+49/D4 �4/:' ? 9+6'�

8'( 2+ :' 2 7;+ F1, F2 95 4 );+865 9 /4:+ 83+*/5 9 ? F ? + 9 2' )5365 9/) /D4 +4:8+ F1 ? F2 �

�+'4 Q ∈ P(F ?) ;4 2;-'8 '88/(' *+ P ∈ P(F ) ? Qi 2' 8+ 9:8/)) /D4 *+ Q ' Fi )5 4

i = 1, 2� �;654-'35 9 7;+ 2' )'8') :+ 8C9:/)' *+ F � CarF � 45 */</*+ ' e(Qi|P ) 6'8'

'2-E4 i = 1, 2� + 4:5 4)+ 9

e(Q|P ) =
e(Q1|P )e(Q2|P )

(e(Q1|P ), e(Q2|P ))
·



� � ������� �!

F ? = F1F2

F1 F2

F

Q

Q1 Q2

P

e(
Q

1|P
)

e(
Q
2
|P
)

e(
Q
|P

)

�EP�64 
 
 
 � $8@4 78 �5;L4A>4E

�3530%5-3 � � 	� �+' F ?/F ;4' +>:+49/D4 �4/:' ? 9+6'8'( 2+ :' 2 7;+ F1, F2 95 4 );+865 9

/4:+ 83+*/5 9 ? F ? + 9 2' )5365 9/) /D4 +4:8+ F1 ? F2 � �+'4 Q ∈ P(F ?) ;4 2;-'8 '88/('

*+ P ∈ P(F ) ? Qi 2' 8+ 9:8/)) /D4 *+ Q ' Fi )5 4 i = 1, 2� �/ Q|Q1 8'3/�)' +4 F
?/F1

+4:5 4)+ 9 Q2|P 8'3/�)' +4 F2/F �

�+35 9:8') /D4� +HCBA:4@BF DH8 Q2|P AB E4@<�64 8A ?4 8KG8AF<UA F2/F � 8F 786<E�

e(Q2|P ) = 1� 8AGBA68F 8? ?8@4 78 �5;L4A>4E <@C?<64 DH8 e(Q|P ) = e(Q1|P )
 �;BE4�

78 ?4 @H?G<C?<64G<I<747 78? 8KCBA8AG8 7<98E8AG8 L ?4 <:H4?747 4AG8E<BE G8A8@BF DH8

e(Q|Q1)e(Q1|P ) = e(Q|P ) = e(Q1|P ),

CBE ?B G4AGB e(Q|Q1) = 1� ?B 6H4? 8F HA4 6BAGE47<66<UA


�53436-'-B2 � � 
 � �+'4 F ?/F ;4' +>:+49/D4 �4/:' ? 9+6'8'( 2+ *+ );+865 9 *+ ,;4�

) /5 4+ 9 ? E 2' ) 2';9;8' *+ �'25 /9 *+ F ?/F � �/ P + 9 ;4 2;-'8 *+ F 7;+ 9+ *+ 9)53654+

)5362+ :'3+4:+ +4 F ?/F +4:5 4)+ 9 P 9+ *+ 9)53654+ )5362+ :'3+4:+ +4 E/F �

�53436-'-B2 � � � � �+' F ?/F ;4' +>:+49/D4 �4/:' ? 9+6'8'( 2+ *+ );+865 9 *+ ,;4) /5 4+ 9

:' 2 7;+ F1, F2 95 4 );+865 9 /4:+ 83+*/5 9 *+ F
?/F ? F ? + 9 2' )5365 9/) /D4 *+ F1 ? F2 �

�5 49/*+8+35 9 P ∈ P(F )�

/ � �/ P 9+ *+ 9)53654+ )5362+ :'3+4:+ +4 F1/F +4:5 4)+ 9 );'27;/+ 8 2;-'8 Q ∈ P(F2)

'88/(' *+ P 9+ *+ 9)53654+ )5362+ :'3+4:+ +4 F ?/F2 �

/ / � �/ P 9+ *+ 9)53654+ )5362+ :'3+4:+ +4 Fi/F )5 4 i = 1, 2 +4:5 4)+ 9 P 9+ *+ 9)53�

654+ )5362+ :'3+4:+ +4 F ?/F �

�53436-'-B2 � � � � ������ ����� �� ����� �� �!� � �+'4 F ?/k� F1/k ? F2/k );+8�

65 9 *+ ,;4) /5 4+ 9 )5 4 k + 2 );+865 :5 :' 2 *+ )5 49:'4:+ 9 *+ )'*' ;45 *+ + 2 25 9� �;654-'�

35 9 7;+ F1 ? F2 95 4 9;();+865 9 *+ F ? :' 2+ 9 7;+ F ? = F1F2 � �4:5 4)+ 9 + 2 -B4+85 *+



�:7)26-32)6 %0+)&5%-'%6 () '8)5436 () *82'-32)6 �

F ? 9':/9,')+ 2' 9/-;/+4:+ *+ 9/-;'2*'*�

g(F ?) ≤ g(F1)[F
? : F1] + g(F2)[F

? : F2] + ([F ? : F1] − 1)([F ? : F2] − 1).

-A 7<I<FBE 78 I<G4? <@CBEG4A6<4 4FB6<47B 4 HA4 8KG8AF<UA �A<G4 L F8C4E45?8 F ?/F 8F

8? (-*)5)27) 78 F ?/F DH8 F8 78�A8 6B@B

Diff(F ?/F ) :=
?

P∈P(F )

?

Q|P
d(Q|P ) ·Q

7BA78 d(Q|P ) 78ABG4 4 HA 8AG8EB AB A8:4G<IB ??4@47B 8? ):432)27) (-*)5)27) 78

Q FB5E8 P � I8E 2 � � � �8�A<6<UA � 
 � 
 � 3 � 
 $4 F<:H<8AG8 CEBCBF<6<UA 8F HA4 ;8EE4@<8AG4

9HA74@8AG4? 8A 8? 6P?6H?B 78? :RA8EB 78 HA4 8KG8AF<UA �A<G4 L F8C4E45?8 78 6H8ECBF

78 9HA6<BA8F L 6B@B F8 CH878 I8E 78C8A78 78? 7<I<FBE 7<98E8AG8 4FB6<47B 4 7<6;4

8KG8AF<UA


")35)1% � � 
 � ��'�� �� �� � �&���� �� 	 �"��%� �+'4 F ?/k? ;4' +>:+49/D4

�4/:' ? 9+6'8'( 2+ *+ F/k � �4:5 4)+ 9 + 2 -B4+85 g(F ?) *+ F ?/k? ? + 2 -B4+85 g(F ) *+

F/k 9':/9,')+4 2' 9/-;/+4:+ 8+ 2') /D4�

2g(F ?) − 2 = (2g(F ) − 2)
[F ? : F ]

[k? : k]
+ deg(Diff(F ?/F ))

*54*+ Diff(F ?/F ) *+45 :' + 2 */,+8+4:+ *+ F ?/F �

�A :8A8E4?� 8 ? 64?6H?B 78? 8KCBA8AG8 7<98E8AG8 AB 8F F<@C?8 � F <A 8@54E:B� 8A @H6;4F

B64F<BA8F 8F FH�6<8AG8 46BG4E?B 
 ,8A<8A7B 8A @8AG8 8FGB� 4 6BAG<AH46<UA E8F4?G4@BF

HA4 I4E<8747 78 E8FH?G47BF DH8 <AIB?H6E4A 4? 8KCBA8AG8 7<98E8AG8 


�53436-'-B2 � � � � �+'4 F ?/F ;4' +>:+49/D4 �4/:' ? 9+6'8'( 2+ � ;4 2;-'8 P *+ F ?

Q1, . . . , Qr :5*5 9 25 9 2;-'8+ 9 *+ F
? '88/(' *+ P � �/ F ? = F (y)� *5 4*+ y + 9 +4:+ 85

95 ( 8+ OP ? ϕ + 9 + 2 65 2/453/5 3/4/3'2 *+ y 95 ( 8+ F � �4:5 4)+ 9 6'8' 1 ≤ i ≤ r 9+

);362+ 7;+

d(Qi|P ) ≤ νQi
(ϕ?(y)).

�53436-'-B2 � � � � � �+'4 F ?/F ;4' +>:+49/D4 �4/:' ? 9+6'8'( 2+ � Q ∈ P(F ?) '88/('

*+ P ∈ P(F ) :' 2 7;+ Q 95 ( 8+ P + 9 :5 :' 23+4:+ 8'3/�)'*5 � �;654-'35 9 t + 9 ;4

+ 2+3+4:5 68/35 *+ Q ? 7;+ ϕ + 9 + 2 65 2/453/5 3/4/3'2 *+ t 95 ( 8+ F � �4:5 4)+ 9

d(Q|P ) = νQ(ϕ?(t))�

�53436-'-B2 � � � � � �
������ �� � ��������� �� ��������� �+'4 F ?/F ;4' +>�

:+49/D4 �4/:' ? 9+6'8'( 2+ ? P ∈ P(F )� �'8' :5*5 2;-'8 Q ∈ P(F ?) '88/(' *+ P 9+

);362+ 7;+ �



	 � ������� �!

/ � d(Q|P ) ≥ e(Q|P ) − 1.

// � d(Q|P ) = e(Q|P ) − 1 9/ ? 9D25 9/ CarF 45 */</*+ ' e(Q|P )�

�53436-'-B2 � � � � � �
�������!���� �� � �#������� ��������� � �+' F0 ⊆ F1 ⊆ F2

;4' :5 88+ *+ +>:+49/5 4+ 9 �4/:'9 ? 9+6'8'( 2+ 9� �'*' 2' 9;)+ 9/D4 *+ 2;-'8+ 9 P ⊆ Q ⊆ R
*54*+ R ∈ P(F2), Q ∈ P(F1) ? P ∈ P(F0) +4:5 4)+ 9

d(R|P ) = d(R|Q) + d(Q|P )e(R|Q).

+84A F ?/F HA4 8KG8AF<UA �A<G4 L F8C4E45?8 � P ∈ P(F )� Q ∈ P(F ?) L B HA AW@8EB

E84? CBF<G <IB
 + 8 7<68 DH8 P 8F HA ?H:4E 78 5%1-�'%'-B2 6%09%.) 8A F ?/F F< 8K<FG8

Q 4EE<54 78 P G4? DH8 e(Q|P ) 8F 7<I<F<5?8 CBE p := CarF � ?4 64E46G8ESFG <64 78 F 


� <E8@BF DH8 P 8F 78 5%1-�'%'-B2 13()5%(% 8A F ?/F F< C4E4 6474 Q 4EE<54 78

P G4? DH8 e(Q|P ) > 1 F8 G <8A8 DH8 p AB 7<I<78 4 e(Q|P )
 $4 8KG8AF<UA F ?/F F8 7<68

13()5%(% B 78 5%1-�'%'-B2 13()5%(% F< A<A:WA ?H:4E P ∈ P(F ) 8F F4?I4 =8 8A

F ?/F 
 � <A4?@8AG8 � P F8 7<68 B	%'37%(3 8A F ?/F F< C4E4 GB7B ?H:4E Q 4EE<54 78 P

8? 8KCBA8AG8 7<98E8AG8 78 Q|P F4G<F9468

d(Q|P ) ≤ B(e(Q|P ) − 1).

$4 8KG8AF<UA F ?/F F8 7<68 B	%'37%(% F< GB7B ?H:4E P ∈ P(F ) 8F B	%'37%(3 8A

F ?/F 
 �8? ,8BE8@4 78? 7<98E8AG8 78 �878><A7 G8A8@BF DH8 GB74 8KG8AF<UA @B78E474

8F 1	46BG474 L 78 ?4 GE4AF<G <I<747 78? 8KCBA8AG8 7<98E8AG8 F8 F<:H8 DH8 F< F ??/F ? L

F ?/F FBA 8KG8AF<BA8F B	46BG474F 8AGBA68F F ??/F G4@5<RA 8F B	46BG474


�?:HA4F 8KG8AF<BA8F 2	46BG474F E86<58A 8FC86<4? 4G8A6<UA CBE ?4F CEBC<87478F <AG8E8	

F4AG8F DH8 CBF88A
 �AG8F 78 @8A6<BA4E?4F E86BE78@BF DH8 HA4 p	):7)26-B2 78 6H8E	

CBF E/F � 7BA78 p 8F HA AW@8EB CE<@B� 8F HA4 8KG8AF<UA 78 �4?B<F G4? DH8 FH :EHCB

78 �4?B<F 8F HA p	:EHCB
 &BG4E DH8 8FGB <@C?<64 DH8 8? :E47B 78 E/F 8F HA4 CBG8A6<4

78 p
 �;BE4� 6BAF<78E8@BF ?BF 6H8ECBF 78 9HA6<BA8F F ?/k? L F/k L p := Car(F )
 + 8

7<68 DH8 F ?/k? 8F HA4 p	):7)26-B2 78 F/k F< F ?/F 8F HA4 p	8KG8AF<UA 78 6H8ECBF 


+ 84A F ?/k? HA4 p	8KG8AF<UA 78 F/k � P HA ?H:4E 78 F L Q HA ?H:4E 78 F ? DH8 648

FB5E8 P 
 (BE ?BF <AF6<FBF a) L e) 78 2 �� � (EBCBF<6<UA � 
 � 
 � 3 L ?4 9UE@H?4 78? 7<98E8AG8

78  <?58EG 2 � � � ,8BE8@4 � 
 � 
 �3 F8 F<:H8 DH8

d(Q|P ) ≥ 2(e(Q|P ) − 1).

(BE ?B G4AGB� HA4 p	8KG8AF<UA F ?/k? 78 F/k 8F 2	46BG474 F< L FU?B F< C4E4 GB7B



�:7)26-32)6 %0+)&5%-'%6 () '8)5436 () *82'-32)6 


Q ∈ P(F ?) L P := Q ∩ F F8 6H@C?8

d(Q|P ) = 2(e(Q|P ) − 1). � 
 
 
 �

$4 F<:H<8AG8 78�A<6<UA :8A8E4?<M4 ?4 AB6<UA 78 p	8KG8AF<UA 8A 6H8ECBF 78 9HA6<BA8F 


+ 84 F ?/k? HA4 8KG8AF<UA �A<G4 78 F/k L p = CarF 
 � <E8@BF DH8 ?4 8KG8AF<UA F ?/F

8F (@&-01)27) 5%1-�'%(% F< 8K<FG8 HA4 FH68F<UA 78 6H8ECBF <AG8E@87<BF {Ei}ni=0

G4? DH8

F = E0 ⊆ E1 ⊆ · · · ⊆ En = F ?

L C4E4 6474 0 ≤ i ≤ n− 1 ?4 8KG8AF<UA Ei+1/Ei 8F HA4 p	8KG8AF<UA 2	46BG474


&BG8@BF DH8 8A 6474 8KG8AF<UA <AG8E@87<4 I4?8 ?4 CEBC<8747 � 
 
 
 � � 4FS CBE ?4 GE4AF<	

G <I<747 78? 8KCBA8AG8 7<98E8AG8 � (EBCBF<6<UA 
 
 
 � � ?4 8KG8AF<UA F ?/F G4@5<RA 6H@C?8

?4 CEBC<8747 � 
 
 
 � 
 �78@PF F8 F<:H8 DH8 8? :E47B 78 F ?/F 8F HA4 CBG8A6<4 p


!A@87<4G4@8AG8 8AHA6<4@BF 7BF CEBCBF<6<BA8F E898E8AG8F 4 8KG8AF<BA8F 7R5<?@8AG8

E4@<�6474F 


�53436-'-B2 � � � � � �+' F ??/F ;4' +>:+49/D4 *+ );+865 9 *+ ,;4) /5 4+ 9 *+ -8'*5 ;4'

65 :+4) /' *+ p := CarF �

/ � �;654-'35 9 7;+ F ??/F 9':/9,')+ 2' 685 6/+*'* � 
 
 
 � ? 7;+ +>/9:+ ;4 );+865 /4�

:+ 83+*/5 F ? :' 2 7;+ F ??/F ? ? F ?/F 95 4 +>:+49/5 4+ 9 *+ �'25 /9� �4:5 4)+ 9 2'9

+>:+49/5 4+ 9 F ??/F ? ? F ?/F :'3( /B4 );362+4 2' 685 6/+*'* � 
 
 
 � � �4 6'8:/);2'8

95 4 +>:+49/5 4+ 9 *B( /23+4:+ 8'3/�)'*'9�

// � �+) C685)'3+4:+ � 9/ F ? + 9 ;4 );+865 /4:+ 83+*/5 :' 2 7;+ F ??/F ? ? F ?/F 95 4 +>�

:+49/5 4+ 9 *B( /23+4:+ 8'3/�)'*'9 +4:5 4)+ 9 F ??/F + 9 ;4' +>:+49/D4 *B( /23+4:+

8'3/�)'*' �

�53436-'-B2 � � � 	� �+'4 E1� E2 );+865 9 /4:+ 83+*/5 9 *+ ;4' +>:+49/D4 �4/:' ? 9+ �

6'8'( 2+ *+ );+865 9 *+ ,;4) /5 4+ 9 F ?/F � �/ F ? + 9 2' )5365 9/) /D4 +4:8+ E1 ? E2 ? )'*'

+>:+49/D4 Ei/F + 9 *B( /23+4:+ 8'3/�)'*' +4:5 4)+ 9 F ?/F + 9 *B( /23+4:+ 8'3/�)'*' �

�? F<:H<8AG8 E8FH?G47B ABF 74 6BA7<6<BA8F FH�6<8AG8F C4E4 :4E4AG<M4E ?4 <EE87H6<5<?<	

747 78 6<8EGBF CB?<AB@<BF FB5E8 6H8ECBF 78 9HA6<BA8F 


�53436-'-B2 � � � 
 � ��������� �� �������� ��� �+' F/k ;4 );+865 *+ ,;4) /5 4+ 9 ?

)5 49/*+8+35 9 + 2 65 2/453/5

ϕ(T ) = anT
n + an−1T

n−1 + · · · + a1T + a0 ∈ F [T ].



� � � ������� �!

�;654-'35 9 7;+ +>/9:+ ;4 2;-'8 P ∈ P(F ) :' 2 7;+ 9+ );362+ ' 2-;4' *+ 2'9 )5 4*/) /5 �

4+ 9�

�� � νP (an) = 0� νP (ai) ≥ νP (a0) > 0 6'8' i = 1, . . . , n− 1 ? (n, νP (a0)) = 1�

�	� νP (an) = 0� νP (a0) < 0� νP (ai) ≥ 0 6'8' i = 1, . . . , n− 1 ? (n, νP (a0)) = 1�

�4:5 4)+ 9 ϕ(T ) + 9 /88+*;) /( 2+ 95 ( 8+ F � �/ F ? = F (y) )5 4 ϕ(y) = 0 +4:5 4)+ 9 F ?/F + 9

;4' +>:+49/D4 *+ -8'*5 n ? P + 9 :5 :' 23+4:+ 8'3/�)'*5 +4 F ?/F �

�;BE4 CE8F8AG4@BF ?BF E8FH?G47BF @PF E8?8I4AG8F 78 8KG8AF<BA8F 78 G<CB #H@@8E L

78 G<CB �EG<A	+ 6;E8<8E 8A 6H8ECBF 78 9HA6<BA8F 


")35)1% � � � � � �
������ �� � ����� �+'4 P ;4 2;-'8 *+ F, F ? = F (y) )5 4 y

+4:+ 85 95 ( 8+ OP ? ϕ ∈ F [T ] + 2 65 2/453/5 3/4/3'2 *+ y 95 ( 8+ F � �+'

ϕP := ϕ mód P =
r?

i=1

pni
i

2' *+ 9)5365 9/) /D4 +4 ,') :5 8+ 9 /88+*;) /( 2+ 9 *+ ϕP +4 FP [T ]� *5 4*+ )'*' pi + 9 ;4

65 2/453/5 3D4/)5 + /88+*;) /( 2+ +4 FP [T ] + i = 1, . . . , r� '*+3A9� pi ?= pj 6'8' i ?= j �
�2/0'35 9 65 2/453/5 9 3D4/)5 9 ϕi ∈ OP [T ] :' 2+ 9 7;+ (ϕi)P := ϕi mód P = pi ?

degϕi = deg pi � �4:5 4)+ 9� +>/9:+4 2;-'8+ 9 Q1, . . . , Qr ∈ P(F ?) :' 2+ 9 7;+ 6'8' i =

1, . . . , r 9+ );362+ 7;+ �

Qi|P, ϕi(y) ∈ Qi ? f(Qi|P ) ≥ deg pi.

�/ 9;654+35 9 7;+ ni = 1 6'8' i = 1, . . . , r +4:5 4)+ 9 +>/9:+ � 6'8' )'*' 1 ≤ i ≤ r�

+ >') :'3+4:+ ;4 2;-'8 Qi ∈ P(F ?) '88/(' *+ P :' 2 7;+ ϕi(y) ∈ Qi� Qi|P 45 8'3/�)'

? f(Qi|P ) = deg pi � �*+3A9 Q1, . . . , Qr ∈ P(F ?) 95 4 :5*5 9 25 9 2;-'8+ 9 +4 F ? '88/('

*+ P �

+84 F/k HA 6H8ECB 78 9HA6<BA8F G4? DH8 k 6BAG<8A8 HA4 E4SM n	RF<@4 78 ?4 HA<747 L

(n,Car k) = 1. +HCBA:4@BF DH8 u ∈ F 8F HA 8?8@8AGB DH8 F4G<F9468

u ?= wd C4E4 GB7B w ∈ F L d|n, d > 1.

$4 8KG8AF<UA 78�A<74 CBE

F ? = F (y) 6BA yn = u

8F ??4@474 HA4 ):7)26-B2 () �811)5 78 F 




�:7)26-32)6 %0+)&5%-'%6 () '8)5436 () *82'-32)6 � �

")35)1% � � � � � �+' F ?/F ;4' +>:+49/D4 *+ 1;33+8 )535 2' *+ 9)8/:' '4:+ 8/5 83+4�

:+ � �4:5 4)+ 9�

/ � �2 65 2/453/5 ϕ(T ) = T n−u + 9 + 2 65 2/453/5 3/4/3'2 *+ y 95 ( 8+ F �+4 6'8:/);2'8�

ϕ + 9 /88+*;) /( 2+ 95 ( 8+ F �� �' +>:+49/D4 F ?/F + 9 *+ �'25 /9 *+ -8'*5 n� 9; -8;65

*+ �'25 /9 + 9 ) C) 2/)5 ? + 2 -8;65 *+ ';:535 8�935 9 + 9:A *'*5 65 8 σ(y) = εy� *5 4*+

ε ∈ k + 9 ;4' 8'C@ n� B9/3' *+ 2' ;4/*'*�

// � �+'4 P ∈ P(F ) ? P ? ∈ P(F ?) ;4' +>:+49/D4 *+ P � �4:5 4)+ 9

e(P ?|P ) =
n

rP
? d(P ?|P ) =

n

rP
− 1

*54*+ rP = (n, νP (u)) > 0�

+84 F/k HA 6H8ECB 78 9HA6<BA8F L Car k = p
 + HCBA:4@BF DH8 u ∈ F 8F HA 8?8@8AGB

DH8 F4G<F9468

u ?= wp − w C4E4 GB7B w ∈ F.

$4 8KG8AF<UA 78�A<74 CBE

F ? = F (y) 6BA yp − y = u

8F ??4@474 HA4 ):7)26-B2 () �57-2�! ',5)-)5 78 F 


")35)1% � � � 
 � �+' F ?/F ;4' +>:+49/D4 *+ �8:/4��).8+ /+ 8 )535 2' *+ 9)8/:' '4:+ �

8/5 83+4:+ � �'8' )'*' P ∈ P(F ) +>/9:+ z ∈ F :' 2 7;+ 9+ );362+ ;4' ? 9D25 ;4' *+

2'9 9/-;/+4:+ 9 )5 4*/) /5 4+ 9 �<+8 %	�� �+3' 
� 
� 
&�

�� � νP (u− (zp − z)) ≥ 0

�	� νP (u− (zp − z)) = −m )5 4 m > 0 ? (m, p) = 1�

�+�4/35 9 '2 +4:+ 85 mP )535 mP := −1 9/ 9+ 9':/9,')+ 2' 68/3+8' )5 4*/) /D4 ? )535

mP := m 9/ 9+ 9':/9,')+ 2' 9+-;4*' � �*+3A9� 9+ );362+4 2'9 9/-;/+4:+ 9 '�83') /5 4+ 9�

/ � F ?/F + 9 ;4' +>:+49/D4 ) C) 2/)' *+ -8'*5 p� �5 9 ';:535 8�935 9 *+ F ?/F + 9:A4

*'*5 9 65 8 σ(y) = y + v )5 4 v = 0, 1, . . . , p− 1�

/ / � P 45 8'3/�)' +4 F ?/F 9/ ? 9D25 9/ mP = −1�

/ / / � P + 9 :5 :' 23+4:+ 8'3/�)'*5 +4 F ?/F 9/ ? 9D25 9/ mP > 0� �A9 'E4� 9/ Q ∈ P(F ?)

+ 9 + 2 E4/)5 2;-'8 '88/(' P +4:5 4)+ 9

d(Q|P ) = (mP + 1)(p− 1).



� � � ������� �!

�<A4?<M4@BF 8FG4 F866<UA 6BA 4?:HABF E8FH?G47BF 6?PF<6BF 78 ?4 G8BES4 78 6H8ECBF 


+ 84A F ?/F HA4 8KG8AF<UA �A<G4 78 �4?B<F � G = Gal(F ?/F ) L α HA 8?8@8AGB 78 F ? 


$4 75%;% 78 α 78 F ? 4 F � F8 78�A8 6B@B

TrF ?/F (α) :=
?

σ∈G
σ(α).

�A C4EG<6H?4E� F < Gal(F ?/F ) = ?σ? G8A8@BF DH8

TrF ?/F (α) = σn−1(α) + · · · + σ(α) + α.

�53436-'-B2 � � � � � �!����'� �����!� �� � 
������ �� �� 	������� �;654-'35 9

7;+ F ?/F + 9 ;4' +>:+49/D4 *+ �'25 /9 *+ -8'*5 n :' 2 7;+ Gal(F ?/F ) = ?σ?� !4
+ 2+3+4:5 α ∈ F ? + 9 *+ 2' ,5 83'

α = σ(β) − β

9/ 9D25 9/

TrF ?/F (α) = σn−1(α) + · · · + σ(α) + α = 0.

�3530%5-3 � � �� � �+'4 k = Fq � p = Car k ? )5 49/*+8+35 9 φ(T ) = T p − T − α )5 4

α ∈ Fq � �/ *+45 :'35 9 65 8 Tr 2' ,;4) /D4 :8'@' *+ k ' Fp +4:5 4)+ 9�

/ � φ(T ) + 9 /88+*;) /( 2+ 95 ( 8+ k 9/ ? 9D25 9/ Tr(α) ?= 0�

/ / � φ(T ) 9+ *+ 9)53654+ )5362+ :'3+4:+ 95 ( 8+ k 9/ ? 9D25 9/ Tr(α) = 0� �4 + 9:+ )'95 �

9/ φ(β) = 0 +4:5 4)+ 9 {β + i : i ∈ Fp} + 9 + 2 )5 40;4:5 *+ 2'9 8'C)+ 9 *+ φ(T )�

�FG8 6E<G8E<B 78 <EE87H6<5<?<747 78 GE<AB@<BF F8EP 78 :E4A HG<?<747 8A ?4F F866<BA8F

� 
 � L � 
 � 


+ 84A F L F ? 7BF 8KG8AF<BA8F �A<G4F 78 K L FHCBA:4@BF DH8 F L F ? FBA FH56H8ECBF

78 4?:WA 6H8ECB E 
 � <E8@BF DH8 F L F ? FBA 6H8ECBF (-6.82736 B 0-2)%01)27)

(-6.82736 FB5E8 K F<

[FF ? : K] = [F : K][F ? : K].

�A ?4 F<:H<8AG8 CEBCBF<6<UA E86BE74@BF 7BF CEBC<87478F E8?46<BA474F 6BA 8FG8 6BA	

68CGB


�53436-'-B2 � � �� � �+'4 F � F ? ? F ?? +>:+49/5 4+ 9 �4/:'9 *+ K �

/ � �/ ' 2 3+45 9 ;4' *+ 2' +>:+49/5 4+ 9 F/K � F ?/K + 9 *+ �'25 /9 +4:5 4)+ 9 F ? F ?

95 4 2/4+'23+4:+ */90;4:5 9 95 ( 8+ K 9/ ? 9D25 9/ K = F ∩ F ? �



"355)6 () '8)5436 () *82'-32)6 � �

// � �/ 25 9 -8'*5 9 *+ F/K ? F ?/K 95 4 68/35 9 8+ 2':/<5 9 +4:5 4)+ 9 F ? F ? 95 4 2/4+'2�

3+4:+ */90;4:5 9 95 ( 8+ K �

/ / / � �/ F ?? + 9 ;4' +>:+49/D4 *+ F ? +4:5 4)+ 9 F ?? ? F 95 4 2/4+'23+4:+ */90;4:5 9 95 ( 8+ K

9/ ? 9D25 9/ F ? ? F 95 4 2/4+'23+4:+ */90;4:5 9 95 ( 8+ K ? F ?? ? F ?F 95 4 2/4+'23+4:+

*/90;4:5 9 95 ( 8+ F ? �

F ??

F ?

K

F

F ?F

F ??F

�EP�64 
 
 � � �H8ECBF ?<A84?@8AG8 7<F=HAGBF

� � � � 
����� �� ������� �� ���������

-A4 FH68F<UA 78 6H8ECBF 78 9HA6<BA8F F = {Fi}∞i=0 FB5E8 k F8 7<68 HA4 68')6-B2

23 75-9-%0 F< Fi ? Fi+1 C4E4 6474 i ≥ 0
 � <E8@BF DH8 ?4 FH68F<UA F 8F 5)'856-9%

F< 8K<FG8 HA4 FH68F<UA 78 8?8@8AGBF GE4F68A78AG8F {xi}∞i=0 FB5E8 k L HA CB?<AB@<B 8A

7BF I4E<45?8F H(X, Y ) ∈ k[X, Y ] G4?8F DH8 F0 = k(x0) L

Fi+1 = Fi(xi+1),

7BA78 H(xi, xi+1) = 0 C4E4 GB7B i ≥ 0
 -A '8)543 () *82'-32)6 &?6-'3 4FB6<47B

4 HA4 FH68F<UA E86HEF<I4 F 8F HA 6H8ECB 78 9HA6<BA8F F = k(x, y) 6BA x, y 8?8@8AGBF

GE4F68A78AG8F FB5E8 k DH8 F4G<F9468A H(x, y) = 0


+ 8 7<68 DH8 HA4 FH68F<UA E86HEF<I4 F FB5E8 k 8F HA4 (a, b)	68')6-B2 5)'856-9% B

HA4 68')6-B2 5)'856-9% 78 G<CB (a, b) F< a(T ) = a1(T )/a2(T ) L b(T ) = b1(T )/b2(T )

7BA78 (a1(T ), a2(T )) = 1 L (b1(T ), b2(T )) = 1 L F 8FGP 78�A<74 CBE HA CB?<AB@<B

78 ?4 9BE@4

H(X, Y ) = a1(Y )b2(X) − a2(Y )b1(X).



� � � ������� �!

�A 8FG8 64FB F8 FH8?8 786<E DH8 ?4 (a, b)	FH68F<UA E86HEF<I4 F 8FGP 78�A<74 CBE ?4

86H46<UA 6BA I4E<45?8F F8C4E474F

a(y) = b(x).

+84A g1(T ), g2(T ) ∈ k[T ] CB?<AB@<BF CE<@BF E8?4G<IBF 
 + 8 78�A8 8? +5%(3 () 0%

*82'-B2 5%'-32%0 g(T ) = g1(T )/g2(T ) 6B@B

deg(g(T )) = máx{deg g1(T ), deg g2(T )}.

�<E8@BF DH8 HA4 (a, b)	FH68F<UA E86HEF<I4 F 8F 78 :E47B m F< m 8F 8? :E47B 78 ?4F

9HA6<BA8F E46<BA4?8F a(T ), b(T ) ∈ k(T )


-A4 7355) � B HA4 7355) () '8)5436 () *82'-32)6 � FB5E8 k 8F HA4 FH68F<UA AB

GE<I<4? 78 6H8ECBF 78 9HA6<BA8F F = {Fi}∞i=0 DH8 F4G<F9468 ?4F F<:H<8AG8F 6BA7<6<BA8F �

< 
 Fi+1/Fi 8F HA4 8KG8AF<UA �A<G4 L F8C4E45?8 C4E4 GB7B i ≥ 0


< < 
 � ? 6H8ECB GBG4? 78 6BAFG4AG8F 78 Fi 8F k � C4E4 6474 i ≥ 0


< < < 
 �? :RA8EB g(Fi) 78 Fi G <8A78 4 <A�A<GB 6H4A7B i→ ∞


� B@B 6BAF86H8A6<4 78 ?4F 6BA7<6<BA8F i.� ii. L ?4 9UE@H?4 78? :RA8EB 78  HEJ<GM

� ,8BE8@4 
 
 � � CB78@BF E88@C?4M4E ?4 6BA7<6<UA iii. CBE ?4 6BA7<6<UA 8DH<I4?8AG8

? �K<FG8 j ≥ 0 G4? DH8 g(Fj) ≥ 2


� 6BAG<AH46<UA 78�A<E8@BF ?BF 6BA68CGBF @PF E8?8I4AG8F 4FB6<47BF 4 HA4 GBEE8 78

6H8ECBF 78 9HA6<BA8F FB5E8 HA 6H8ECB �A<GB
 �A 478?4AG8 k 78ABG4EP HA 6H8ECB �A<GB


+ 84 F = {Fi}∞i=0 HA4 GBEE8 78 6H8ECBF 78 9HA6<BA8F FB5E8 k 


< 
 � ? +@2)53 78 ?4 GBEE8 F FB5E8 Fj F8 78�A8 6B@B

γ(F/Fj) := ĺım
i→∞

g(Fi)

[Fi : Fj ]
·

<< 
 $4 7%6% () ()6'31436-'-B2 78 ?4 GBEE8 F FB5E8 Fj F8 78�A8 6B@B

ν(F/Fj) := ĺım
i→∞

N(Fi)

[Fi : Fj ]
,

7BA78 N(Fi) 78ABG4 8? AW@8EB 78 ?H:4E8F E46<BA4?8F 78? 6H8ECB 78 9HA6<BA8F Fi 




"355)6 () '8)5436 () *82'-32)6 � �

<<< 
 �? 0A1-7) 78 ?4 GBEE8 F F8 78�A8 6B@B

λ(F) := ĺım
i→∞

N(Fi)

g(Fi)
·

+8 CH878 78@BFGE4E DH8 ?BF ?S@<G8F 4AG8E<BE8F 8K<FG8A L DH8 478@PF F8 6H@C?8 DH8

γ(F/Fj) ∈ R+ ∪ {∞} L ν(F/Fj), λ(F) ∈ R+
0

� I8E 2 � � � $8@4 �
 � 
 � 3 � 
 �H4A7B 6BAF<78E4@BF 8? :RA8EB � E8FC
 ?4 G4F4 78 78F6B@CBF<	

6<UA� 78 ?4 GBEE8 FB5E8 F0 ?B 78ABG4@BF 6B@B γ(F) � E8FC
 ν(F)� 
 �8 ?4F 78�A<6<BA8F

78 ?S@<G8 78 HA4 GBEE8 L 78 9HA6<UA 78 !;4E4 � � � G8A8@BF DH8

0 ≤ λ(F) ≤ A(q) ≤ √
q − 1.

�;BE4� HA4 GBEE8 78 6H8ECBF 78 9HA6<BA8F F = {Fi}∞i=0 FB5E8 k F8 7<68

< 
 �6-27B7-'%1)27) &8)2% F< λ(F) > 0


< < 
 �6-27B7-'%1)27) 1%0% F< λ(F) = 0


< < < 
 �6-27B7-'%1)27) B47-1% F< λ(F) =
√
q − 1


�F 6?4EB DH8 F 8F 4F<AGUG<64@8AG8 5H8A4 F< L FU?B F< ν(F) > 0 L γ(F) <∞


� 6BAG<AH46<UA <AGEB7H6<@BF HA 8FC46<B 78 I<G4? <@CBEG4A6<4 8A 8? 8FGH7<B 78? :RA8EB

78 HA4 GBEE8 


+ 84 F = {Fi}∞i=0 HA4 GBEE8 78 6H8ECBF 78 9HA6<BA8F FB5E8 k 
 � <E8@BF DH8 HA ?H:4E

P ∈ P(Fj) 5%1-�'% 8A ?4 GBEE8 F F< E4@<�64 8A Fi/Fj C4E4 4?:WA i > j 
 + < HA ?H:4E

P ∈ P(F0) 8F GBG4?@8AG8 E4@<�647B 8A Fi/F0 C4E4 6474 i ≥ 1 786<@BF DH8 P 8F

737%01)27) 5%1-�'%(3 8A ?4 GBEE8 F 
 + 8 7<68 DH8 ?4 GBEE8 F 8F 6%09%.) F< 8K<FG8

HA ?H:4E P ∈ P(F0) L HA SA7<68 i ≥ 1 G4? DH8 P 8F F4?I4 =8 8A ?4 8KG8AF<UA Fi/F0 
 �A

64FB 6BAGE4E<B F8 7<68 13()5%(% 


�8�A<@BF 8? )64%'-3 () 5%1-�'%'-B2 78 ?4 GBEE8 F FB5E8 Fj 6B@B 8? 6BA=HAGB

R(F/Fj) = {P ∈ P(Fj) : P E4@<�64 8A F}.

+ < R(F/Fj) 8F HA 6BA=HAGB �A<GB 78�A<@BF 8? (-9-635 5%1-�'%'-B2 78 F 6B@B

R(F/Fj) =
?

P∈R(F/Fj)

P.



� � � ������� �!

�H4A7B 6BAF<78E8@BF 4 F FB5E8 F0 F<@C?8@8AG8 8F6E<5<E8@BF R(F) L R(F) C4E4

8? 8FC46<B 78 E4@<�646<UA L FH :E47B� E8FC86G<I4@8AG8 
 -A4 GBEE8 78 6H8ECBF 78

9HA6<BA8F F = {Fi}∞i=0 F8 7<68 B	%'37%(% � E8FC
 (@&-01)27) 5%1-�'%(%� F < C4E4

6474 i ≥ 1 ?4 8KG8AF<UA Fi/F0 8F B	46BG474 � E8FC
 7R5<?@8AG8 E4@<�6474� 
 �B@B

6BAF86H8A6<4 78 ?4 GE4AF<G <I<747 78? 8KCBA8AG8 7<98E8AG8 � (EBCBF<6<UA 
 
 
 � � G8A8@BF

8? F<:H<8AG8 E8FH?G47B� F < F = {Fi}∞i=0 HA4 GBEE8 L 6474 8KG8AF<UA Fi+1/Fi 8F B	

46BG474 8AGBA68F F 8F HA4 GBEE8 B	46BG474


$4 F<:H<8AG8 CEBCBF<6<UA E8F4?G4 ?4 <@CBEG4A6<4 78? 8FC46<B 78 E4@<�646<UA 78 HA4

GBEE8 


")35)1% � � �� � �+' F = {Fi}∞i=0 ;4' :5 88+ B� ')5 :'*' )5 4 + 96') /5 *+ 8'3/�)') /D4

�4/:5 95 ( 8+ Fj � �4:5 4)+ 9 2' :5 88+ :/+4+ -B4+85 �4/:5 � + 96+) C�)'3+4:+ �

γ(F) ≤ g(Fj) − 1 + B
2

degR(F/Fj)

[Fj : F0]
·

� 6BAG<AH46<UA CEB54E8@BF HA E8FH?G47B DH8 8F 78 HG<?<747 8A 8? 8FGH7<B 78? :RA8EB

78 6<8EGB G<CB 78 GBEE8F E86HEF<I4F 


�3530%5-3 � � �� � �+'4 F = {Fi}∞i=0 ;4' :5 88+ *+ );+865 9 *+ ,;4) /5 4+ 9 8+);89/<'

95 ( 8+ k :' 2 7;+ )'*' Fi+1/Fi + 9 ;4' p� +>:+49/D4 ? F = k(x, y) + 2 );+865 *+ ,;4) /5 4+ 9

(A9/)5 '95) /'*5 ' F � �/ 2' +>:+49/D4 F/k(y) + 9 *B( /23+4:+ 8'3/�)'*' +4:5 4)+ 9 2'

:5 88+ F + 9 *B( /23+4:+ 8'3/�)'*' � �*+3A9 F :/+4+ -B4+85 �4/:5 9/ F :/+4+ + 96') /5

*+ 8'3/�)') /D4 �4/:5 �

�+35 9:8') /D4� +HCBA:4@BF DH8 Fi/F0 8F HA4 8KG8AF<UA 7R5<?@8AG8 E4@<�6474 L

CEB58@BF DH8 Fi+1/F0 G4@5<RA ?B 8F 
 �B@B F 8F HA4 GBEE8 E86HEF<I4 78 6H8ECBF 78

9HA6<BA8F 8AGBA68F 8K<FG8 HA4 FH68F<UA 78 8?8@8AGBF GE4F68A78AG8F {xi}∞i=0 FB5E8 k

G4? DH8 F0 = k(x0) L Fi+1 = Fi(xi+1) = k(x0, . . . , xi+1) C4E4 i ≥ 0
 � BAF<78E4A7B

8? ;B@B@BE�F@B DH8 8AIS4 xj → xj+1 � 6BA j = 0, . . . , i� G8A8@BF DH8 ?BF 6H8ECBF

Fi L k(x1, ..., xi+1) FBA k	<FB@BE9BF � ?H8:B k(x1, . . . , xi, xi+1)/k(x1) 8F HA4 8KG8AF<UA

7R5<?@8AG8 E4@<�6474
 �47B DH8 Fi+1 8F ?4 6B@CBF<6<UA 78 ?BF 6H8ECBF F1 = k(x0, x1)

L k(x1, . . . , xi, xi+1) L ?4 8KG8AF<UA F1/k(x1) 8F 7R5<?@8AG8 E4@<�6474 CBE ;<CUG8F<F �

8AGBA68F ?4 (EBCBF<6<UA 
 
 
 � :4E4AG<M4 DH8 ?4 8KG8AF<UA Fi+1/k(x1) 8F 7R5<?@8AG8

E4@<�6474� 8FG8 ;86;B L ?4 ;<CUG8F<F Fi+1/Fi 8F HA4 p	8KG8AF<UA <@C?<64A DH8

d(Q|P ) = 2(e(Q|P ) − 1)

C4E4 GB7B Q ∈ P(Fi+1) L P = Q ∩ Fi � 8F 786<E� Fi+1/Fi 8F HA4 8KG8AF<UA 7R5<?@8AG8

E4@<�6474
 (BE ?B G4AGB� CBE ?4 (EBCBF<6<UA 
 
 
 � ?4 8KG8AF<UA Fi+1/F0 8F 7R5<?@8AG8



"355)6 () '8)5436 () *82'-32)6 � �

E4@<�6474� 6B@B F8 DH8ES4 CEB54E
 �A C4EG<6H?4E� G8A8@BF DH8 F 8F HA4 GBEE8 2	

46BG474� ?H8:B ?4 F8:HA74 4�E@46<UA F8 F<:H8 7<E86G4@8AG8 78? ,8BE8@4 
 
 � � 


�;BE4 <AGEB7H6<@BF HA 8FC46<B DH8 8F WG<? 4? @B@8AGB 78 8FGH7<4E ?4 G4F4 78 78F	

6B@CBF<6<UA 78 HA4 GBEE8 F = {Fi}∞i=0 FB5E8 k 
 + 84 j ≥ 0� 7<E8@BF DH8 HA ?H:4E

P ∈ P(Fj) 6) ()6'31432) '3140)7%1)27) 8A ?4 GBEE8 F F< P F8 78F6B@CBA8

6B@C?8G4@8AG8 8A ?4 8KG8AF<UA Fi/Fj C4E4 6474 i > j 
 �78@PF� 78�A<@BF 8? )64%'-3

() ()6'31436-'-B2 78 ?4 GBEE8 F FB5E8 Fj 6B@B 8? 6BA=HAGB

Sj(F) := {P ∈ P(Fj) : P 8F E46<BA4? L F8 78F6B@CBA8 6B@C?8G4@8AG8 8A F}.

�? 8FC46<B 78 78F6B@CBF<6<UA S0(F) 78 F ?B 78ABG4E8@BF F<@C?8@8AG8 CBE S(F)


")35)1% � � �	� �+' F = {Fi}∞i=0 ;4' :5 88+ 95 ( 8+ k � �;654-'35 9 7;+ + 2 )5 40;4:5

Sj(F) + 9 45 <') C5 6'8' '2-E4 j ≥ 0� �4:5 4)+ 9 F :/+4+ :'9' *+ *+ 9)5365 9/) /D4

65 9/:/<' � 3A9 'E4�

ν(F) ≥ |Sj(F)|
[Fj : F0]

·

�3530%5-3 � � �
 � �+' F = {Fi}∞i=0 ;4' :5 88+ 95 ( 8+ k � �;654-'35 9 7;+ Sj(F) + 9 ;4

)5 40;4:5 45 <') C5 6'8' '2-E4 j ≥ 0� R(F/Fj) + 9 ;4 )5 40;4:5 �4/:5 ? F + 9 ;4' :5 88+

B� ')5 :'*' +4:5 4)+ 9 F + 9 ;4' :5 88+ '9/4:D:/)'3+4:+ ( ;+4' � 'E4 3A9� 9; 2C3/:+ λ(F)

9':/9,')+

λ(F) ≥ 2|Sj(F)|
2g(Fj) − 2 + B degR(F/Fj)

·

�+35 9:8') /D4� �B@B Sj(F) 8F HA 6BA=HAGB AB I46SB 8? ,8BE8@4 
 
 �� 4F8:HE4 DH8

F G <8A8 G4F4 78 78F6B@CBF<6<UA CBF<G <I4 L DH8 ν(F) F4G<F9468

ν(F) ≥ |Sj(F)|
[Fj : F0]

·

(BE BGE4 C4EG8 � 747B DH8 R(F/Fj) 8F HA 6BA=HAGB �A<GB L F 8F HA4 GBEE8 B	46BG474

8AGBA68F 8? ,8BE8@4 
 
 � � 4�E@4 DH8 F 8F HA4 GBEE8 78 :RA8EB �A<GB L DH8 γ(F)

F4G<F9468

γ(F) ≤ g(Fj) − 1 + B
2

degR(F/Fj)

[Fj : F0]
·

(BE ?B G4AGB� F 8F HA4 GBEE8 4F<AGUG<64@8AG8 5H8A4 L λ(F) F4G<F9468 ?4 78F<:H4?747

λ(F) = ĺım
i→∞

N(Fi)

g(Fi)
=
ν(F)

γ(F)
≥ 2|Sj(F)|

2g(Fj) − 2 + B degR(F/Fj)
·



� 	 � ������� �!

� C4EG<E 78 HA4 GBEE8 F = {Fi}∞i=0 FB5E8 k CB78@BF 78�A<E HA4 GBEE8 F ? DH8 8F @HL

�F<@<?4E� 4 F � CBE 8=8@C?B� G <8A8 8? @<F@B :RA8EB 78 F 
 .84@BF 8FGB 6BA 78G4??8 �
F84 k? HA4 8KG8AF<UA 4?:85E4<64 78 k 
 (4E4 GB7B i ≥ 0 6BAF<78E4@BF 4 F ?

i 6B@B ?4

6B@CBF<6<UA 78 ?BF 6H8ECBF Fi L k? � 8FGB 8F � F ?
i = Fik

? 
 $4 FH68F<UA F ? = {F ?
i}∞i=0

8F ??4@474 HA4 ):7)26-B2 435 '3267%27)6 78 F CBE k? 
 + 8 CH878 CEB54E C4E4

GB7B i ≥ 0 DH8 [F ?
i+1 : F ?

i ] = [Fi+1 : Fi]� k? 8F 8? 6H8ECB GBG4? 78 6BAFG4AG8F 78 F ?
i

L g(F ?
i ) = g(Fi)
 (BE ?B G4AGB F ? 8F HA4 GBEE8 FB5E8 k? L G<8A8 8? @<F@B :RA8EB 78

F 
 �78@PF HA ?H:4E P ∈ P(Fi) E4@<�64 8A Fi+1/Fi F< L FU?B F< HA ?H:4E Q ∈ P(F ?
i )

4EE<54 78 P E4@<�64 8A F ?
i+1/F

?
i � ?H8:B

R(F ?) = {P ? ∈ P(F ?
0) : P ? ∩ F0 ∈ R(F)}.

&BG8@BF DH8 R(F) 8F �A<GB F< L FU?B F< R(F ?) 8F �A<GB
 �A 8FG8 64FB G8A8@BF DH8

ConF ?
0/F0

(R(F)) =
?

P∈R(F)

ConF ?
0/F0

(P ) =
?

P∈R(F)

?

P ?|P
P ? =

?

P ?∈R(F ?)

P ? = R(F ?),

8AGBA68F CBE ?4 (EBCBF<6<UA 
 
 � iii F8 F<:H8 DH8

deg(R(F ?)) = deg(ConF ?
0/F0

(R(F))) = deg(R(F)).

(BE ?B G4AGB ?4 6BG4 7474 8A 8? ,8BE8@4 
 
 � � F8 @4AG<8A8 <A78C8A7<8AG8@8AG8 78

6HP? F84 8? 6H8ECB 78 6BAFG4AG8F 8A DH8 F8 6BAF<78E8 ?4 GBEE8 
 � 64HF4 78 ?BF E8	

FH?G47BF 4AG8E<BE8F 786<@BF DH8 ?4F GBEE8F � 4? <:H4? DH8 ?BF 6H8ECBF 78 9HA6<BA8F �

FBA <AI4E<4AG8F 54 =B 8KG8AF<BA8F CBE 6BAFG4AG8F L 8F 9E86H8AG8 GE454 =4E FB5E8 HA4

8KG8AF<UA 4?:85E4<64 �4786H474� 78 k 6H4A7B F8 GE4G4 78 8FG <@4E 8? :RA8EB 78 HA4

GBEE8 FB5E8 k 
 �A 64FB 78 DH8 k? F84 HA 8KG8AF<UA �A<G4 78 k � CBE 8=8@C?B� k = Fq L

k? = Fqn C4E4 4?:WA n 8AG8EB CBF<G <IB @4LBE DH8 HAB 8AGBA68F

ν(F ?) ≥ ν(F) L λ(F ?) ≥ λ(F).

�A 8986GB� F < P 8F HA ?H:4E E46<BA4? 78 Fi CBE ?4 (EBCBF<6<UA 
 
 � 8K<FG8 8K46G4@8AG8

HA ?H:4E E46<BA4? Q 8A F ?
i 4EE<54 78 P � ?H8:B N(F ?

i ) ≥ N(Fi) C4E4 6474 i ≥ 0 L

6BA6?H<@BF DH8

ν(F ?) = ĺım
i→∞

ν(F ?)

[F ?
i : F ?

0]
≥ ĺım

i→∞
ν(F)

[Fi : F0]
= ν(F).

(B78@BF E8FH@<E ?BF E8FH?G47BF 4AG8E<BE8F 6B@B F<:H8 �

�53436-'-B2 � � �� � �+'4 F ;4' :5 88+ 95 ( 8+ Fq ? F ? 2' +>:+49/D4 65 8 )5 49:'4:+ 9 *+



"355)6 () '8)5436 () *82'-32)6 � 


F 65 8 Fqn � �4:5 4)+ 9�

/ � �2 -B4+85 � 2' :'9' *+ *+ 9)5365 9/) /D4 ? + 2 2C3/:+ *+ F ? F ? 9+ 8+ 2') /5 4'4 '9C�

γ(F ?) = γ(F), ν(F ?) ≥ ν(F) ? λ(F ?) ≥ λ(F).

// � �+ );362+ 7;+ R(F ?) = {P ? ∈ P(F ?
0) : P ? ∩ F0 ∈ R(F)} *54*+ R(F) ? R(F ?)

95 4 25 9 + 96') /5 9 *+ 8'3/�)') /D4 *+ F ? F ? 8+ 96+) :/<'3+4:+ �

/ / / � �5 9 + 96') /5 9 *+ *+ 9)5365 9/) /D4 Sj(F) ? Sj(F ?) 9':/9,')+4 7;+

Sj(F ?) ⊇ {Q ∈ P(F ?
j) : Q ∩ Fj ∈ Sj(F)} ? |Sj(F ?)| ≥ |Sj(F)|.

$4 CEBCBF<6<UA 4AG8E<BE <@C?<64 DH8 F< HA4 GBEE8 F G <8A8 8FC46<B 78 78F6B@CBF<6<UA

AB I46SB FB5E8 Fq 8AGBA68F G <8A8 G4F4 78 78F6B@CBF<6<UA CBF<G <I4 FB5E8 Fqn C4E4 GB7B

n 8AG8EB CBF<G <IB


�A ?4F F<:H<8AG8F F866<BA8F 78ABG4E8@BF CBE F FB5E8 Fqn 8A I8M 78 F ? FB5E8 Fqn 4 ?4

8KG8AF<UA CBE 6BAFG4AG8F B5G8A<74 78 ?4 GBEE8 F FB5E8 Fq L ?4 8KG8AF<UA Fqn 78 Fq 
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������ � ����
�
���
 
�

��� ����
 	
 ����

��������
�
�
� ����
 F2s �

�A 8FG8 64CSGH?B 8FGH7<4E8@BF 8? 6B@CBEG4@<8AGB 4F<AGUG<6B 78 ?4 GBEE8 78 6H8ECBF

78 9HA6<BA8F H = {Fi}∞i=0 78�A<74 78 9BE@4 E86HEF<I4 CBE ?4 86H46<UA 78 G<CB �EG<A	

+ 6;E8<8E

y2 + y =
x

x2 + x + 1
� � 
 
 �

FB5E8 F2s 7BA78 s 8F HA 8AG8EB CBF<G <IB 6H4?DH<8E4
 (4E4 8??B 7<I<7<@BF 8? 64CSGH?B 8A

6<A6B F866<BA8F 
 �A ?4 CE<@8E4 F866<UA CEB54@BF DH8 8A 6474 C4FB 78 ?4 FH68F<UA H
8K<FG8 HA ?H:4E GBG4?@8AG8 E4@<�647B ?B DH8 :4E4AG<M4 DH8 H 8F HA4 GBEE8 
 ,4@5<RA

78@BFGE4@BF DH8 H 8F HA4 GBEE8 F4?I4 =8 6BA :RA8EB �A<GB� C4E4 8??B I8@BF DH8 ?4

GBEE8 G<8A8 8FC46<B 78 E4@<�646<UA �A<GB L DH8 8F 7R5<?@8AG8 E4@<�6474� 8FG4 W?G <@4

6BA7<6<UA 8F A868F4E<4 C4E4 6BA6?H<E DH8 ?4 GBEE8 G<8A8 :RA8EB �A<GB� CH8F ?4 �A<GH7

78? 8FC46<B 78 E4@<�646<UA 8A GBEE8F F4?I4 =8F AB 4F8:HE4 ?4 �A<GH7 78? :RA8EB
 �A

?4 F8:HA74 F866<UA 8FGH7<4@BF ?4 G4F4 78 78F6B@CBF<6<UA 78 ?4 GBEE8 FB5E8 F4 
 + 8

78�A8A ?BF 6BA68CGBF 78 8?8@8AGBF 78 G<CB 1 L 2 L 78 6BA7<6<UA 78 E4@<�646<UA

C4E4 HA4 6<8EG4 FH68F<UA 78 ?H:4E8F 
 ,4@5<RA F8 CEH854A GE8F ?8@4F DH8 <@C?<64A

DH8 8? 8FC46<B 78 78F6B@CBF<6<UA 78 ?4 GBEE8 8F AB I46SB
 �A C4EG<6H?4E F8 787H68

DH8 ?4 GBEE8 8F 4F<AGUG<64@8AG8 5H8A4 FB5E8 F2s C4E4 GB7B s 8AG8EB CBF<G <IB C4E
 �8

8FG4 @4A8E4� F8 E8FCBA78 4 ?4 CE8:HAG4 C?4AG8474 CBE �88?8A� �4E6S4 L + G<6;G8ABG;

8A E8?46<UA 6BA 8? 6B@CBEG4@<8AGB 4F<AGUG<6B 78 8FG4 GBEE8 
 �A ?4 6H4EG4 F866<UA

64?6H?4@BF 78 9BE@4 CE86<F4 8? AW@8EB 78 ?H:4E8F E46<BA4?8F L 8? :RA8EB 78 6474

C4FB 78 ?4 GBEE8 FB5E8 F4 L 6BA6?H<@BF DH8 8F HA4 GBEE8 UCG<@4
 �A ?4 DH<AG4 L

� 
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W?G <@4 F866<UA @BFGE4@BF DH8 ?4 G4F4 78 78F6B@CBF<6<UA 78 ?4 GBEE8 FB5E8 F2s C4E4

s 8AG8EB CBF<G <IB <@C4E 8F 68EB
 �FG8 E8FH?G47B F8 B5G<8A8 6B@B 6BAF86H8A6<4 78 DH8

8? AW@8EB 78 ?H:4E8F E46<BA4?8F 78 6474 6H8ECB 78 9HA6<BA8F C8E@4A868 6BAFG4AG8

78FCHRF 78? CE<@8E C4FB 78 ?4 GBEE8 


!A<6<4@BF 8FG8 64CSGH?B 6BA 7BF E8FH?G47BF 6?4I8F L ?4 F<:H<8AG8 ABG46<UA
 + 84 F2s HA

6H8ECB �A<GB 6BA 2s 8?8@8AGBF 
 + < s 8F C4E� 8K<FG8 α ∈ F2s DH8 F4G<F9468 α2+α+1 = 0


� ? 6BA=HAGB {0, 1, α, α + 1} ⊆ F2s 8F 8? 6H8ECB �A<GB 6BA 6H4GEB 8?8@8AGBF L ?B

78ABG4E8@BF CBE K := F4 


�)1% � � � � �549/*+8+35 9 2' +);') /D4

y2 + y = f(x) :=
x

x2 + x + 1
·

�4:54)+ 9

f(y) +

?
y + 1

x + 1

?2

+
y + 1

x + 1
= y +

1

x2 + x + 1
+

1

x + 1
·

�+35 9:8') /D4�

f(y) +

?
y + 1

x + 1

?2

+
y + 1

x + 1
=

y

y2 + y + 1
+

?
y + 1

x + 1

?2

+
y + 1

x + 1

=
y

f(x) + 1
+

?
y + 1

x + 1

?2

+
y + 1

x + 1

= y
x2 + x + 1

(x + 1)2
+

?
y + 1

x + 1

?2

+
y

x + 1
+

1

x + 1

=
y(x2 + 1) + yx + y2 + 1 + y(x + 1)

(x + 1)2
+

1

x + 1

=
y(x + 1)2

(x + 1)2
+
yx + y2 + 1 + y(x + 1)

(x + 1)2
+

1

x + 1

= y +
1

x2 + x + 1
+

1

x + 1
·

�53436-'-B2 � � � � �+'4 F/K ;4 );+865 *+ ,;4) /5 4+ 9� x ;4 + 2+3+4:5 *+ F \ K ?

K + 2 );+865 :5 :' 2 *+ )5 49:'4:+ 9 *+ F � �;654-'35 9 7;+ F ?/F + 9 ;4' +>:+49/D4 *+



��

�8:/4��).8+ /+ 8 *+ -8'*5 *5 9 :' 2 7;+ F ? = F (y) ?

y2 + y = f(x) :=
x

x2 + x + 1
·

�4:54)+ 9 );'27;/+ 8 )+ 85 P0 ? );'27;/+ 8 65 25 P∞ *+ x +4 F � 9+ *+ 9)53654+4 )53�

62+ :'3+4:+ +4 F ?/F +4 ;4 )+85 Q0 *+ y ? ;4 )+85 Q1 *+ y + 1� �;'27;/+ 8 )+ 85 P1

*+ x+ 1 +4 F 9+ *+ 9)53654+ )5362+ :'3+4:+ +4 F ?/F +4 ;4 )+85 Qα *+ y + α ? ;4

)+85 Qα+1 *+ y + α + 1� �*+3A9�

νQi
(y + i) = νP0(x) = −νP∞(x),

)5 4 i = 0, 1 ?

νQβ
(y + β) = 2νP1(x + 1),

)5 4 β ∈ {α, α + 1}�

F

F ? Q0

P0

Q1

1 1

Q0

P∞

Q1

1 1

Qα+1

P1

Qα

1 1

�EP�64 � 
 
 � �86B@CBF<6<UA 78 4?:HABF 68EBF L CB?BF 78 K(x)

�+35 9:8') /D4� '5F8EI8@BF DH8 8? CB?<AB@<B ϕ(T ) := T 2 +T +f(x) 78�A8 ?4 8KG8A	

F<UA F ?/F 
 + < 8? ?H:4E P ∈ P(F ) 8F HA 68EB B CB?B 78 x 8AGBA68F P 8F HA 68EB 78 f(x)�

?H8:B ϕ(T ) 8F 8AG8EB FB5E8 OP L ?4 E87H66<UA @U7H?B P 78 ϕ(T ) 8F 8? CB?<AB@<B

ϕP (T ) = T 2 + T = T (T + 1).

$H8:B 8? ,8BE8@4 78 #H@@8E � ,8BE8@4 
 
 
 � � :4E4AG<M4 DH8 8A F ? 8K<FG8A HA 68EB

Q0 78 y L HA 68EB Q1 78 y + 1 4EE<54 78 P 
 (BE BGE4 C4EG8 � 6B@B y F4G<F9468 ?4

86H46<UA � � 
 
 � G8A8@BF DH8

νQi
(y + i) = νP0(x) L νQi

(y + i) = −νP∞(x).

+84 P1 HA 68EB 78 x + 1 8A F 
 �AGBA68F νP1(x + 1) > 0 L νP1(x) = 0 4FS DH8

νP1(f(x)) = 0 L ?4 6?4F8 E8F<7H4? x(P1) 8F 1
 $H8:B

ϕP1(T ) = T 2 + T + 1 = (T + α)(T + α + 1),
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L 78 AH8IB 8? ,8BE8@4 78 #H@@8E 4F8:HE4 ?4 8K<FG8A6<4 8A F ? 78 HA 68EB Qα 78

y + α L HA 68EB Qα+1 78 y + α + 1 4EE<54 78 P1 
 �;BE4� E88F6E<5<8A7B ?4 86H46<UA

� � 
 
 � 6B@B

y2 + y + 1 =
(x + 1)2

x2 + x + 1
, � � 
 � �

I8@BF C4E4 Qβ 4EE<54 78 P1 DH8 νQβ
(y+β) = 2νP1(x+1) 6B@B F8 DH8ES4 CEB54E


� � � � �� �#���� �� �� �����

�? B5 =8G<IB 78 8FG4 F866<UA 8F CEB54E DH8 ?4 FH68F<UA 78 6H8ECBF 78 9HA6<BA8F H 8F

HA4 GBEE8 78 :RA8EB �A<GB FB5E8 K 


�A 8? F<:H<8AG8 ?8@4 L 8A ?4 :EP�64 � 
 � 78F6E<5<E8@BF 8? 6B@CBEG4@<8AGB 78 ?4 E4	

@<�646<UA 78? 6H8ECB 78 9HA6<BA8F 5PF<6B F = K(x, y) 4FB6<47B 4 ?4 GBEE8 H 


�)1% � � � � �+'4 F = K(x, y) + 2 );+865 *+ ,;4) /5 4+ 9 (A9/)5 '95) /'*5 ' 2' :5 88+ H
? β ∈ {α, α + 1}� �4:5 4)+ 9 F/K(x) + 9 ;4' +>:+49/D4 *+ �8:/4��).8+ /+ 8 *+ -8'*5

2 ? K + 9 + 2 );+865 :5 :' 2 *+ )5 49:'4:+ 9 *+ F � �*+3A9� 9+ );362+4 2'9 9/-;/+4:+ 9

685 6/+*'*+ 9�

/ � �2 2;-'8 Pβ *+ K(x) + 9 :5 :' 23+4:+ 8'3/�)'*5 +4 F ? :/+4+ +>654+4:+ */,+8+4:+

2� �*+3A9� 9/ Q ∈ P(F ) )'+ 95 ( 8+ Pβ � + 4:5 4)+ 9 Q ∩K(y) = R∞ �

/ / � �2 2;-'8 P0 *+ K(x) 9+ *+ 9)53654+ )5362+ :'3+4:+ +4 F � �*+3A9� 9/ Q ∈ P(F )

)'+ 95 ( 8+ P0� + 4:5 4)+ 9 Q ∩K(y) + 9 /-;'2 ' R0 5 R1 �

/ / / � �2 2;-'8 P∞ *+ K(x) 9+ *+ 9)53654+ )5362+ :'3+4:+ +4 F � �*+3A9� 9/ Q ∈ P(F )

)'+ 95 ( 8+ P∞ +4:5 4)+ 9 Q ∩K(y) + 9 /-;'2 ' R0 5 R1 �

/< � �2 2;-'8 P1 *+ K(x) 9+ *+ 9)53654+ )5362+ :'3+4:+ +4 F � �*+3A9� 9/ Q ∈ P(F )

)'+ 95 ( 8+ P1 +4:5 4)+ 9 Q ∩K(y) + 9 /-;'2 ' Rα 5 Rα+1 �

< � �2 2;-'8 Rβ *+ K(y) + 9 :5 :' 23+4:+ 8'3/�)'*5 +4 F ? :/+4+ +>654+4:+ */,+8+4:+

2�

</ � �/ P + 9 ;4 2;-'8 *+ K(x) �8+ 96� K(y)� */,+8+4:+ *+ Pβ �8+ 96� Rβ� +4:5 4)+ 9 P 45

8'3/�)' +4 F � �5 8 25 :'4:5 2'9 +>:+49/5 4+ 9 F/K(x) ? F/K(y) 95 4 *B( /23+4:+

8'3/�)'*'9�

�+35 9:8') /D4� �BAF<78E8@BF 8? ?H:4E Pβ ∈ P(K(x))
 �47B DH8 Pβ 8F HA 68EB F<@C?8

78 x2+x+1 8AGBA68F νPβ
(f(x)) = −1� ?H8:B CBE 8? 6E<G8E<B 78 �<F8AFG8<A 
 
 
 � G8A8@BF

DH8 8? CB?<AB@<B ϕ(T ) := T 2+T +f(x) 8F <EE87H6<5?8 FB5E8 K(x) L Pβ 8F GBG4?@8AG8
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K(x) K(y)

F

P0 R0

e
=
1 e

=
1

P0 R1

e
=
1 e

=
1

P∞ R0

e
=
1 e

=
1

P∞ R1

e
=
1 e

=
1

P1 Rα

e
=
1

d
=
e
=
2

P1 Rα+1

e
=
1

d
=
e
=
2

Pα R∞

d
=
e
=
2 e

=
1

Pα+1 R∞

d
=
e
=
2 e

=
1

�EP�64 � 
 � � *4@<�646<UA 8A F/K(x) L F/K(y)

E4@<�647B 8A F/K(x)� CBE ?B G4AGB� F/K(x) 8F HA4 8KG8AF<UA 78 �EG<A	+ 6;E8<8E 78

:E47B 7BF L K 8F 8? 6H8ECB GBG4? 78 6BAFG4AG8F 78 F 
 + < Q 8F 8? WA<6B ?H:4E 78 F

4EE<54 78 Pβ 8AGBA68F Q 8F HA CB?B F<@C?8 78 y L4 DH8

2νQ(y) = νQ(y2 + y) = e(Q|Pβ)νPβ
(f(x)) = −2.

(4E4 �A4?<M4E ?4 CEH854 78 < 64?6H?4@BF 8? 8KCBA8AG8 7<98E8AG8 78 Q|Pβ 
 + < 78ABG4@BF

CBE mβ := −νPβ
(f(x)) = 1 G8A8@BF� CBE 8? ,8BE8@4 
 
 
 � � DH8

d(Q|Pβ) = (2 − 1)(mPβ
+ 1) = 2.

$BF <A6<FBF << � < << L <I FBA HA4 6BAF86H8A6<4 7<E86G4 78 ?4 (EBCBF<6<UA � 
 � 


�;BE4 CEB54E8@BF ?4 4�E@46<UA I
 + 84A Q HA ?H:4E 78 F 4EE<54 78 Rβ L S ?4

E8FGE<66<UA 78 Q 4 K(x)� 8F 786<E� S := Q ∩K(x)
 �8 ?4 <:H4?747 � � 
 � � B5G8A8@BF

νQ(y2 + y + 1) = νQ

?
(x + 1)2

x2 + x + 1

?
.

�47B DH8 Rβ 8F HA 68EB F<@C?8 78 y2 + y+ 1 G8A8@BF DH8 νQ(y2 + y+ 1) = e(Q|Rβ).

(BE BGE4 C4EG8 � F < 6BAF<78E4@BF h(x) := x2 + x + 1 F8 F<:H8 DH8

νQ((x + 1)2/h(x)) = 2e(Q|S)νS((x + 1)/h(x)).

�8 GB7B ?B 4AG8E<BE G8A8@BF DH8

2e(Q|S)νS((x + 1)/h(x)) = e(Q|Rβ),

CBE ?B G4AGB� ?BF SA7<68F 78 E4@<�646<UA FBA e(Q|Rβ) = 2� e(Q|S) = 1 L ?4 I4?H46<UA
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F4G<F9468

1 = νS((x + 1)/h(x)) = νS(x + 1) − νS(h(x)).

�8 ?4 W?G <@4 <:H4?747 F8 787H68 DH8 S = P∞ B S = P1 � C 8EB 8? 64FB S = P∞ 6BA	

GE47<68 8? <A6<FB <<< � CBE ?B G4AGB� S = P1 
 �A C4EG<6H?4E Rβ 8F GBG4?@8AG8 E4@<�647B

8A F/K(x) L x + 1 8F HA 8?8@8AGB CE<@B C4E4 Q
 &BG8@BF DH8 F = K(x + 1, y) L

DH8 ?4 86H46<UA � � 
 
 � F8 CH878 8F6E<5<E 6B@B

(x + 1)2 + (x + 1)

?
y2 + y + 1

y2 + y

?
+
y2 + y + 1

y2 + y
= 0.

$H8:B

φ(T ) = T 2 +

?
y2 + y + 1

y2 + y

?
T +

y2 + y + 1

y2 + y
� � 
 � �

8F 8? CB?<AB@<B @<A<@4? 78 x+1 FB5E8 K(y) GB@4A7B P = Rβ L 4C?<64A7B 8? 6E<G8E<B

78 �<F8AFG8<A � (EBCBF<6<UA 
 
 
 � � 
 (BE ?B G4AGB� ?4 (EBCBF<6<UA 
 
 
 � 4�E@4 DH8

d(Q|Rβ) = νQ(φ?(x + 1)) = νQ

?
y2 + y + 1

y2 + y

?
= 2.

�<A4?@8AG8 � CEB54E8@BF I<
 (BE < � E8FC
 I� F458@BF DH8 8? ?H:4E Pβ 78 K(x) � E8FC
 Rβ

78 K(y)� 8F GBG4?@8AG8 E4@<�647B 8A F/K(x)
 + 84 P HA ?H:4E 78 K(x) 7<98E8AG8 78

Pβ � 8AGBA68F νP (f(x)) ≥ 0� ?H8:B CBE 8? ,8BE8@4 
 
 
 � G8A8@BF DH8 P AB E4@<�64 8A

F 
 �;BE4 6BAF<78E8@BF HA ?H:4E R 78 K(y) 7<98E8AG8 78 Rδ 6BA δ ∈ {0, 1, α, α + 1}
L Q HA ?H:4E 78 F 4EE<54 78 R
 � B@B ?4 8KG8AF<UA F/K(y) 8FGP 78�A<74 CBE 8?

CB?<AB@<B φ(T )� 8 ? 6H4? 8F 8AG8EB FB5E8 OR � 8AGBA68F CBE ?4 (EBCBF<6<UA 
 
 � G8A8@BF

DH8

d(Q|R) ≤ νQ(ϕ?(x + 1)) = νQ

?
y2 + y + 1

y2 + y

?
= e(Q|R)νR

?
y2 + y + 1

y2 + y

?
= 0,

CBE ?B G4AGB� R AB E4@<�64 8A F/K(x)
 &BF E8FG4 @BFGE4E DH8 R = Ri � 6BA i = 0, 1�

AB E4@<�64 8A F 
 + 84A Q HA ?H:4E 78 F DH8 648 FB5E8 R L P = Q∩K(x)� 8AGBA68F 78

<< L <<< G8A8@BF DH8 P = P0 B P = P∞ � 478@PF� 7858A 8K<FG <E 8K46G4@8AG8 7BF ?H:4E8F

Q 7<FG <AGBF 4EE<54 78 R� CH8F 8A 64FB 6BAGE4E<B G8A7ES4@BF P0 = Q ∩K(x) = P∞ ?B

6H4? 8F HA4 6BAGE47<66<UA
 �BA6?H<@BF DH8 R AB E4@<�64 8A F/K(y) CH8FGB DH8 F8

78F6B@CBA8 6B@C?8G4@8AG8 8A F/K(y)


�53436-'-B2 � � 	� �' 9;)+ 9/D4 *+ );+865 9 *+ ,;4) /5 4+ 9 H + 9 ;4' :5 88+ 95 ( 8+ K �

�+35 9:8') /D4� �8ABG4E8@BF CBE Qi
0 � E8FC
 Q

i
1� 4 HA 68EB 78 xi ∈ Fi � E8FC
 xi+1 ∈ Fi�

L CBE Qi
β 4 HA 68EB 78 xi + β ∈ Fi 6BA β ∈ {α, α + 1}
 ( EB54E8@BF C4E4 6474 i ≥ 0
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DH8 ?4 8KG8AF<UA Fi+1/Fi 8F HA4 8KG8AF<UA 78 �EG<A	+ 6;E8<8E 78 :E47B 7BF � DH8 8K<FG8

HA ?H:4E Qi
β GBG4?@8AG8 E4@<�647B 78 Fi+1/Fi L DH8 8? 6H8ECB GBG4? 78 6BAFG4AG8F

78 Fi+1 8F K 
 � ? E8FH?G47B 8F IP?<7B C4E4 i = 0 L4 DH8 78? $8@4 � 
 � F8 F<:H8 DH8

F1/F0 8F HA4 8KG8AF<UA 78 :E47B 2� Q0
β 8F GBG4?@8AG8 E4@<�647B L K 8F 8? 6H8ECB

GBG4? 78 6BAFG4AG8F 78 F1 
 �78@PF� CBE ?4 (EBCBF<6<UA � 
 � 4EE<54 78 Q0
0 � E8FC
 Q

0
∞�

;4L 7BF 68EBF F<@C?8F Q1
j 6BA j = 0, 1 L 4EE<54 78 Q0

1 ;4L 7BF 68EBF 7B5?8F � 4 F458E

Q1
β 6BA β ∈ {α, α+ 1}
 *86BE78@BF DH8 6474 8KG8AF<UA Fi+1/Fi 8FGP 78�A<74 CBE ?4

86H46<UA

x2i+1 + xi+1 = f(xi) :=
x2i

x2i + xi + 1
·

�BAF<78E8@BF 8? 8?8@8AGB ui := (xi + 1)/(xi−1 + 1) ∈ Fi L 8? CB?<AB@<B

φi+1(T ) = (T + ui)
2 + (T + ui) + f(xi) = T 2 + T + f(xi) + u2i + ui ∈ Fi[T ].

(4E4 6474 i ≥ 1 G8A8@BF DH8 Fi+1 = Fi(xi+1) = Fi(xi+1 + ui)� 478@PF φi+1(T ) 8F

F8C4E45?8 L FHF 7BF E4S68F xi+1+ui, xi+1+ui+1 C8EG8A868A 4 Fi+1 � ?H8:B C4E4 CEB54E

DH8 Fi+1/Fi 8F HA4 8KG8AF<UA 78 �EG<A	+ 6;E8<8E 78 :E47B 2 8F FH�6<8AG8 @BFGE4E DH8

8? CB?<AB@<B φi+1(T ) 8F <EE87H6<5?8 FB5E8 Fi 
 ( EB6874@BF CBE <A7H66<UA
 �A 8986GB�

C4E4 i = 1 8? $8@4 � 
 
 <@C?<64 DH8

f(x1) + u21 + u1 = x1 +
1

x20 + x0 + 1
+

1

x0 + 1
,

?H8:B νQ1
β
(f(x1) + u21 + u1) = νQ0

1
(1/(x0 + 1)) = −1 L CBE 8? 6E<G8E<B 78 �<F8AFG8<A

� (EBCBF<6<UA 
 
 
 � � G8A8@BF DH8 8? CB?<AB@<B φ2(T ) 8F <EE87H6<5?8 FB5E8 F1 � DH8 Q1
β 8F

HA ?H:4E GBG4?@8AG8 E4@<�647B 8A F2/F1 L DH8 8? 6H8ECB GBG4? 78 6BAFG4AG8F 78 F2 8F

K 
 �78@PF 78 ?4 (EBCBF<6<UA � 
 � F8 F<:H8 DH8 8A F2 4EE<54 78? 68EB F<@C?8 Q1
0 8K<FG8A

7BF 68EBF F<@C?8F Q2
j 6BA j = 0, 1 L 4EE<54 78 Q1

1 ;4L 7BF 68EBF 7B5?8F 78ABG47BF

CBE Q1
β 6BA β ∈ {α, α + 1}
 �;BE4 FHCBA:4@BF DH8 Fi/Fi−1 8F HA4 8KG8AF<UA 78

:E47B 2� DH8 8? 6H8ECB 78 6BAFG4AG8F 78 Fi+1 8F K L DH8 Qi−1
1 � E8FC
 Qi−1

0 � 8F HA

68EB F<@C?8 78 xi−1 + 1 � E8FC
 xi−1� 
 $4 (EBCBF<6<UA � 
 � :4E4AG<M4 DH8 6474 HAB 78

7<6;BF ?H:4E8F F8 78F6B@CBA8 6B@C?8G4@8AG8 8A Fi/Fi−1 8A 7BF 68EBF 7B5?8F Qi
β 6BA

β ∈ {α, α+ 1}. � E8FC
 7BF 68EBF F<@C?8F Qi
0 L Q

i
1� 
 &H8I4@8AG8 � 8? $8@4 � 
 
 <@C?<64

DH8

f(xi) + u2i + ui = xi +
1

x2i−1 + xi−1 + 1
+

1

xi−1 + 1
,

?H8:B νQi
β
(f(xi) + u2i + ui) = νQi−1

1
(1/(xi−1 + 1)) = −1 L CBE 8? 6E<G8E<B 78 �<F8AF	

G8<A G8A8@BF DH8 8? CB?<AB@<B φi+1(T ) 8F <EE87H6<5?8 FB5E8 Fi � DH8 Qi
β 8F HA ?H:4E

GBG4?@8AG8 E4@<�647B 8A Fi+1/Fi L DH8 8? 6H8ECB GBG4? 78 6BAFG4AG8F 78 Fi+1 8F
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K 
 � <A4?@8AG8 78 ?4 (EBCBF<6<UA � 
 � F8 F<:H8 DH8 8A Fi+1 8K<FG8A 7BF 68EBF F<@C?8F

Qi+1
j � 6BA j = 0, 1� 4EE<54 78? 68EB F<@C?8 Qi

0 L DH8 8K<FG8A 7BF 68EBF 7B5?8F Q
i+1
β � 6BA

β ∈ {α, α+1}� 4EE<54 78 Qi
1 
 (4E4 78@BFGE4E DH8 ?4 FH68F<UA 78 :RA8EBF g(Fi) G <8A78

4 <A�A<GB 6H4A7B i G <8A78 4 <A�A<GB 8F FH�6<8AG8 I8E 8K<FG8 HA 6H8ECB 78 9HA6<BA8F 78

H 6BA :RA8EB @4LBE 4 HAB
 -F4A7B ?4 9U@H?4 78? :RA8EB 78  HEGJ<GM 
 
 � L DH8 GB7B

?H:4E8F 78 G<CB Qi
β 8F GBG4?@8AG8 E4@<�647BF 8A Fi+1/Fi C4E4 i = 0, 1 F8 CEH854 DH8

g(F1) = 1 L g(F2) = 3
 (BE ?4 G4AGB H 8F HA4 GBEE8 FB5E8 K 


�53436-'-B2 � � 
 � �2 +96') /5 *+ 8'3/�)') /D4 R(H) *+ 2' :5 88+ H 95 ( 8+ K + 9 �4/:5 �

�A9 68+) /9'3+4:+ �

R(H) ⊆ {P0, P1, Pα, Pα+1, P∞}.

�+35 9:8') /D4� +84 P ∈ R(H) 8AGBA68F 8K<FG8 HA 8AG8EB CBF<G <IB n L HA ?H:4E R 78

Fn 4EE<54 78 P DH8 E4@<�64 8A ?4 8KG8AF<UA Fn+1/Fn 
 (4E4 i = 0, . . . , n 78ABG4@BF

CBE Ri 4 ?4 E8FGE<66<UA 78 R 4 K(xn−i) L CBE S 4 ?4 E8FGE<66<UA 78 R 4 K(xn−1, xn)� 8F

786<E� Ri := R ∩ K(xn−i) L S := R ∩ K(xn−1, xn)� E8FC86G<I4@8AG8 
 �47B DH8 Fn+1

8F ?4 6B@CBF<6<UA 78 ?BF 6H8ECBF Fn L K(xn+1, xn) L R ∈ P(Fn) E4@<�64 8A Fn+1/Fn

8AGBA68F 8? �BEB?4E<B 
 
 � :4E4AG<M4 DH8 R0 E4@<�64 8A K(xn+1, xn) � I8E :EP�64 � 
 � � �

478@PF� 8? $8@4 � 
 � <@C?<64 DH8 R0 8F HA 68EB 78 xn + α B xn + α+ 1� e(S|R0) = 2

L DH8 R 648 FB5E8 HA 68EB 78 xn−1 + 1� 8FGB 8F � R1 = S ∩ K(xn−1) 8F HA 68EB 78

xn−1 + 1
 �;BE4� FHCBA:4@BF DH8 C4E4 GB7B i = 2, .., n − 1 8? ?H:4E Ri 8F HA CB?B

78 xn−i B HA 68EB 78 xn−i + δ C4E4 4?:WA δ ∈ {0, 1, α, α + 1}
 �AGBA68F 8? $8@4 � 
 �
4F8:HE4 8A 6H4?DH<8E 64FB DH8 8? ?H:4E P = Rn ∈ {P0, P1, Pα, Pα+1, P∞} 6B@B F8
DH8ES4 CEB54E


K(x0)

K(x0, x1)

K(x1)

Fn

Fn+1

K(xn−1, xn)

K(xn)

K(xn, xn+1)

K(xn+1) Rn Rn−1

R

S

e
>
1

R0

e
>
1

�EP�64 � 
 � � �P?6H?B 78? 8FC46<B 78 E4@<�646<UA 8A ?4 GBEE8 H

�A 8FG8 @B@8AGB 8FG4@BF 8A 6BA7<6<BA8F 78 CEB54E 8? E8FH?G47B CE<A6<C4? 78 8FG4

F866<UA
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")35)1% � � � � �' :5 88+ H 95 ( 8+ K + 9 *B( /23+4:+ 8'3/�)'*' ? :/+4+ -B4+85 �4/:5 �

�4 6'8:/);2'8� 6'8' :5*5 +4:+ 85 65 9/:/<5 s 2' :5 88+ H 95 ( 8+ F2s :/+4+ -B4+85 �4/:5 ?

γ(H) 9':/9,')+ 2' *+ 9/-;'2*'*

γ(H) ≤ 4.

�+35 9:8') /D4� +84 F = K(x, y) 8? 6H8ECB 78 9HA6<BA8F 5PF<6B 4FB6<47B 4 H
 �8?
$8@4 � 
 � <A6<FB I< F8 F<:H8 DH8 F/K(x) L F/K(y) FBA 8KG8AF<BA8F 7R5<?@8AG8 E4	

@<�6474F 
 �47B DH8 6474 8KG8AF<UA Fi+1/Fi 8F HA4 8KG8AF<UA 78 �4?B<F 78 :E47B 2

8AGBA68F 8? �BEB?4E<B 
 
 � � 4F8:HE4 DH8 ?4 GBEE8 H FB5E8 K 8F 7R5<?@8AG8 E4@<�6474�

478@PF 8F 78 :RA8EB �A<GB L4 DH8 CBE ?4 (EBCBF<6<UA � 
 � 8? 8FC46<B 78 E4@<�646<UA

78 H 8F �A<GB
 �<A4?@8AG8 � 78? ,8BE8@4 
 
 � � F8 6BA6?HL8 DH8

γ(H) ≤ 4,

6B@B F8 DH8ES4 CEB54E


�&6)59%'-B2 � � � � �4 + 2  +5 8+3' 	� � � 9+ )' 2);2' + 2 <' 25 8 +>') :5 *+ 2 -B4+85 *+ )'*'

);+865 *+ ,;4) /5 4+ 9 *+ 2' :5 88+ H� )535 )549+);+4) /' 9+ 5 ( :/+4+ ;4' 3+05 8' *+ 2'
)5 :' '4:+ 8/5 8�

� � � � 	� ���� �� ������������%� �� �� ������ ���� ���

�? B5 =8G<IB 78 8FG4 F866<UA 8F CEB54E DH8 ?4 GBEE8 H G <8A8 G4F4 78 78F6B@CBF<6<UA

CBF<G <I4 FB5E8 F4 
 �A 8FG8 F8AG<7B� 64?6H?4E8@BF 8? :RA8EB L 8? AW@8EB 78 ?H:4E8F

E46<BA4?8F 78 6474 6H8ECB 78 9HA6<BA8F 78 ?4 GBEE8 H FB5E8 F4 
 � B@B 6BAF86H8A6<4

78 8FBF E8FH?G47BF 6BA6?H<E8@BF DH8 H 8F HA4 GBEE8 UCG<@4 FB5E8 F4 L DH8 H 8F HA4

GBEE8 4F<AGUG<64@8AG8 5H8A4 FB5E8 F2s C4E4 GB7B s 8AG8EB CBF<G <IB C4E
 �A RFG4 L 8A

?4 F<:H<8AG8 F866<UA 8? FS@5B?B Tr 78ABG4EP ?4 9HA6<UA GE4M4 78 F4 4 F2 


�53436-'-B2 � � 
 � �+'4 F/K ;4 );+865 *+ ,;4) /5 4+ 9� x ;4 + 2+3+4:5 *+ F \ K ?

K + 2 );+865 :5 :' 2 *+ )5 49:'4:+ 9 *+ F � �;654-'35 9 7;+ F ?/F + 9 ;4' +>:+49/D4 *+

�8:/4��).8+ /+ 8 *+ -8'*5 *5 9 :' 2 7;+ F ? = F (y) ?

y2 + y = f(x) :=
x

x2 + x + 1
·

/ � �;654-'35 9 7;+ +>/9:+ ;4 + 2+3+4:5 u ∈ F :' 2 7;+

νPβ
(f(x) + u2 + u) = −1,
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+4:5 4)+ 9 Pβ + 9 ;4 2;-'8 :5 :' 23+4:+ 8'3/�)'*5 +4 F ?/F � �2 E4/)5 2;-'8 *+ F ?

'88/(' *+ Pβ + 9 ;4 65 25 Q∞ *+ y ∈ F ? :' 2 7;+

νQ∞(y) = −νPβ
(x + β) ? d(Q∞|Pβ) = 2.

�*+3A9� 9/ P + 9 ;4 2;-'8 7;+ 45 + 9 ;4 )+85 *+ x + β � P 45 8'3/�)' +4 F ?/F �

/ / � �;654-'35 9 7;+ +>/9:+ ;4 + 2+3+4:5 u ∈ F :' 2 7;+

νPβ
(f(x) + u2 + u) ≥ 0 ? Tr((f(x) + u2 + u)(Pβ)) = 0.

�4:54)+ 9 Pβ 9+ *+ 9)53654+ )5362+ :'3+4:+ +4 F ?/F +4 *5 9 65 25 9 *+ y ∈ F ?�

'*+3A9 9+ );362+ 7;+

2νQ∞(y) = −νPβ
(x + β)

*54*+ Q∞ *+45 :' );'27;/+ 8' *+ + 95 9 *5 9 65 25 9�

F

F ? Q∞

Pβ

2

Q∞

Pβ

Q∞

1 1

�EP�64 � 
 � � (BF<5?8 78F6B@CBF<6<UA 78 Pβ

�+35 9:8') /D4� (EB58@BF <
 �? ,8BE8@4 
 
 
 � :4E4AG<M4 DH8 Pβ 8F GBG4?@8AG8 E4@<�	

647B 8A F ?/F 6BA 8KCBA8AG8 7<98E8AG8 d(Q∞|Pβ) = 2� 478@PF� G4@5<RA 4�E@4 DH8

F< P AB 8F HA 68EB 78 x + β 8AGBA68F P AB E4@<�64 8A F ?/F L4 DH8 νP (f(x)) ≥ 0


� <A4?@8AG8 � Pβ 8F HA CB?B 78 f(x) L4 DH8 8F HA 68EB 78 x+ β � ?H8:B 78 ?4 86H46<UA

� � 
 
 � F8 F<:H8 DH8

νQ∞(y) = −νPβ
(x + β).

(EB58@BF << 
 �8? ,8BE8@4 
 
 
 � F8 F<:H8 DH8 Pβ AB E4@<�64 8A F ? 
 (BE BGE4 C4EG8 �

6B@B y2 + y = f(x) L F ? = F (y) = F (y+u) 8AGBA68F 8? CB?<AB@<B @<A<@4? 78 y+u

FB5E8 F 8F

φ(T ) = T 2 + T + f(x) + u2 + u.

�47B DH8 Tr((f(x) + u2 + u)(Pβ)) = 0 8AGBA68F 8? CB?<AB@<B

φPβ
(T ) = T 2 + T + (f(x) + u2 + u)(Pβ)

G <8A8 FHF 7BF E4S68F 8A K L CBE 8? ,8BE8@4 78 #H@@8E 6BA6?H<@BF DH8 Pβ F8



�% 7%6% () ()6'31436-'-B2 () 0% 7355)� '%63 4%5 ��

78F6B@CBA8 6B@C?8G4@8AG8 8A F ?/F 
 �8 ?4 <:H4?747 y2 + y = f(x) F8 B5G<8A8

9P6<?@8AG8 DH8

2νQ∞(y) = −νPβ
(x + β).

$4 6BAFGEH66<UA 78 8?8@8AGBF DH8 F4G<F94:4A ?4F 6BA7<6<BA8F < B << 78 ?4 (EBCBF<6<UA

4AG8E<BE F8EP 6EH6<4? C4E4 CEB54E DH8 8K<FG8 HA ?H:4E E46<BA4? DH8 F8 78F6B@CBA8

6B@C?8G4@8AG8 8A ?4 GBEE8 H
 �A 8FG8 @B@8AGB 8F 6BAI8A<8AG8 <AGEB7H6<E ?4 F<:H<8AG8
78�A<6<UA


+ 84A F ?/F HA4 8KG8AF<UA 78 �EG<A	+ 6;E8<8E 78 :E47B 7BF 78�A<74 CBE ?4 86H46<UA

� � 
 
 � 6B@B 8A ?4 (EBCBF<6<UA � 
 � L P HA ?H:4E 78 F 
 -A 8?8@8AGB u ∈ F 8F ??4@47B

HA )0)1)273 () 7-43 1 C4E4 P F<

νP (f(x) + u2 + u) = −1.

-A 8?8@8AGB u ∈ F 8F ??4@47B HA )0)1)273 () 7-43 2 C4E4 HA ?H:4E E46<BA4? P F<

F8 6H@C?8 DH8

νP (f(x) + u2 + u) ≥ 0 L Tr((f(x) + u2 + u)(P )) = 0,

7BA78 (f(x) +u2 +u)(P ) 78ABG4 ?4 E87H66<UA @U7H?B P 78? 8?8@8AGB f(x) +u2 +u


�&6)59%'-B2 � � � � �5 9 '8-;3+4:5 9 *'*5 9 +4 2' �8565 9/) /D4 	� � -'8'4:/@'4 7;+ ;4

2;-'8 P *+ F + 9 :5 :' 23+4:+ 8'3/�)'*5 +4 F ?/F 9/ +>/9:+ ;4 + 2+3+4:5 *+ :/65 1 6'8'

P ? 7;+ ;4 2;-'8 8') /5 4'2 P 9+ *+ 9)53654+ )5362+ :'3+4:+ +4 F ?/F 9/ +>/9:+ ;4

+ 2+3+4:5 *+ :/65 2 6'8' P �

� C4EG<E 78 4;BE4 L ;4FG4 ?4 F<:H<8AG8 F866<UA HF4E8@BF ?4 ABG46<UA HG<?<M474 8A

?4 CEH854 78 ?4 (EBCBF<6<UA � 
 � � 8F 786<E� HA 68EB 78 xi � E8FC
 xi + 1� 8A Fi F8EP

78ABG47B CBE Qi
0 � E8FC
 Q

i
1� L HA CB?B 78 xi 8A Fi F8EP 78ABG47B CBE Qi

∞ 
 -A 68EB

78 xi + β 8A Fi � 6BA β ∈ {α, α + 1}� F8EP 78ABG47B CBE Qi
β L� 8A :8A8E4?� 8F8 F8EP 8?

F<:A<�647B 78 HA FS@5B?B 78 ?4 9BE@4 Qi
δ 6H4A7B HA4 ?8GE4 :E<8:4 6B@B δ F84 HF474

6B@B FH5SA7<68 


�;BE4 CEB54E8@BF GE8F E8FH?G47BF GR6A<6BF � $8@4F � 
 
 � � � 
 
 
 L � 
 
 � � 
 �A ?BF 7BF

CE<@8EBF FHCBA7E8@BF DH8 F8 6H@C?8 ?4 F<:H<8AG8 6BA7<6<UA�

�32(-'-B2 () 5%1-�'%'-B2� �+'4 k ≥ 0 ? Fk ⊂ Fk+1 ⊂ Fk+2 ;4' 9;( 9;)+ 9/D4 *+

2' :5 88+ H� �'8' 25 9 2;-'8+ 9 Qk
1 ⊂ Qk+1

β ;4' ? 9D25 ;4' *+ 2'9 9/-;/+4:+ 9 )5 4*/) /5 4+ 9

9+ );362+ �
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�� � νQk
1
(xk + 1) = 1 ? Qk+1

β + 9 :5 :' 23+4:+ 8'3/�)'*5 +4 Fk+2/Fk+1 �2;+-5 +>/9:+ ;4

E4/)5 65 25 Qk+2
∞ *+ xk+2 +4 Fk+2 '88/(' *+ Q

k+1
β ��

�	� νQk
1
(xk + 1) = 2 ? Qk+1

β 9+ *+ 9)53654+ )5362+ :'3+4:+ +4 Fk+2/Fk+1 �2;+-5

+>/9:+4 *5 9 65 25 9 Qk+2
∞ *+ xk+2 +4 Fk+2 '88/(' *+ Q

k+1
β ��

�/ �� �8+ 96� �	� 9+ );362+ */8+35 9 7;+ 2' 9;)+ 9/D4 Qk
1 ⊂ Qk+1

β ⊂ Qk+2
∞ 9':/9,')+ 2'

)5 4*/) /D4 *+ 8'3/�)') /D4 �� �8+ 96� �	��

�)1% � � � � � �+'4 k ≥ 0 + i ≥ k + 4� �5 49/*+8+35 9 2' 9;( 9;)+ 9/D4 {Fj}i−1
j=k *+ 2'

:5 88+ H ? 2' 9/-;/+4:+ 9;)+ 9/D4 *+ 2;-'8+ 9�

Qk
1 ⊂ Qk+1

β ⊂ Qk+2
∞ ⊂ Qk+3

0 ⊂ · · · ⊂ Qi−1
0

*54*+ E4/)'3+4:+ :+4+35 9 25 9 2;-'8+ 9 Qj
0 6'8' k+3 ≤ j ≤ i−1� �4:5 4)+ 9 Qi−1

0 |Qk+2
∞

45 8'3/�)' +4 Fi−1/Fk+2 � �*+3A9 9+ );362+4 2'9 9/-;/+4:+ 9 685 6/+*'*+ 9�

/ � �/ δ := xk+2 +
xk+1 + 1

xk + 1
+4:5 4)+ 9 (xk+2 + (xk+1δ)

2 + xk+1δ)(Q
k+2
∞ ) = β.

// � �'8' j = k + 3, · · · , i− 1 9+ :/+4+ 7;+

?
1

xj
+ xk+2

?
(Qj

0) = 0�

�+35 9:8') /D4� �8 ?4 (EBCBF<6<UA � 
 � F8 F<:H8 9P6<?@8AG8 DH8 Qi−1
0 |Qk+2

∞ AB E4@<�64

8A ?4 8KG8AF<UA Fi−1/Fk+2 
 �8@BFGE8@BF DH8

(xk+2 + (xk+1δ)
2 + xk+1δ)(Q

k+2
∞ ) = β.

$4 6BA7<6<UA 78 E4@<�646<UA <@C?<64 DH8

νQk+2
∞

(xk + 1) = e(Qk+2
∞ |Qk

1)νQk
1
(xk + 1) = 2. � � 
 ��

(BE BGE4 C4EG8 � CH8FGB DH8 νQk
1
(x2k + xk + 1) = 0 L νQk+1

β
(xk+1) = 0 G8A8@BF DH8

νQk+2
∞

(xk+1) = νQk+2
∞

?
1

x2k + xk + 1

?
= 0. � � 
 � �

�A ?B FH68F<IB CEB54E8@BF HA4 <78AG<747 9HA74@8AG4? 8A 8? 78F4EEB??B 78 ?4 CEH854


(4E4 HA4 @8=BE 6B@CE8AF<UA 78 7<6;4 <78AG<747 8F6E<5<@BF x = xk � y = xk+1 L

z = xk+2 
 �A 8FG8 64FB G8A8@BF DH8 δ = z +
y + 1

x + 1
� 478@PF x, y, z F4G<F9468A ?4F

F<:H<8AG8F <78AG<7478F �

z2 = z + f(y), � � 
 � �
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y2f(y) = 1 + y +
1

y2 + y + 1
, � � 
 ��

1

y2 + y + 1
+

1

(x + 1)2
+

1

x + 1
=
x2 + x + 1

(x + 1)2
+

x

(x + 1)2
= 1. � � 
 � �

�AGBA68F

z + (yδ)2 + yδ = z + z2y2 + zy +
y2(y + 1)2

(x + 1)2
+
y(y + 1)

x + 1

= z + (z + f(y))y2 + zy +
y2(y + 1)2

(x + 1)2
+
y(y + 1)

x + 1

= z + zy2 + f(y)y2 + zy +
(y2 + y)2

(x + 1)2
+
y2 + y

x + 1

= z(y2 + y + 1) + y +
1

y2 + y + 1
+ 1 +

(y2 + y)2

(x + 1)2
+
y2 + y

x + 1

= z(y2 + y + 1) + y +
(y2 + y + 1)2

(x + 1)2
+
y2 + y + 1

x + 1

= z
(x + 1)2

x2 + x + 1
+ y +

(x + 1)2

(x2 + x + 1)2
+

x + 1

x2 + x + 1
,

7BA78 ?4 F8:HA74� 6H4EG4 L DH<AG4 <:H4?747 F8 B5G<8A8A 78 ?4F 86H46<BA8F � � 
 � � � � � 
 ��

L � � 
 � � E8FC86G<I4@8AG8 
 (BE ?B G4AGB�

xk+2 + (xk+1δ)
2 + xk+1δ = xk+2

(xk + 1)2

x2k + xk + 1
+ xk+1 +

(xk + 1)2

(x2k + xk + 1)2
+

xk + 1

x2k + xk + 1
·

.8E8@BF DH8 GB7BF ?BF GRE@<ABF 78 ?4 78E86;4 8A ?4 <:H4?747 4AG8E<BE� 8K68CGB xk+1 �

G <8A8A I4?H46<UA CBF<G <I4
 �8 � � 
 �� L � � 
 � � G8A8@BF DH8

νQk+2
∞

(xk+1) = νQk+2
∞

?
1

x2k + xk + 1

?
= 0 L νQk+2

∞
(xk + 1) = 2,

?B 6H4? <@C?<64 =HAGB 6BA ?4 86H46<UA
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x2k+2 + xk+2 = f(xk+1) = xk+1
x2k + xk + 1

(xk + 1)2

DH8 νQk+2
∞

(xk+2) = −2
 �8 GB7B ?B 4AG8E<BE F8 787H68 DH8

νQk+2
∞

(xk+2 + (xk+1δ)
2 + xk+1δ) = 0

L

(xk+2 + (xk+1δ)
2 + xk+1δ)(Q

k+2
∞ ) = xk+1(Q

k+2
∞ ) = xk+1(Q

k+1
β ) = β.

(4E4 CEB54E 8? F8:HA7B <A6<FB G4@5<RA HF4E8@BF I4E<4F 86H46<BA8F DH8 F8 B5G<8A8A

78 ?4 86H46<UA � � 
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=
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+
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=
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6B@C?8G4@8AG8 8A 6474 C4FB 78 ?4 GBEE8 � 4FS DH8 8F FH�6<8AG8 6BAF<78E4E FH68F<BA8F

DH8 G<8A8A FH5FH68F<BA8F <AG8E@87<4F 78 G<CB 1 B 78 G<CB 1 L 2
 !A<6<8@BF 6BA 8? 64FB



�% 7%6% () ()6'31436-'-B2 () 0% 7355)� '%63 4%5 �


j = k+ 3
 �47B DH8 Qk
1 8F HA 68EB F<@C?8 78 xk + 1 8AGBA68F 8? $8@@4 � 
 
 � 4F8:HE4

DH8 ?4 6BA7<6<UA 78 E4@<�646<UA *
 8F IP?<74 8A ?4 FH5FH68F<UA

Qk
1 ⊂ Qk+1

β ⊂ Qk+2
∞ ,

478@PF 7<6;BF ?H:4E8F FBA E46<BA4?8F CBE ?4 (EBCBF<6<UA � 
 � L CBE F8E Qk
1 HA ?H:4E

E46<BA4?
 �;BE4� 8? $8@4 � 
 
 
 <@C?<64 DH8 ?4F FH5FH68F<BA8F

Qk+3
1 ⊂ Qk+4

θ ⊂ Qk+5
∞ L Qk+l+3

1 ⊂ Qk+l+4
γ ⊂ Qk+l+5

∞

F4G<F9468A ?4 6BA7<6<UA 78 E4@<�646<UA *� � 7BA78 F8 G<8A8A ?4F FH5FH68F<BA8F � DH8

FBA 6B@5<A46<UA 78 FH5FH68F<BA8F 78 G<CB 1 L 78 G<CB 1 L 2 E8FC86G<I4@8AG8 � DH8 F8

@H8FGE4A 4 6BAG<AH46<UA�

Qk
1 ⊂ Qk+1

θ ⊂ Qk+2
∞ ⊂ Qk+3

1 ⊂ Qk+4
θ ⊂ Qk+5

∞ ,

L

Qk
1 ⊂ Qk+1

θ ⊂ Qk+2
∞ ⊂ Qk+3

0 ⊂ · · · ⊂ Qk+l+2
0 ⊂ Qk+l+3

1 ⊂ Qk+l+4
γ ⊂ Qk+l+5

∞ ,

6BA l ≥ 1� GB7BF ?BF ?H:4E8F 8A 8FG4F FH5FH68F<BA8F FBA E46<BA4?8F L4 DH8 Qk+2
∞ 8F

E46<BA4? L GB7B ?H:4E DH8 648 FB5E8 R? F8 78F6B@CBA8 6B@C?8G4@8AG8 8A FH E8FC86G<I4

8KG8AF<UA
 $BF 4E:H@8AGBF 4AG8E<BE8F :4E4AG<M4A DH8 6H4?DH<8E FH68F<UA 78 ?H:4E8F

8A ?4 GBEE8 H 4EE<54 78 Qk+2
∞ 8F CE86<F4@8AG8 HA4 6B@5<A46<UA 78 FH5FH68F<BA8F

<AG8E@87<4F 78 ?H:4E8F E46<BA4?8F 78 G<CB 
 L�B G<CB � 8A ?4 DH8 GB74 FH5FH68F<UA 78

G<CB 1 F4G<F9468 ?4 6BA7<6<UA 78 E4@<�646<UA *� � CBE ?B G4AGB Qk+2
∞ F8 78F6B@CBA8

6B@C?8G4@8AG8 8A ?4 GBEE8 H


� <A4?<M4@BF 8FG4 F866<UA 6BA HA 6BEB?4E<B 78 :E4A <@CBEG4A6<4 8A 8FG8 GE454 =B


�3530%5-3 � � � 	� �' :5 88+ H + 9 '9/4:D:/)'3+4:+ ( ;+4' 95 ( 8+ F2s 6'8' s +4:+ 85 65 �

9/:/<5 6'8�

�+35 9:8') /D4� �47B DH8 Q0
1 8F HA 68EB F<@C?8 78 x0 + 1 8AGBA68F CBE 8? ,8BE8@4

� 
 
 � G8A8@BF DH8 Q2
∞ F8 78F6B@CBA8 6B@C?8G4@8AG8 8A ?4 GBEE8 H FB5E8 F4 
 (BE

BGE4 C4EG8 � 78? ,8BE8@4 � 
 � F458@BF DH8 H G <8A8 :RA8EB �A<GB FB5E8 F4 � ?H8:B CBE 8?

�BEB?4E<B 
 
 � � 6BA6?H<@BF DH8 H 8F 4F<AGUG<64@8AG8 5H8A4 FB5E8 F4 
 (BE W?G <@B� H
8F 4F<AGUG<64@8AG8 5H8A4 FB5E8 F2s 6BA s C4E L4 DH8 8F HA4 8KG8AF<UA CBE 6BAFG4AG8F

78 ?4 GBEE8 H FB5E8 F4 L ?4 8KG8AF<UA 4?:85E4<64 F2s 6BA s C4E




�
�

#
�

�
 
�
�
�
�
�

�
�
�

�
�
�
�
�
�
�
�
�
 
�
�
�

$
!
"
�
�
�
"
�
�
�
"
�

F0 = F4(x0)

F1

F2

F3

F4

F5

F6

Q1
β

Q0
1

Q1
β

Q2
∞

Q3
0

Q2
∞

Q3
1

Q4
0

Q3
0

Q4
1 Q4

α

Q3
1

Q4
α+1

Q5
0

Q4
0

Q5
1 Q5

α

Q4
1

Q5
α+1 Q5

∞

Q4
α

Q5
∞ Q5

∞

Q4
α+1

Q5
∞

Q6
0

Q5
0

Q6
1 Q6

α

Q5
1

Q6
α+1 Q6

∞

Q5
α

Q6
∞ Q6

∞

Q5
α+1

Q6
∞ Q6

0

Q5
∞

Q6
1 Q6

0

Q5
∞

Q6
1 Q6

0

Q5
∞

Q6
1 Q6

0

Q5
∞

Q6
1

� E P � 6 4 � 
 � � � 8 F 6 B @ C B F < 6 < U A 7 8 Q∞
2



�0 0A1-7) () 0% 7355) 63&5) F4 ��

� � � � �� �$���� �� �� ����� ����� F4

�? CEBCUF<GB 78 8FG4 F866<UA 8F 74E HA4 9UE@H?4 8KC?S6<G4 C4E4 8? AW@8EB 78 ?H:4E8F

E46<BA4?8F L 8? :RA8EB 78 6474 6H8ECB 78 9HA6<BA8F Fl 78 ?4 GBEE8 H FB5E8 F4 
 � B@B

6BAF86H8A6<4 78 8F8 E8FH?G47B I8E8@BF DH8 ?4 GBEE8 H FB5E8 F4 8F UCG<@4� 8FGB 8F �

λ(H) = A(4) = 1
 %PF 4WA I8E8@BF DH8 C4E4 GB7B s > 2 8AG8EB CBF<G <IB C4E 8?

?S@<G8 78 ?4 GBEE8 H FB5E8 F2s 8F 4? @8ABF HAB


")35)1% � � � 
 � �+' l ≥ 3� �2 4E3+85 *+ 2;-'8+ 9 8') /5 4'2+ 9 N(Fl) *+ 2 );+865 *+

,;4) /5 4+ 9 Fl ∈ H + 9

N(Fl) = 2l+1 + 8.

�2 4E3+85 *+ 2;-'8+ 9 :5 :' 23+4:+ 8'3/�)'*5 9 +4 Fi+1/Fi + 9� *5 9 6'8' i = 0, 1� ) ;':85

6'8' i = 2 ? 5).5 6'8' 3 ≤ i ≤ l − 1.

�+35 9:8') /D4� (4E4 64?6H?4E 8? AW@8EB 78 ?H:4E8F E46<BA4?8F 78 Fl 7858@BF 6BAG4E

8? AW@8EB 78 ?H:4E8F E46<BA4?8F 4EE<54 78 6474 ?H:4E E46<BA4? Q0
β 6BA β ∈ F4 ∪ {∞}


!A<6<4@BF 6BA 8? ?H:4E Q0
1 DH8 8F HA 68EB F<@C?8 78 x0 + 1 ∈ F0 
 �AGBA68F CBE ?4

(EBCBF<6<UA � 
 � L 8? $8@4 � 
 
 � G8A8@BF 7BF FH68F<BA8F �

Q0
1 ⊂ Q1

α ⊂ Q2
∞ L Q0

1 ⊂ Q1
α+1 ⊂ Q2

∞. � � 
 
 � �

(BE 8? ,8BE8@4 � 
 
 � 6474 Q2
∞ F8 78F6B@CBA8 6B@C?8G4@8AG8 8A Fl/F2 � ?H8:B 8K<FG8A

2 · 2l−2 ?H:4E8F E46<BA4?8F 8A Fl 4EE<54 78 Q1
0 
 �78@PF� ?BF ?H:4E8F Q

1
α L Q

1
α+1 FBA

GBG4?@8AG8 E4@<�647BF 8A ?4 8KG8AF<UA F2/F1 L A<A:WA BGEB ?H:4E Q 78 Fj � 6BA

0 ≤ j ≤ l−1� 4EE<54 78 Q0
1 8F GBG4?@8AG8 E4@<�647B 8A Fj+1/Fj CBE ?4 (EBCBF<6<BA8F

� 
 � � � 
 � L 8? $8@4 � 
 
 
 


�;BE4 6BAF<78E8@BF 8? ?H:4E E46<BA4? Q0
0 DH8 8F HA 68EB F<@C?8 78 x0 ∈ F0 
 (BE ?4

(EBCBF<6<UA � 
 � � Q0
0 F8 78F6B@CBA8 6B@C?8G4@8AG8 8A ?BF ?H:4E8F Q

1
1 � HA 68EB F<@C?8

78 x1 + 1� L Q1
0 � HA 68EB F<@C?8 78 x1 
 (BE ?B DH8 G8A8@BF 7BF FH68F<BA8F Q

0
0 ⊂ Q1

1

L Q0
0 ⊂ Q1

0 
 �A 8? CE<@8E 64FB 78? $8@4 � 
 
 � B5G8A8@BF ?4F FH68F<BA8F �

Q1
1 ⊂ Q2

α ⊂ Q3
∞ L Q1

1 ⊂ Q2
α+1 ⊂ Q3

∞. � � 
 
 � �

&BG8@BF DH8 ?4 F<GH46<UA 78F6E<G4 8A � � 
 
 � � F8 6BEE8FCBA78 6BA ?4 4A4?<M474 8A � � 
 
 � �

CBEDH8 Q1
1 8F HA ?H:4E E46<BA4? L 8F HA 68EB F<@C?8 78 x1 + 1 ∈ F1 
 (BE ?B G4AGB�

?BF @<F@BF 4E:H@8AGBF HF47BF 4AG8E<BE@8AG8 C4E4 787H6<E 8? AW@8EB 78 ?H:4E8F

E46<BA4?8F 8A Fl 4EE<54 78 Q0
1 ABF C8E@<G8A 6BA6?H<E DH8 8K<FG8A 2l−2 ?H:4E8F E46<BA4?8F

78 Fl 4EE<54 78 Q1
1 � 7BA78 ?BF ?H:4E8F Q

2
α L Q

2
α+1 FBA GBG4?@8AG8 E4@<�647BF 8A ?4

8KG8AF<UA F3/F2 � 478@PF� A<A:WA BGEB ?H:4E Q 78 Fj 4EE<54 78 Q1
1 8F GBG4?@8AG8



�� #� � ������ �� ������� �� ��� $ !"���"���"�

E4@<�647B 8A Fj+1/Fj � 6BA 2 ≤ j ≤ l − 1
 �;BE4 C4E4 1 ≤ i ≤ l − 2 G8A8@BF ?4F

F<:H<8AG8F FH68F<BA8F 78 ?H:4E8F FB5E8 Q0
0

Q0
0 ⊂ Q1

0 ⊂ · · · ⊂ Qi−1
0 ⊂ Qi

1, L Q0
0 ⊂ Q1

0 ⊂ · · · ⊂ Ql−3
0 ⊂ Ql−2

0 .

�474 HA4 78 ?4F CE<@8E4F l − 2 FH68F<BA8F 4CBEG4 2l−i−1 ?H:4E8F E46<BA4?8F 4 Fl �

78 ?BF 6H4?8F Qi+1
α L Qi+1

α+1 FBA ?BF WA<6BF ?H:4E8F 4EE<54 78 Q
0
0 DH8 FBA GBG4?@8AG8

E4@<�647BF 8A ?4 8KG8AF<UA Fi+2/Fi+1 
 $4 W?G <@4 FH68F<UA 4CBEG4 BGEBF 6H4GEB ?H:4E8F

E46<BA4?8F � CH8F ?4 (EBCBF<6<UA � 
 � 4�E@4 DH8 Ql
α � Q

l
α+1 � Q

l
∞ L Ql

∞ FBA E46<BA4?8F L

8FGPA 4EE<54 78 Ql−2
0 
 (BE ?B G4AGB� 8? AW@8EB 78 ?H:4E8F E46<BA4?8F 78 Fl 4EE<54 78

Q0
0 8F �

2l−2 + 2l−3 + · · · + 2 + 4 = 2l−1 + 2,

478@PF� C4E4 2 ≤ j ≤ l−1 8A ?4 8KG8AF<UA Fj+1/Fj G8A8@BF 8K46G4@8AG8 7BF ?H:4E8F

DH8 FBA GBG4?@8AG8 E4@<�647BF L 8FGPA 4EE<54 78 Q0
0 
 � BA6E8G4@8AG8 FBA ?BF ?H:4E8F

Qj
β 6BA β ∈ {α, α + 1} G4?8F DH8 ?4 FH68F<UA 78 ?H:4E8F 8A {Fk}jk=0 8F 78? G <CB�

Q0
0 ⊂ Q1

0 ⊂ · · · ⊂ Qj−2
0 ⊂ Qj−1

1 ⊂ Qj
β. � � 
 
 ��

�;BE4 6BAF<78E8@BF 8? ?H:4E E46<BA4? Q0
∞ � 8 ? 6H4? 8F HA CB?B F<@C?8 78 x0 
 �8 ?4

(EBCBF<6<UA � 
 � I8@BF DH8 8? ?H:4E E46<BA4? G <8A8 8? @<F@B 6B@CBEG4@<8AGB 8A ?4

8KG8AF<UA F1/F0 DH8 8? ?H:4E Q0
0 � CBE ?B G4AGB� G <8A8 8? @<F@B 6B@CBEG4@<8AGB DH8

Q0
0 8A ?4 GBEE8 H� ?B DH8 <@C?<64 DH8 8? AW@8EB 78 ?H:4E8F E46<BA4?8F 8A Fl 4EE<54

78 Q0
∞ G4@5<RA 8F 2l−1 + 2� 478@PF� 8A ?4 8KG8AF<UA Fj+1/Fj � 6BA 2 ≤ j ≤ l − 1�

G8A8@BF 8K46G4@8AG8 7BF ?H:4E8F Qj
β DH8 FBA GBG4?@8AG8 E4@<�647BF L 648A FB5E8

Q0
∞ 
 (BE ?B G4AGB� 8A {Fk}jk=0 G8A8@BF ?4 FH68F<UA 78 ?H:4E8F 78? G <CB�

Q0
∞ ⊂ Q1

0 ⊂ · · · ⊂ Qj−2
0 ⊂ Qj−1

1 ⊂ Qj
β. � � 
 
 � �

�<A4?@8AG8 � 64?6H?4E8@BF 8? AW@8EB 78 ?H:4E8F E46<BA4?8F 8A Fl L 8? AW@8EB 78

?H:4E8F GBG4?@8AG8 E4@<�647BF 4EE<54 78 Q0
β � 6BA β ∈ {α, α+ 1}� 8A 6474 8KG8AF<UA

<AG8E@87<4
 �47B DH8 Q0
β 8F HA 68EB F<@C?8 78 x0 + β 78 ?4 (EBCBF<6<UA � 
 � <A6<FB <

� 6BA u = 0� G8A8@BF DH8 Q0
β 8F GBG4?@8AG8 E4@<�647B 8A F1/F0 L DH8 8? ?H:4E Q1

∞ 78

F1 DH8 648 FB5E8 Q0
β 8F HA CB?B F<@C?8 78 x1 
 '5F8EI8@BF DH8 8? ?H:4E Q

1
∞ 6H@C?8 ?4F

@<F@4F CEBC<87478F DH8 8? ?H:4E Q0
∞ 4A4?<M47B CE8I<4@8AG8 � CBE ?B G4AGB� 2l−2 + 2

8F 8? AW@8EB 78 ?H:4E8F E46<BA4?8F 8A Fl 4EE<54 78 Q1
∞ L� 8A C4EG<6H?4E� 4EE<54 78 Q0

β 


�78@PF� C4E4 3 ≤ j ≤ l−1 L l > 3� 8A ?4 8KG8AF<UA Fj+1/Fj ;4L 8K46G4@8AG8 6H4GEB

?H:4E8F GBG4?@8AG8 E4@<�647BF � 7BF 4EE<54 78 Q0
α L 7BF 4EE<54 78 Q

0
α+1 
 �A 8FG8 64FB



�0 0A1-7) () 0% 7355) 63&5) F4 ��

?BF G <CBF 78 FH68F<BA8F 78 ?H:4E8F 8A {Fk}jk=0 DH8 B5G8A8@BF FBA ?4F F<:H<8AG8F �

Q0
α ⊂ Q1

∞ ⊂ Q2
1 ⊂ Q3

β L Q0
α ⊂ Q1

∞ ⊂ Q2
0 ⊂ · · · ⊂ Qj−2

0 ⊂ Qj−1
1 ⊂ Qj

β, � � 
 
 � �

?4 CE<@8E4 C4E4 j = 3 L ?4 F8:HA74 6BA j > 3
 �EE<54 78 Q0
α+1 B5G8A8@BF

Q0
α+1 ⊂ Q1

∞ ⊂ Q2
1 ⊂ Q3

β L Q0
α+1 ⊂ Q1

∞ ⊂ Q2
0 ⊂ · · · ⊂ Qj−2

0 ⊂ Qj−1
1 ⊂ Qj

β, � � 
 
 ��

?4 CE<@8E4 C4E4 j = 3 L ?4 F8:HA74 6BA j > 3
 &BG8@BF DH8 GB7BF ?BF ?H:4E8F

DH8 4C4E868A 8A ?BF 7<FG <AGBF G <CBF 78 FH68F<BA8F FBA 7<98E8AG8F � 4 C8F4E 78 8FG4E

78ABG47BF 78 ?4 @<F@4 9BE@4
 �8 GB7B ?B 4AG8E<BE G8A8@BF DH8 8? AW@8EB N(Fl) 78

?H:4E8F E46<BA4?8F 8A Fl 8F 8K46G4@8AG8

N(Fl) = 2l−1 + 2 · (2l−1 + 2) + 2 · (2l−2 + 2) = 2l+1 + 8,

478@PF� 74@BF ?4 78F6E<C6<UA CE86<F4 78 ?BF ?H:4E8F GBG4?@8AG8 E4@<�647BF C4E4

6474 8KG8AF<UA Fi+1/Fi 6BA 0 ≤ i ≤ l − 1
 �A CE<A6<C<B C4E4 0 ≤ i ≤ 2 G8A8@BF DH8





Q0
β 8A F1/F0,

Q1
β 8A F2/F1 6BA Q1

β|Q0
1,

Q2
β 8A F3/F2 6BA Q2

β|Q0
0 L Q2

β|Q0
∞

L C4E4 i ≥ 3 G8A8@BF ?BF ?H:4E8F Qi
β 8A Fi+1/Fi L 8FGPA 6B@C?8G4@8AG8 78G8E@<A47BF

CBE ?4F FH68F<BA8F � � 
 
 �� � � � 
 
 � � � � � 
 
 � � L � � 
 
 �� E8FC86G<I4@8AG8 
 �<A4?@8AG8 ;4L DH8

E8F4?G4E DH8 8? 8KCBA8AG8 7<98E8AG8 78 6474 ?H:4E 8F 2 ?B 6H4? 8F HA4 6BAF86H8A6<4 78

?4 (EBCBF<6<UA � 
 � <G8@ <


")35)1% � � � � � �+' l ≥ 3� �2 -B4+85 g(Fl) *+ 2 );+865 *+ ,;4) /5 4+ 9 Fl ∈ H + 9

g(Fl) = 2l+1 − 7.

�+35 9:8') /D4� �8? ,8BE8@4 � 
 
 � G8A8@BF DH8 8A ?4F 8KG8AF<BA8F F1/F0 L F2/F1

8K<FG8A 7BF ?H:4E8F GBG4?@8AG8 E4@<�647BF � 8A F3/F4 8K<FG8A 6H4GEB ?H:4E8F GBG4?	

@8AG8 E4@<�647BF L 8A Fi+1/Fi 8K<FG8A B6;B ?H:4E8F GBG4?@8AG8 E4@<�647BF 7BA78

3 ≤ i ≤ l−1; 478@PF� GB7BF 8??BF FBA ?H:4E8F E46<BA4?8F L G<8A8A 8KCBA8AG8 7<98E8AG8

7BF � CBE ?B G4AGB�



�� #� � ������ �� ������� �� ��� $ !"���"���"�

deg(Diff(Fi+1/Fi)) =





4 F< i = 0, 1,

8 F< i = 2,

16 F< i ≥ 3.

�;BE4 CBE ?4 9UE@H?4 78? :RA8EB 78  HEJ<GM � ,8BE8@4 
 
 � � G8A8@BF DH8

g(Fi+1) − 1 = (g(Fi) − 1) · 2 +
1

2
deg(Diff(Fi+1/Fi)).

�P6<?@8AG8 I8@BF DH8 g(F1) = 1� g(F2) = 3� g(F3) − 1 = 23 L DH8

g(F4) − 1 = (g(F3) − 1) · 2 +
1

2
24 = (23) · 2 + 23 = 24 + 23.

+84 i ≥ 4
 + HCBA:4@BF DH8

g(Fi) − 1 = 2i + 2i−1 + · · · + 24 + 23 =
i?

j=3

2j

8AGBA68F

g(Fi+1) − 1 = (g(Fi) − 1) · 2 +
1

2
24 =

?
i?

j=3

2j

?
· 2 + 23 =

i+1?

j=3

2j .

(BE ?B G4AGB� C4E4 6H4?DH<8E l ≥ 3 G8A8@BF DH8

g(Fl) − 1 =
l?

j=3

2j = 2l+1 − 23.

�3530%5-3 � � � � � �' :5 88+ H 95 ( 8+ F4 + 9 D6:/3' ? :'4:5 9; :'9' *+ *+ 9)5365 9/) /D4

)535 9; -B4+85 95 4 /-;'2+ 9 ' *5 9�

�+35 9:8') /D4� �8 ?BF ,8BE8@4F � 
 
 � L � 
 
 � G8A8@BF DH8

λ(H) = ĺım
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l→∞

g(Fl)

[Fl : F0]
= ĺım
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 �47B DH8 s 8F <@C4E� 8AGBA68F C4E4

6H4?DH<8E β ∈ k F8 G <8A8 DH8 β2 + β + 1 ?= 0
 $H8:B ?4 E87H66<UA @U7H?B P 78?



�	 #� � ������ �� ������� �� ��� $ !"���"���"�

CB?<AB@<B

φ = T 2 + T +
xi

x2i + xi + 1
∈ Fi[T ],

8F 8? CB?<AB@<B

φβ = T 2 + T +
β

β2 + β + 1
∈ k[T ].

C4E4 4?:WA β ∈ k 
 (BE BGE4 C4EG8 � 8? ,8BE8@4 90 78  <?58EG 4�E@4 DH8

Tr

?
β

β2 + β + 1

?
= 0 F< L FU?B F<

β

β2 + β + 1
= θ2 + θ,

C4E4 4?:WA θ ∈ k � CBE ?B G4AGB� φβ 8F <EE87H6<5?8 FB5E8 k F< L FU?B F<

Tr

?
β

β2 + β + 1

?
= 1.

+84A P∞ 8? CB?B 78 x0 8A F0 = k(x0) L Pβ 8? 68EB 78 x0 + β 8A F0 � 7BA78 β ∈ k 

�AGBA68F φ mód P∞ = φ0 L φ mód Pβ = φβ C4E4 β ∈ k 
 + < β /∈ S ∪ {∞} G8A8@BF
DH8 φβ 8F <EE87H6<5?8 FB5E8 k L 78? ,8BE8@4 78 #H@@8E � ,8BE8@4 
 
 
 � � F8 F<:H8 DH8

Pβ 8F <A8EG8 � DH8 8K<FG8 HA FU?B ?H:4E 8A F1 4EE<54 78 Pβ L DH8 G<8A8 :E47B 7BF 
 �;BE4

F< β ∈ S ∪ {∞} 8? CB?<AB@<B φβ F8 78F6B@CBA8 6B@C?8G4@8AG8 FB5E8 k � 8F 786<E� φβ
F8 946GBE<M4 6B@B CEB7H6GB 78 7BF CB?<AB@<BF ?<A84?8F 7<FG <AGBF FB5E8 k 
 � ?4E4@8AG8

F< θ ∈ k 8F HA4 E4SM 78 φβ 8AGBA68F φβ(T ) = (T + θ)(T + (θ + 1))
 &H8I4@8AG8

CBE 8? ,8BE8@4 78 #H@@8E� 8K<FG8A 8K46G4@8AG8 7BF ?H:4E8F E46<BA4?8F Qθ � Qθ+1

78 F1 = F0(x1) 4EE<54 78 Pβ 
 �AGBA68F

N(F1) = 2(|S| + 1).

�? ,8BE8@4 78 #H@@8E G4@5<RA 4�E@4 DH8 x1+θ ∈ Qθ L x1+(θ+1) ∈ Qθ+1 4FS DH8

?4F 6?4F8F E8F<7H4?8F x1(Qθ) L x1(Qθ+1) FBA θ L θ+ 1 E8FC86G<I4@8AG8 
 �BAF<78E8@BF

4;BE4 ?BF ?H:4E8F E46<BA4?8F 78 F2 
 � 474 HAB 78 8FGBF ?H:4E8F 8FGP 4EE<54 78 HA ?H:4E

E46<BA4? 78 ?4 9BE@4 Qθ � Qθ+1 C4E4 4?:WA θ ∈ k � 4FS DH8 ?BF CB?<AB@<BF φθ L φθ+1 FBA

?4 E87H66<UA 78 φ @U7H?B Qθ L Qθ+1 E8FC86G<I4@8AG8 
 �? $8@4 � 
 � � :4E4AG<M4 DH8

φθ = T 2 + T +
θ

θ2 + θ + 1
,

F8 78F6B@CBA8 6B@C?8G4@8AG8 FB5E8 k � E8FC
 8F <EE87H6<5?8 FB5E8 k� F < L FU?B F<

φθ+1 = T 2 + T +
θ + 1

θ2 + θ + 1

8F <EE87H6<5?8 FB5E8 k � E8FC
 F8 78F6B@CBA8 6B@C?8G4@8AG8 FB5E8 k� � ?H8:B Qθ F8



�% 7%6% () ()6'31436-'-B2 () 0% 7355)� '%63 -14%5 �


78F6B@CBA8 6B@C?8G4@8AG8 � E8FC
 8F <A8EG8� F < L FU?B F< Qθ+1 8F <A8EG8 � E8FC
 F8 78F	

6B@CBA8 6B@C?8G4@8AG8� 
 (BE ?B G4AGB� C4E4 6474 C4E 78 ?H:4E8F Qθ � Qθ+1 G8A8@BF

DH8� AH8I4@8AG8 CBE 8? ,8BE8@4 78 #H@@8E� HAB 78 8??BF 8F <A8EG8 L DH8 8K<FG8A 7BF

?H:4E8F E46<BA4?8F 78 F2 DH8 648A FB5E8 8? BGEB
 �FS 8? AW@8EB 78 ?H:4E8F E46<BA4?8F

78 F2 8F

N(F2) = N(F1) = 2(|S| + 1).

�A C4EG<6H?4E� ;8@BF CEB547B DH8 6474 ?H:4E E46<BA4? 78 F2 648 FB5E8 HA ?H:4E

E46<BA4? 78 F1 78 ?4 9BE@4 Qθ C4E4 4?:WA θ ∈ k � 8 ? 6HP? F8 78F6B@CBA8 6B@C?8G4@8AG8
8A F2 8A 7BF ?H:4E8F E46<BA4?8F 78 F2 78 ?4 9BE@4 Qγ L Qγ+1 6BA 6?4F8F E8F<7H4?8F

x2(Qγ) = γ L x2(Qγ+1) = γ+1 CBE 8? ,8BE8@4 78 #H@@8E
 (BE ;<CUG8F<F <A7H6G<I4�

N(Fi) = 2(|S| + 1) L 6474 ?H:4E E46<BA4? 78 Fi 648 4EE<54 78 HA ?H:4E E46<BA4? Fi−1

78 ?4 9BE@4 Qθ C4E4 4?:WA θ ∈ k � 8 ? 6HP? F8 78F6B@CBA8 6B@C?8G4@8AG8 8A Fi 8A

7BF ?H:4E8F E46<BA4?8F 78 Fi 78 ?4 9BE@4 Qδ L Qδ+1 6BA 6?4F8F E8F<7H4?8F xi(Qδ) = δ

L xi(Qδ+1) = δ + 1
 �8 AH8IB I8@BF DH8 ?4 E87H66<UA 78 φ @U7H?B 8FBF 7BF ?H:4E8F

FBA ?BF CB?<AB@<BF φδ L φδ+1 4FS DH8 CBE 8? $8@4 � 
 � �

φδ(T ) = T 2 + T +
δ

δ2 + δ + 1
,

F8 78F6B@CBA8 6B@C?8G4@8AG8 FB5E8 k � E8FC
 8F <EE87H6<5?8 FB5E8 k� F < L FU?B F<

φδ+1(T ) = T 2 + T +
δ + 1

δ2 + δ + 1

8F <EE87H6<5?8 FB5E8 k � E8FC
 F8 78F6B@CBA8 6B@C?8G4@8AG8 FB5E8 k� 
 (BE ?B G4AGB�

Qδ B Qδ+1 F8 78F6B@CBA8 6B@C?8G4@8AG8 8A Fi+1 @<8AGE4F DH8 8? BGEB 8F <A8EG8 8A

Fi+1 � ?B DH8 C8E@<G8 6BA6?H<E DH8

N(Fi+1) = N(Fi) = 2(|S| + 1).

�3530%5-3 � � �� � �'8' :5*5 +4:+ 85 /36'8 s 2' :5 88+ H 95 ( 8+ F2s + 9 '9/4:D:/)'3+4:+

3'2' �

�+35 9:8') /D4� �8? ,8BE8@4 � 
 � � G8A8@BF DH8

ν(H) = ĺım
i→∞

N(Fi)

[Fi : F0]
= ĺım

i→∞
2(|S| + 1)

2i
= 0.
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 �������
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�A ?4 G8BES4 78 GBEE8F 78 6H8ECBF 78 9HA6<BA8F ?4F FH5GBEE8F L FHC8EGBEE8F =H8:4A HA

C4C8? E8?8I4AG8 � CH8F 8A @H6;BF 64FBF � ABF 5E<A74A <A9BE@46<UA 4F<AGUG<64 78 HA4 GB	

EE8 7474
 �A 8FG8 F8AG<7B� HA E8FH?G47B 5<8A 6BAB6<7B 8A ?4 G8BES4 8F DH8 HA4 FH5GBEE8

78 HA4 GBEE8 4F<AGUG<64@8AG8 5H8A4 G4@5<RA 8F 4F<AGUG<64@8AG8 5H8A4
 -A 8=8@C?B

78? HFB 78 8FG4 GR6A<64 9H8 CE8F8AG47B CBE �4FF4� �4E6<4 L + G<6;G8ABG; 2 
 3 � DH<8A8F

6BAFGEHL8EBA HA4 GBEE8 F FB5E8 Fq3 4F<AGUG<64@8AG8 5H8A4� DH8 478@PF� E8FH?GU F8E

HA4 FHC8EGBEE8 78 ?4 GBEE8 E 8FGH7<474 4AG8E<BE@8AG8 CBE �8M8EE4� �4E6<4 L + G<6;	

G8ABG; 8A 8? 4EGS6H?B 2 �3 
 .4?8 ?4 C8A4 78FG464E DH8 8? 8FGH7<B 78? 6B@CBEG4@<8AGB

4F<AGUG<6B 78 E E8DH<E<U 6P?6H?BF @PF 8KG8AFBF L GR6A<6BF DH8 4DH8??BF 8@C?847BF 8A

8? 8FGH7<B 4F<AGUG<6B 78 ?4 GBEE8 F 
 ,8A<8A7B 8FG4 <784 6B@B @BG<I46<UA 787<64@BF
:E4A C4EG8 78 8FG8 64CSGH?B 4 ?4 6BAFGEH66<UA 78 FH5FH68F<BA8F L FHC8EFH68F<BA8F

E86HEF<I4F 78 GBEE8F 78 6H8ECBF 78 9HA6<BA8F 


!A<6<4@BF 8FG8 64CSGH?B 6BA 4?:HA4F 78�A<6<BA8F L E8FH?G47BF 5PF<6BF 78 GBEE8F L

FH5GBEE8F 78 6H8ECBF 78 9HA6<BA8F 


+ 84A F = {Fi}∞i=0 L E = {Ei}∞i=0 FH68F<BA8F AB GE<I<4?8F 78 6H8ECBF 78 9HA6<BA8F

FB5E8 Fq 
 � <E8@BF DH8 E 8F HA4 68&68')6-B2 78 F B DH8 F 8F HA4 684)568')6-B2

78 E F< C4E4 6474 i ≥ 0 8K<FG8 HA SA7<68 j := j(i) L HA4 <A@8EF<UA ιi : Ei → Fj

FB5E8 Fq 
 $B 4AG8E<BE 8DH<I4?8 4 DH8 Ei ⊆ Fj . + <A C8E7<74 78 :8A8E4?<747 CB78@BF

FHCBA8E DH8 Ei ⊆ Fi B@<G<8A7B 4?:HABF 78 ?BF Fi L E88AH@8E4A7B F< 8F A868F4E<B 


+ < ?4 6BAG8A8A6<4 4AG8E<BE 8F CEBC<4 C4E4 <A�A<GBF SA7<68F � 8F 786<E� Ei ? Fi C4E4

<A�A<GBF SA7<68F � 7<E8@BF DH8 E 8F HA4 68&68')6-B2 4534-% 78 F 
 �A 64FB 78 DH8
E L F F84A GBEE8F 786<@BF DH8 E 8F HA4 68&7355) 78 F L ?B 78ABG4@BF CBE E ≺ F 


� 
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�53436-'-B2 � � � � %	�� �8565 9/) /D4 
� 	�&� �/ E + 9 ;4' 9;( :5 88+ *+ F +4:5 4)+ 9

λ(E) ≥ λ(F).

�4 6'8:/);2'8� 9+ :/+4+ 7;+ �

/ � �/ F + 9 '9/4:D:/)'3+4:+ ( ;+4' +4:5 4)+ 9 E :'3( /B4 + 9 '9/4:D:/)'3+4:+ ( ;+4' �

// � �/ E + 9 '9/4:D:/)'3+4:+ 3'2' +4:5 4)+ 9 F :'3( /B4 + 9 '9/4:D:/)'3+4:+ 3'2' �

�&6)59%'-B2 � � � � + < FHCBA8@BF DH8 ?4 8KG8AF<UA F0/E0 8F �A<G4 L F8C4E45?8 � F8

CH878 @BFGE4E ?4 E8?46<UA F<:H<8AG8 E8?46<UA ?4F G4F4F 78 78F6B@CBF<6<UA L ?BF :RA8EBF

78 E L F �
ν(E) ≥ ν(F)

[F0 : E0]
L γ(E) ≤ γ(F)

[F0 : E0]
·

�A C4EG<6H?4E� B5G8A8@BF ?BF E8FH?G47BF 78 ?4 CEBCBF<6<UA 4AG8E<BE
 �A 8986GB� B5F8E	

I8@BF DH8

[Ei : Fi] <∞ L N(Fi) ≤ N(Ei)[Fi : Ei],

?H8:B�
N(Ei)

[Ei : E0]
=
N(Ei)[Fi : Ei]

[Fi : E0]
≥ N(Fi)

[Fi : E0]
=

1

[F0 : E0]

N(Fi)

[Fi : F0]
,

CBE ?B G4AGB�

ν(E) ≥ ν(F)

[F0 : E0]
·

(BE BGE4 C4EG8 � 747B DH8 Fi/E0 8F HA4 8KG8AF<UA F8C4E45?8 8AGBA68F ?4 8KG8AF<UA

Fi/Ei G4@5<RA ?B 8F L 6B@B 8? 7<I<FBE 7<98E8AG8 8F 8986G<IB� 8F 786<E Diff(Fi/Ei) ≥ 0�

8AGBA68F

deg(Diff(Fi/Ei)) ≥ 0.

�FG8 ;86;B L ?4 9UE@H?4 78? :RA8EB 78  HEJ<GM � ,8BE8@4 
 
 � � <@C?<64A DH8

g(Fi) − 1 ≥ [Fi : Ei](g(Ei) − 1),

?H8:B�
g(Fi) − 1

[Fi : F0][F0 : E0]
≥ (g(Ei) − 1)[Fi : Ei]

[Fi : E0]
=

g(Ei)

[Ei : E0]
,

78 ?B DH8 6BA6?H<@BF DH8�

γ(E) ≤ γ(F)

[F0 : E0]
·



#2 1@73(3 4%5% '326758-5 68&68')6-32)6 () '8)5436 () *82'-32)6 ��

� � � � �� �#���� ���� ��������� ������������� ��

������� �� ���������

�A 8FG4 F866<UA CEBCBA8@BF HA @RGB7B C4E4 6BAFGEH<E FH5FH68F<BA8F E86HEF<I4F 78

(a, b)	FH68F<BA8F 78 6H8ECBF 78 9HA6<BA8F L @BFGE4@BF DH8 I4E<4F 78 ?4F FH5GBEE8F

6BAB6<74F 8A ?4 ?<G8E4GHE4 8A E84?<747 F8 CH878A B5G8A8E 78 8FG4 @4A8E4
 ,4@5<RA

I8@BF DH8 8FG8 @RGB7B :8A8E4?<M4 8? @RGB7B 747B 8A 2 � 3 
 !A<6<4@BF 8FG4 F866<UA 6BA

HA E8FH?G47B 6?4I8 


�53436-'-B2 � � � � �+'4 E = {Ei}∞i=0 ? F = {Fi}∞i=0 9;)+ 9/5 4+ 9 8+);89/<'9 45 :8/</' �

2+ 9 *+ );+865 9 *+ ,;4) /5 4+ 9 95 ( 8+ Fq *+�4/*'9 8+ 96+) :/<'3+4:+ 65 8 2'9 8+ 2') /5 4+ 9

h(yi, yi+1) = 0 ? f(xi, xi+1) = 0

*54*+ h(X, Y ) ? f(X, Y ) 95 4 65 2/453/5 9 )5 4 )5+�) /+4:+ 9 +4 Fq ? {xi}∞i=0 ? {yi}∞i=0

95 4 9;)+ 9/5 4+ 9 *+ + 2+3+4:5 9 :8'9)+4*+4:+ 9 95 ( 8+ Fq � �'8' )'*' i ≥ 0 9;654-'35 9

7;+

degY h ≤ [Fi+1 : Fi]

? yi = g(xi) )5 4 g(T ) = g1(T )/g2(T ) ;4' ,;4) /D4 8') /5 4'2 )5 4 )5+�) /+4:+ 9 +4 Fq

*+ -8'*5 3'?5 8 7;+ ;45 � �4:5 4)+ 9 Ei ? Fi 6'8' )'*' i ≥ 0� + 9:5 + 9� E + 9 ;4'

9;( 9;)+ 9/D4 6856/' *+ F �

�+35 9:8') /D4� �47B DH8 yi = g(xi)� Ei = Fq(y0, · · · , yi) L Fi = Fq(x0, · · · , xi)
8AGBA68F Ei ⊆ Fi C4E4 6474 i ≥ 0
 (BE BGE4 C4EG8 � F <A C8E7<74 78 :8A8E4?<747

CB78@BF FHCBA8E DH8 8? :E47B 78 ?4 9HA6<UA E46<BA4? g(T ) 8F deg g(T ) = deg g1(T )


(4E4 6474 i ≥ 0 6BAF<78E8@BF 8? CB?<AB@<B

ϕi(T ) = g1(T ) − g2(T )yi ∈ Ei[T ].

�F 6?4EB DH8 8? 8?8@8AGB xi 8F HA4 E4SM 78? CB?<AB@<B ϕi(T ) C4E4 6474 i ≥ 0
 �47B DH8

E0 = Fq(y0) L F0 = Fq(x0) 8AGBA68F [F0 : E0] = deg g > 1
 �;BE4 F84 di = [Fi : Ei]


(H8FGB DH8 8? :E47B 78 HA4 GBEE8 78 6H8ECBF 8F @H?G<C?<64G<IB � I8E :EP�64 � 
 
 �

G8A8@BF DH8

di+1[Ei+1 : Ei] = di[Fi+1 : Fi].

(EB58@BF CBE <A7H66<UA DH8 di > 1 C4E4 i ≥ 1
 + HCBA:4@BF DH8 d1 = 1 8AGBA68F

deg g[F1 : F0] = d0[F1 : F0] = [E1 : E0].



�� !#�!#��!����! $ !#�� !#��!����!

Ei

Ei+1 Fi

Fi+1

d i+
1

d i

�EP�64 � 
 
 � +H56H8ECBF 8A ?4F GBEE8F E L F

(BE ;<CUG8F<F [E1 : E0] ≤ degY h ≤ [F1 : F0]� CBE ?B G4AGB� deg g ≤ 1 ?B 6H4? 8F HA4

6BAGE47<66<UA
 +HCBA:4@BF 4;BE4 DH8 di > 1 L di+1 = 1 8AGBA68F

di[Fi+1 : Fi] = [Ei+1 : Ei] ≤ degY h ≤ [Fi+1 : Fi],

L 8FGB <@C?<64 DH8 di ≤ 1� ?B 6H4? 8F HA4 6BAGE47<66<UA
 �BA6?H<@BF DH8 Ei ? Fi

C4E4 6474 i ≥ 0� 8F 786<E� E 8F HA4 FH5FH68F<UA CEBC<4 78 F 


�&6)59%'-B2 � � 	� �8 ?4 78@BFGE46<UA 78 ?4 CEBCBF<6<UA 4AG8E<BE F8 787H68 DH8

deg g = [F0 : E0] L [Fi : Ei] ≥ deg g

C4E4 6474 i ≥ 1
 �WA @PF� F < C4E4 6474 i ≥ 0 F8 6H@C?8 ?4 6BA7<6<UA

[Ei+1 : Ei] = degY h = [Fi+1 : Fi]

8AGBA68F C4E4 i ≥ 0 F8 G <8A8 DH8

[Fi : Ei] = deg g.

� 6BAG<AH46<UA E86BE74@BF ?4F 78�A<6<BA8F 78 (a, b)	FH68F<UA E86HEF<I4 L 78? :E47B

78 HA4 9HA6<UA E46<BA4? L4 DH8 F8EPA HF474F 8A 8? E8FGB 78? 64CSGH?B
 -A4 FH68F<UA

E86HEF<I4 F FB5E8 Fq 8F HA4 (a, b)	68')6-B2 5)'856-9% B HA4 68')6-B2 5)'856-9%

78 G<CB (a, b) F< a(T ), b(T ) FBA 9HA6<BA8F E46<BA4?8F 6BA 6B8�6<8AG8F 8A Fq G4?8F DH8

a(T ) =
a1(T )

a2(T )
L b(T ) =

b1(T )

b2(T )
,

7BA78 (a1(T ), a2(T )) = 1 L (b1(T ), b2(T )) = 1 L F 8FGP 78�A<74 CBE HA CB?<AB@<B



#2 1@73(3 4%5% '326758-5 68&68')6-32)6 () '8)5436 () *82'-32)6 ��

78 ?4 9BE@4

H(X, Y ) = a1(Y )b2(X) − a2(Y )b1(X).

�A 8FG8 64FB F8 FH8?8 786<E DH8 ?4 (a, b)	FH68F<UA E86HEF<I4 F 8FGP 78�A<74 CBE ?4

86H46<UA 6BA I4E<45?8F F8C4E474F

a(y) = b(x).

+84A g1(T ), g2(T ) ∈ Fq[T ] CB?<AB@<BF CE<@BF E8?4G<IBF 
 + 8 78�A8 8? +5%(3 () 0%

*82'-B2 5%'-32%0 g(T ) = g1(T )/g2(T ) 6B@B

deg g(T ) = máx{deg g1(T ), deg g2(T )}.

�A 478?4AG8 � 6BAF<78E4@BF (a, b)	FH68F<BA8F E86HEF<I4F 6BA deg a = deg b L4 DH8 ?4F

GBEE8F E86HEF<I4F DH8 AB CBF88A 8FG4 CEBC<8747 E8FH?G4A F8E 4F<AGUG<64@8AG8 @4?4F 


� .8E 2 
 � 3 � 


")35)1% � � 
 � ��� �&����� �+' F = {Fi}∞i=0 95 ( 8+ Fq ;4' (a, b)� 9;)+ 9/D4 45 :8/</' 2

*+ );+865 9 *+ ,;4) /5 4+ 9 ? {xi}∞i=0 ;4' 9;)+ 9/D4 *+ + 2+3+4:5 9 :8'9)+4*+4:+ 9 95 ( 8+ Fq

:' 2+ 9 7;+

a(xi+1) = b(xi)

6'8' )'*' i ≥ 0� �;654-'35 9 7;+ A(T ), B(T ), g(T ), s(T ) ∈ Fq(T ) 95 4 ,;4) /5 4+ 9

8') /5 4'2+ 9 7;+ );362+4 2'9 )5 4*/) /5 4+ 9�

A ◦ g = s ◦ a ? B ◦ g = s ◦ b. � � 
 
 �

�4:54)+ 9 {g(xi)}∞i=0 + 9 ;4' 9;)+ 9/D4 *+ + 2+3+4:5 9 :8'9)+4*+4:+ 9 95 ( 8+ Fq �

A(g(xi+1)) = B(g(xi))

? 2' 9;)+ 9/D4 E = {Ei}∞i=0 *+�4/*' 65 8 E0 = Fq(g(x0)) ? Ei+1 = Ei(g(xi+1)) + 9 ;4'

(A,B)� 9;( 9;)+ 9/D4 8+);89/<' *+ F � �/ � '*+3A9� 9;654+35 9 7;+ 2' 9;)+ 9/D4 E + 9 45

:8/</' 2 ? 7;+ 6'8' )'*' i ≥ 0 9+ );362+ 2' )5 4*/) /D4�

degA ≤ [Fi+1 : Fi] � � 
 � �

�4:54)+ 9 E + 9 ;4' 9;( 9;)+ 9/D4 6856/' *+ F �

�+35 9:8') /D4� (H8FGB DH8 {xi}∞i=0 8F HA4 FH68F<UA 78 8?8@8AGBF GE4F68A78AG8F FB5E8

Fq L g(T ) 8F HA4 9HA6<UA E46<BA4? 6BA 6B8�6<8AG8F 8A Fq 8AGBA68F {g(xi)}∞i=0 8F



�� !#�!#��!����! $ !#�� !#��!����!

HA4 FH68F<UA 78 8?8@8AGBF GE4F68A78AG8F FB5E8 Fq 
 (4E4 6474 i ≥ 0 F8 G <8A8 DH8

a(xi+1) = b(xi)� 8AGBA68F CBE ?4F 6BA7<6<BA8F � � 
 
 � G8A8@BF DH8

A(g(xi+1)) = s(a(xi+1)) = s(b(xi)) = B(g(xi)).

�;BE4� 747B DH8 Fi = Fq(x0, . . . , xi) L yj = g(xj) ∈ Fi � C4E4 6474 0 ≤ j ≤ i�

F8 787H68 DH8 Ei = Fq(g(x0), . . . , g(xi)) ⊆ Fi C4E4 GB7B i ≥ 0� 8F 786<E� E 8F HA4

FH5FH68F<UA 78 F 
 �;BE4� FHCBA:4@BF DH8 ?4 FH68F<UA E 8F AB GE<I<4? � DH8 F8 6H@C?8
?4 6BA7<6<UA � � 
 � � L 6BAF<78E8@BF 8? CB?<AB@<B

h(X, Y ) = A1(Y ) − A2(Y )B(X)

7BA78 A(Y ) = A1(Y )/A2(Y )
 �F 9P6<? I8E DH8 E 8FGP E86HEF<I4@8AG8 78�A<74 CBE ?4

86H46<UA h(X, Y ) = 0 L DH8

degY h = degA ≤ [Fi+1 : Fi].

�AGBA68F CBE ?4 (EBCBF<6<UA � 
 � G8A8@BF DH8 E 8F HA4 FH5FH68F<UA CEBC<4 78 F �
6B@B F8 DH8ES4 CEB54E


-A4 I8AG4 =4 ABG45?8 78? @RGB7B 4AG8E<BE 8F DH8� 8A :8A8E4? � ?4 6BA7<6<UA � � 
 � � 8F

9P6<? 78 6B@CEB54E
 N�4 =B DH8 6BA7<6<BA8F F8 CH878 6BA6?H<E DH8 E 8F HA4 FH5GBEE8

CEBC<4 78 F 8A 64FB 78 AB F8 6H@C?4 7<6;4 6BA7<6<UA�

�&6)59%'-B2 � � � � +HCBA:4@BF DH8 E L F FBA FH68F<BA8F E86HEF<I4F AB GE<I<4?8F

DH8 F4G<F9468A ?4F 6BA7<6<BA8F � � 
 
 � 
 + < C4E4 6474 i ≥ 0 F8 6H@C?8A ?4F 6BA7<6<BA8F �

degA > [Fi+1 : Fi] L [Ei+1 : Ei] ≤ [Fi+1 : Fi].

�AGBA68F E 8F HA4 FH5GBEE8 CEBC<4 78 F 


�;BE4 78F6E<5<E8@BF 5E8I8@8AG8 8? @RGB7B CEBCH8FGB 8A 2 � 3 C4E4 6BAFGEH<E FH5FH	

68F<BA8F 78 HA4 FH68F<UA 78 6H8ECBF 78 9HA6<BA8F 7474�

�53436-'-B2 � � � � %�� �8565 9/) /D4 
� 	� �& �+' F = {Fi}∞i=0 ;4' (a, b)� 9;)+ 9/D4 45

:8/</' 2 *+ );+865 9 *+ ,;4) /5 4+ 9� �+'4 f � ã ? b̃ ,;4) /5 4+ 9 8') /5 4'2+ 9 /88+*;) /( 2+ 9 )5 4

)5+�) /+4:+ 9 +4 Fq :' 2+ 9 7;+

ã ◦ f ◦ b = b̃ ◦ f ◦ a . � � 
 � �



#2 1@73(3 4%5% '326758-5 68&68')6-32)6 () '8)5436 () *82'-32)6 ��

�549/*+8+35 9 2' 9;)+ 9/D4 8+);89/<' 45 :8/</' 2 E = {Ei}∞i=0 *+�4/*' 65 8

ã(yi+1) = b̃(yi)

)5 4 yi = f(a(xi)) 6'8' )'*' i ≥ 0� �;654-'35 9 7;+ 9+ );362+4 2'9 9/-;/+4:+ 9

)5 4*/) /5 4+ 9�

/ � deg a = [Fi+1 : Fi] ? deg ã = [Ei+1 : Ei] 6'8' )'*' i ≥ 0�

/ / � deg a ≥ deg ã 5 (deg ã, deg a) = 1�

�4:5 4)+ 9 E + 9 ;4' 9;( 9;)+ 9/D4 6856/' *+ F �

� 6BAG<AH46<UA ;468@BF 4?:HA4F B5F8EI46<BA8F E8?46<BA474F 6BA 8FG8 @RGB7B


�&6)59%'-B2 � � 
 � (4E4 I8E DH8 8? @RGB7B 4AG8E<BE 8F HA 64FB C4EG<6H?4E 78? C?4A	

G847B 8A 8? ,8BE8@4 � 
 � 54FG4 GB@4E A = ã� B = b̃� g = f ◦ a L s = ã ◦ f L I8E DH8
?4F 6BA7<6<BA8F � � 
 
 � F8 F4G<F9468A
 �A 8986GB�

A ◦ g = ã ◦ f ◦ a = s ◦ a L B ◦ g = b̃ ◦ f ◦ a = ã ◦ f ◦ b = s ◦ b.

,4@5<RA CB78@BF GB@4E g = f ◦ b L s = b̃ ◦ f � ?H8:B

A ◦ g = ã ◦ f ◦ b = b̃ ◦ f ◦ a = s ◦ a L B ◦ g = b̃ ◦ f ◦ b = s ◦ b.

�&6)59%'-B2 � � � � + < GB@4@BF g = f ◦a� 6B@B 8A ?4 B5F8EI46<UA 4AG8E<BE� 8AGBA68F

[F0 : E0] = deg g = deg f · deg a.

� 6BAG<AH46<UA @BFGE4E8@BF GE8F 8=8@C?BF 8A ?BF DH8 F8 6BAFGEHL8A FH5GBEE8F CEB	

C<4F 78 HA4 GBEE8 7474 HF4A7B 8? @RGB7B CEBCH8FGB 8A 8? ,8BE8@4 � 
 � � 478@PF�

@BFGE4E8@BF DH8 7<6;4F FH5GBEE8F AB F8 CH878A B5G8A8E CBE 8? @RGB7B 4AG8E<BE


�.)1403 � � � � � +84 F1 FB5E8 Fq2 ?4 (a, b)	GBEE8 E86HEF<I4 78�A<74 CBE ?4 86H46<UA

yq + y =
xq

xq−1 + 1
· � � 
 ��

�FG4 GBEE8 8F UCG<@4 L 9H8 8FGH7<474 8A 2 
 
 3 
 (BE BGE4 C4EG8 � �8M8EE4 L �4E6<4

@BFGE4EBA 8A 2 � 3 DH8 ?4 (A,B)	GBEE8 F0 = {Ei}∞i=0 78�A<74 FB5E8 Fq2 CBE ?4 86H46<UA

y − 1

yq
=
xq − 1

x
� � 
 � �



�	 !#�!#��!����! $ !#�� !#��!����!

8F HA4 FH5GBEE8 78 F1 
 .84@BF DH8 F0 8F HA4 FH5GBEE8 CEBC<4 78 F1 DH8 F8 CH878

B5G8A8E HF4A7B 8? @RGB7B 747B 8A 8? ,8BE8@4 � 
 � 
 �A 8FG8 64FB G8A8@BF DH8

a(T ) = T q + T, b(T ) =
T q

T q−1 + 1
, A(T ) =

T − 1

T q
L B(T ) =

T q − 1

T
·

�BAF<78E8@BF ?4F 9HA6<BA8F E46<BA4?8F

g(T ) =
1

T q−1 + 1
L s(T ) = −T q−1.

�AGBA68F F8 6H@C?8A ?4F 6BA7<6<BA8F � � 
 
 � 
 �A 8986GB�

A(g(T )) =

1

T q−1 + 1
− 1

?
1

T q−1 + 1

?q = −T q−1(T q−1 + 1)q−1

= −(T q + T )q−1 = s(a(T ))

L

B(g(T )) =

?
1

T q−1+1

?q − 1
1

T q−1+1

=
(1 − (T q−1 + 1)q)(T q−1 + 1)

(T q−1 + 1)q

= − (T q−1)q

(T q−1 + 1)q−1
= s(b(T )).

(BE BGEB ?47B� F < ?4 FH5GBEE8 E CH7<8F8 B5G8A8EF8 CBE 8? @RGB7B 747B 8A ?4 (EBCBF<6<UA
� 
 � 8AGBA68F � CBE ?4 '5F8EI46<UA � 
 � � G8A7ES4@BF DH8

q − 1 = [F0 : E0] = deg f · deg a = deg f · q,

?B 6H4? 8F HA4 6BAGE47<66<UA


�.)1403 � � � � � �BAF<78E8@BF ?4 (a, b)	GBEE8 F2 = {Fi}∞i=0 FB5E8 Fq3 8FGH7<474 CBE

�4FF4 8G 4? 
 8A 2 
 3 L DH8 8FGP 78�A<74 CBE ?4 86H46<UA

(yq − y)q−1 + 1 = − xq(q−1)

(xq−1 − 1)q−1
· � � 
 � �



#2 1@73(3 4%5% '326758-5 68&68')6-32)6 () '8)5436 () *82'-32)6 �


-A4 64E46G8ESFG <64 ABG45?8 78 8FG4 GBEE8 8F DH8

[F1 : F0] = q(q − 1) L [Fi+1 : Fi] = q C4E4 GB7B i ≥ 1.

�FGB <@C?<64 DH8 AB CB78@BF HF4E 8? @RGB7B 78 ?4 (EBCBF<6<UA � 
 � C4E4 B5G8A8E

FH5GBEE8F CEBC<4F 78 F2 CH8F 8FG4 GBEE8 AB 6H@C?8 ?4 6BA7<6<UA <
 -F8@BF 8? @RGB7B

C?4AG847B 8A 8? ,8BE8@4 � 
 � C4E4 @BFGE4E DH8 ?4 (A,B)	GBEE8 F3 = {Ei}∞i=0 FB5E8

Fq3 8FGH7<474 8A 8? 4EGS6H?B 2 �3 L 78�A<74 CBE ?4 86H46<UA

1 − y
yq

=
xq + x− 1

x
� � 
 ��

8F HA4 FH5GBEE8 CEBC<4 78 F2 
 � 7<98E8A6<4 78 F2 � 6474 8KG8AF<UA Ei+1/Ei 78 F3 8F

78 :E47B q 
 �A 8FG8 64FB G8A8@BF

a(T ) = (T q − T )q−1 + 1, b(T ) = − T q(q−1)

(T q−1 − 1)q−1
,

A(T ) =
1 − T
T q

L B(T ) =
T q + T − 1

T
·

�BAF<78E8@BF ?4F 9HA6<BA8F E46<BA4?8F

g(T ) = − 1

T q−1 − 1
L s(T ) = −T + 1

L 6B@CEB58@BF DH8 F8 6H@C?8A ?4F 6BA7<6<BA8F � � 
 
 � 
 �A 8986GB�

A(g(T )) =
1 + 1

T q−1−1?
− 1

T q−1−1

?q = −T q−1(T q−1 − 1)q−1

= −T q−1(T q−1 − 1)q−1 = −(T q − T )q−1 = s(a(T ))

L

B(g(T )) =

?
1

T q−1 − 1

?q−1

+ 1 − (T q−1 − 1)

=

?
1

T q−1 − 1

?q−1

+ 1 − (T q−1 − 1)q

(T q−1 − 1)q−1

=
(T q−1)q

(T q−1 − 1)q−1
+ 1 = s(b(T )).



�� !#�!#��!����! $ !#�� !#��!����!

�<A4?@8AG8 � CB78@BF 78FG464E HA4 CEBC<8747 47<6<BA4? DH8 G<8A8A 8FG4F 7BF GBEE8F �

747B DH8 Hi ? Fi C4E4 6474 i ≥ 0 G8A8@BF DH8

[F0 : H0] = q − 1 L [Fi : Hi] = (q − 1)2 C4E4 6474 i ≥ 1,

CBE ?B G4AGB� C4E4 6474 i ≥ 1 G8A8@BF DH8 8? 6H8ECB Fi+1 8F ?4 6B@CBF<6<UA 78 ?BF

6H8ECBF Fi L Hi+1 


�.)1403 � � � � � +84 F4 = {Hi}∞i=0 ?4 (A,B)	GBEE8 E86HEF<I4 FB5E8 Fq3 78�A<74 CBE

?4 86H46<UA

yq+1 + y =
x + 1

xq+1
· � � 
 � �

.84@BF DH8 F4 8F HA4 FH5GBEE8 CEBC<4 78 ?4 (a, b)	GBEE8 F3 6BAF<78E474 8A 8? 8=8@C?B

4AG8E<BE
  4L DH8 E8F4?G4E DH8 8? :E47B 78 6474 8KG8AF<UA Hi+1/Hi 8F q 4 C8F4E 78

DH8 ?4 86H46<UA � � 
 � � 8F 78 :E47B q + 1� CBE ?B DH8 ?4 ;<CUG8F<F < AB F8 6H@C?8 L AB

CB78@BF HF4E 8? @RGB7B C?4AG847B 8A ?4 (EBCBF<6<UA � 
 � 
 (BE BGE4 C4EG8 � ABG8@BF

DH8 ?4F ;<CUG8F<F 78 ?4 '5F8EI46<UA � 
 � FS F8 F4G<F9468A� 78 @B7B DH8� C4E4 6BA6?H<E

DH8 F4 8F HA4 FH5GBEE8 CEBC<4 78 F3 E8FG4 @BFGE4E DH8 F8 F4G<F9468A ?4F 6BA7<6<BA8F

� � 
 
 � 
 �A 8986GB� F < 6BAF<78E4@BF

A(T ) = T q+1 + T, B(T ) =
T + 1

T q+1
, a(T ) =

1 − T
T q

,

b(T ) =
T q + T − 1

T
, g(T ) = −T

q + T − 1

T − 1
L s(T ) = −T − 1

T q+1
,

8AGBA68F

A(g(T )) =
(1 − T − T q)T

q2

(T − 1)q+1
= s(a(T ))

L

B(g(T )) = − T q(T − 1)q

(T q + T − 1)q+1
= s(b(T )).

� � � � ����� �� ���������%� �� ������ �� ������� ��

���������

� 6BAG<AH46<UA 78F6E<5<E8@BF HA4 @4A8E4 78 6BAFGEH<E FHC8EGBEE8F 4F<AGUG<64@8AG8

5H8A4F 4 C4EG<E 78 HA4 GBEE8 4F<AGUG<64@8AG8 5H8A4
 �FG8 @RGB7B 9H8 CEBCH8FGB 8A

8? 4EGS6H?B 2 
 �3 


!AGEB7H6<@BF ?4F F<:H<8AG8F 78�A<6<BA8F 
 + 84A E = {Ei}∞i=0 FB5E8 Fq HA4 FH68F<UA

78 6H8ECBF 78 9HA6<BA8F L F/E0 HA4 8KG8AF<UA �A<G4 L F8C4E45?8 
 $4 FH68F<UA 78



!3&5) 0% '31436-'-B2 () 7355)6 () '8)5436 () *82'-32)6 ��

6H8ECBF 78 9HA6<BA8F {Fi}∞i=0 � 7BA78 Fi = EiF C4E4 6474 i ≥ 0� 8F ??4@474 ?4

'31436-'-B2 78 E L F L F8 78ABG4 CBE EF 
 � <E8@BF DH8 ?4 FH68F<UA E L 8? 6H8ECB

F FBA 0-2)%01)27) (-6.82736 FB5E8 E0 F< C4E4 6474 i ≥ 1 ?BF 6H8ECBF Ei L F FBA

?<A84?@8AG8 7<F=HAGBF FB5E8 E0 


")35)1% � � � � � %� ��  +5 8+3' 
� 	& �+' E = {Ei}∞i=0 ;4' :5 88+ *+ );+865 9 *+ ,;4) /5 �

4+ 9 95 ( 8+ Fq 7;+ );362+ 2'9 9/-;/+4:+ 9 )5 4*/) /5 4+ 9�

/ � Ei+1/Ei + 9 ;4' +>:+49/D4 *+ �'25 /9 6'8' )'*' i ≥ 0�

/ / � + 2 + 96') /5 *+ *+ 9)5365 9/) /D4 S(E) *+ 2' :5 88+ E + 9 45 <') C5 �

/// � E + 9 '9/4:D:/)'3+4:+ ( ;+4' �

�;654-'35 9 7;+ F/E0 ;4' +>:+49/D4 �4/:' ? 9+6'8'( 2+ � 7;+ Fq + 9 + 2 );+865 :5 :' 2 *+

)5 49:'4:+ 9 *+ F � 7;+ 2' :5 88+ E ? + 2 );+865 F 95 4 2/4+'23+4:+ */90;4:5 9 95 ( 8+ E0 ?

7;+ + 2 )5 40;4:5

S := {Q ∈ P(F ) : degQ = 1 ? Q ∩ E0 ∈ S(E)}

+ 9 45 <') C5 � �4:5 4)+ 9 EF + 9 ;4' :5 88+ '9/4:D:/)'3+4:+ ( ;+4' 95 ( 8+ Fq ? 9; 2C3/:+

λ(EF ) 9':/9,')+ 2' *+ 9/-;'2*'*

λ(EF ) ≥ |S|
g(F ) − 1 + [F : E0](1 +N(E0)/λ(E))

·

�&6)59%'-B2 � � � 	� �A ?4 78@BFGE46<UA 78? E8FH?G47B 4AG8E<BE F8 B5G<8A8 ?4 F<:H<8AG8

6BG4 FHC8E<BE C4E4 8? :RA8EB 78 EF

γ(EF ) ≤ g(F ) − 1 + [F : E0]

?
1 +

N(E0)

ν(E)
γ(E)

?
. � � 
 � �

$BF E8FH?G47BF 78? G8BE8@4 4AG8E<BE CH878A :8A8E4?<M4EF8 78 ?4 F<:H<8AG8 @4A8E4�

�53436-'-B2 � � � 
 � �+'4 E = {Ei}∞i=0 ;4' :5 88+ *+ );+865 9 *+ ,;4) /5 4+ 9 95 ( 8+ Fq ?

F/E0 ;4' +>:+49/D4 �4/:' ? 9+6'8'( 2+ :' 2 7;+ 2' :5 88+ E ? + 2 );+865 F 95 4 2/4+'23+4:+

*/90;4:5 9 95 ( 8+ E0 � �;654-'35 9 7;+ + 2 + 96') /5 *+ *+ 9)5365 9/) /D4 *+ E � S(E)� ? 7;+

+ 2 )5 40;4:5

S := {Q ∈ P(F ) : degQ = 1 ? Q ∩ E0 ∈ S(E)}

95 4 45 <') C5 9� +4:5 4)+ 9 2' 9;)+ 9/D4 EF + 9 ;4' :5 88+ 95 ( 8+ Fq � 9; -B4+85 � γ(EF )�

) ;362+

γ(EF ) ≤ g(F ) − 1 + [F : E0](1 + γ(E)) � � 
 
 � �



�� !#�!#��!����! $ !#�� !#��!����!

? 9; 2C3/:+ λ(EF ) 9':/9,')+ 2' *+ 9/-;'2*'*

λ(EF ) ≥ |S|
g(F ) − 1 + [F : E0](1 + γ(E))

·

�/� '*+3A9� E :/+4+ -B4+85 �4/:5 +4:5 4)+ 9 EF + 9 '9/4:D:/)'3+4:+ ( ;+4' �

�+35 9:8') /D4� �F 6?4EB DH8 ?4 FH68F<UA EF = {Fi}∞i=0 6BA Fi = EiF 8F HA4 FH68	

F<UA AB GE<I<4? 78 6H8ECBF 78 9HA6<BA8F � DH8 6474 Fi+1/Fi 8F HA4 8KG8AF<UA �A<G4

L F8C4E45?8 L DH8 g(Fi) → ∞ 6H4A7B i → ∞
 (4E4 6BA6?H<E DH8 EF 8F HA4 GBEE8

E8FG4 I8E DH8 Fq 8F 8? 6H8ECB GBG4? 78 6BAFG4AG8F 78 6474 Fi 
 �FG4 6BA7<6<UA F8EP

CEB5474 78FCHRF 
 �;BE4 @BFGE4E8@BF DH8 F8 6H@C?8 � � 
 
 � � 
 (BE ?4 (EBCBF<6<UA 
 
 �

� 78F<:H4?747 78 �4FG8?AHBIB� G8A8@BF� C4E4 i ≥ 1� DH8

g(Fi) ≤ g(F )[Fi : F ] + g(Ei)[Fi : Ei] + ([Fi : F ] − 1)([Fi : Ei] − 1),

8FGB 8F �

g(Fi)

[Fi : F ]
≤ g(F ) + g(Ei)

[Fi : Ei]

[Fi : F ]
+

[Fi : F ] − 1

[Fi : F ]
([Fi : Ei] − 1).

(BE BGE4 C4EG8 � 6B@B 8A ?4 8KG8AF<BA8F 78 6H8ECBF ?BF :E47BF FBA @H?G<C?<64G<IBF � F8

G <8A8 DH8

[Fi : Ei][Ei : E0] = [Fi : E0] = [Fi : F ][F : E0],

8F 786<E�
[Fi : Ei]

[Fi : F ]
=

[F : E0]

[Ei : E0]
·

�47B DH8 Fi = EiF C4E4 6474 i ≥ 1� G4@5<RA F8 F4G<F9468 DH8

[Fi : Ei] ≤ [F : E0],

C4E4 6474 i ≥ 1
 �8 GB7B ?B 4AG8E<BE F8 F<:H8 DH8

g(Fi)

[Fi : F ]
≤ g(F ) + g(Ei)

[Fi : Ei]

[Fi : F ]
+

[Fi : F ] − 1

[Fi : F ]
([Fi : Ei] − 1)

= g(F ) + g(Ei)
[F : E0]

[Fi : Ei]
+

[Fi : F ] − 1

[Fi : F ]
([Fi : Ei] − 1)

≤ g(F ) + [F : E0]
g(Ei)

mi

+
[Fi : F ] − 1

[Fi : F ]
([F : E0] − 1),



!3&5) 0% '31436-'-B2 () 7355)6 () '8)5436 () *82'-32)6 ��

CBE ?B G4AGB�

γ(EF ) ≤ g(F ) − 1 + [F : E0](γ(E) + 1).

+HCBA:4@BF DH8 S(E) L S FBA 6BA=HAGBF AB I46SBF L GB@8@BF HA ?H:4E Q 8A S 


�47B DH8 Q 8F HA ?H:4E E46<BA4? 78 F G8A8@BF DH8 8? 6H8ECB GBG4? 78 6BAFG4AG8F 78

F 8F Fq 
 �;BE4� 6B@B P := Q∩E0 C8EG8A868 4 S(E) 8AGBA68F P 8F HA ?H:4E E46<BA4?

78 E0 DH8 F8 78F6B@CBA8 8A Ei/E0 C4E4 6474 i ≥ 1
 $H8:B CBE ?4 (EBCBF<6<UA 
 
 �

8? ?H:4E E46<BA4? Q F8 78F6B@CBA8 6B@C?8G4@8AG8 8A Fi/F0 C4E4 6474 i ≥ 1 L 8FGB

<@C?<64 DH8 Fq 8F 8? 6H8ECB GBG4? 78 6BAFG4AG8F 78 6474 Fi 
 �A C4EG<6H?4E� EF 8F

HA4 GBEE8 FB5E8 Fq � Q F8 78F6B@CBA8 6B@C?8G4@8AG8 8A ?4 GBEE8 E L F8 F<:H8 DH8

S ⊆ S(EF )
 � <A4?@8AG8 � 6BA6?H<@BF DH8

λ(EF ) =
ν(EF )

γ(EF )
≥ |S(EF )|
γ(EF )

≥ |S|
g(F ) − 1 + [F : E0](1 + γ(E))

·

�&6)59%'-B2 � � � � � + < E 8F HA4 GBEE8 78 :RA8EB �A<GB 8AGBA68F ?4 6BG4 � � 
 
 � � @8=BE4
?4 6BG4 � � 
 � � 
 �A 8986GB� 747B DH8 8? AW@8EB 78 ?H:4E8F E46<BA4?8F N(Ei) 78 Ei

F4G<F9468 DH8

N(Ei) ≤ N(E0)[Ei : E0]

8AGBA68F ν(E) ≤ N(E0)
 (BE ?B G4AGB�

γ(E) ≤ N(E0)

ν(E)
γ(E),

L 8FGB <@C?<64 DH8

g(F ) − 1 + [F : E0](γ(E) + 1) ≤ g(F ) − 1 + [F : E0]

?
1 +

N(E0)

ν(E)
γ(E)

?
.

'5F8EI8@BF DH8 8? ?47B <MDH<8E7B 78 ?4 78F<:H4?747 4AG8E<BE 8F ?4 6BG4 � � 
 
 � � C4E4

8? :RA8EB 78 EF � B5G8A<74 8A ?4 (EBCBF<6<UA � 
 
 � � L 8? ?47B 78E86;B 8F ?4 6BG4 � � 
 � �
C4E4 8? :RA8EB 78 EF B5G8A<74 CBE �4E6<4 8G 
 4? 
 8A 8? ,8BE8@4 � 
 
 � 
 � 6BAG<AH46<UA

F8 @H8FGE4 HA 8=8@C?B 8A 8? 6H4? ?4 78F<:H4?747 4AG8E<BE 8F 8FGE<6G4


�.)1403 � � � � � �BAF<78E8@BF ?4 GBEE8 F0 = {Ei}∞i=0 78�A<74 FB5E8 Fq2 CBE ?4 86H4	

6<UA
y − 1

yq
=
xq − 1

x
· � � 
 
 
 �

�A 8? 4EGS6H?B 2 � 3 �8M8EE4 L �4E6<4 78@BFGE4EBA DH8 F0 8F HA4 GBEE8 UCG<@4 6BA

:RA8EB γ(F0) = q
q−1

L G4F4 78 78F6B@CBF<6<UA ν(F0) = q 
 �FG8 W?G <@B E8FH?G47B F8



�� !#�!#��!����! $ !#�� !#��!����!

B5GHIB 4? @BFGE4E DH8 8? 8FC46<B 78 78F6B@CBF<6<UA 78 F0 8F

S(F0) = {Pα ∈ P(F0) : α ∈ Fq2 G4?8F DH8 αq + α − 1 = 0}.

,4@5<RA 78@BFGE4EBA� C4E4 q ?= 2� DH8 ?4F 8KG8AF<BA8F Ei+1/Ei AB FBA �4?B<F 
 + 84

q ?= 2 L 6BAF<78E8@BF ?4 8KG8AF<UA �A<G4 F = Fq2(x0, z0) 78 E0 = Fq2(x0) 78�A<74

CBE ?4 86H46<UA 78 G<CB #H@@8E

zq−1
0 = −x0 − 1

xq0
· � � 
 
 � �

(BE ?4 G8BES4 78 8KG8AF<BA8F 78 #H@@8E � ,8BE8@4 
 
 
 �� 8? CB?<AB@<B @SA<@B 78 z0
FB5E8 E0 8F

ϕ(T ) = T q−1 +
x0 − 1

xq0

L 8? :E47B 78 ?4 8KG8AF<UA F/E0 8F q − 1� ?BF WA<6BF ?H:4E8F DH8 E4@<�64A 8A F/E0

FBA P0 � 8 ? 68EB 78 x0, L P1 � 8 ? 68EB 78 x0 + 1� 478@PF� FBA GBG4?@8AG8 E4@<�647BF 


$H8:B CBE ?4 9UE@H?4 78? :RA8EB 78  HEJ<GM F8 F<:H8 DH8 8? :RA8EB 78 F 8F 68EB


�;BE4 C4E4 6474 Pα ∈ S(F0) G8A8@BF DH8

ϕPα(T ) := ϕ(T ) mód Pα = T q−1 − 1

L 6B@B 8FG8 CB?<AB@<B G<8A8 q−1 E4S68F 7<FG <AG4F 8A Fq2 � CBE 8? ,8BE8@4 78 #H@@8E

6BA6?H<@BF DH8 |S| = q(q − 1) 7BA78

S = {Q ∈ P(F ) : Q 8F E46<BA4? L Q ∩ E0 ∈ S(F0)}.

�<A4?@8AG8 � CBE ?4 (EBCBF<6<UA � 
 
 � 6BA6?H<@BF DH8 8? :RA8EB 78 ?4 GBEE8 E = F0F

FB5E8 Fq2 8FGP 46BG47B CBE

γ(E) ≤ g(F ) − 1 + [F : E0](1 + γ(F0)) = 2(q − 1)

DH8 L 8? ?S@<G8 78 E F4G<F9468

λ(E) ≥ |S|
2(q − 1)

=
q

2
·

�FGBF E8FH?G47BF @8=BE4A ?4F 6BG4F C4E4 8? :RA8EB L 8? ?S@<G8 78 ?4 GBEE8 E DH8 F8

B5G8A<8A8A 6BA 8? ,8BE8@4 � 
 
 � L DH8 F8 @H8FGE4A 4 6BAG<AH46<UA�

γ(E) ≤ g(F ) − 1 + [F : E0](1 +N(E0)/λ(F0)) = q2 + q − 1



!3&5) 0% '31436-'-B2 () 7355)6 () '8)5436 () *82'-32)6 ��

L

λ(EF ) ≥ |S|/(2(q − 1)) = q(q − 1)/(q2 + q − 1).

�A ?4 (EBCBF<6<UA � 
 
 � I<@BF DH8 C4E4 B5G8A8E E8FH?G47BF 4F<AGUG<6BF 78 ?4 6B@CBF<	

6<UA 78 E = {Ei}∞i=0 L HA 6H8ECB F � DH8 6BAG<8A8 4 E0� 8F A868F4E<B DH8 E L F F84A

?<A84?@8AG8 7<F=HAGBF FB5E8 E0 
 -A E8FH?G47B 5<8A 6BAB6<7B 8A ?4 G8BES4 78 6H8ECBF

4�E@4 DH8 F< ?BF :E47BF [Ei : E0] L [F : E0] FBA CE<@BF E8?4G<IBF � 6B@B 8A 8? 8=8@C?B

4AG8E<BE� 8AGBA68F Ei L F FBA 6H8ECBF ?<A84?@8AG8 7<F=HAGBF FB5E8 E0 
 + < ?BF :E47BF

AB FBA CE<@BF E8?4G<IBF AB ;4L HA 6E<G8E<B F<@C?8 C4E4 :4E4AG<M4E DH8 E L F F84A

?<A84?@8AG8 7<F=HAGBF FB5E8 E0 
 �A ?4 F<:H<8AG8 CEBCBF<6<UA GE4G4@BF 8FG8 CEB5?8@4


�53436-'-B2 � � � 
 � �+' E = {Ei}∞i=0 ;4' 9;)+ 9/D4 *+ );+865 9 *+ ,;4) /5 4+ 9 45 :8/</' 2

95 ( 8+ Fq :' 2 7;+ )'*' +>:+49/D4 Ei+1/Ei + 9 ;4' +>:+49/D4 *+ -8'*5 68/35 s� �;654�

-'35 9 7;+ F 95 ( 8+ Fq + 9 ;4 );+865 *+ ,;4) /5 4+ 9 :' 2 7;+ F/E0 + 9 ;4' +>:+49/D4 *+

�'25 /9 �4/:' ? 7;+ F ?⊆ Ei 6'8' )'*' i ≥ 0� �;654-'35 9 7;+ 25 9 -B4+85 9 *+ E1 ?

F 9':/9,')+4 7;+ g(E1) > g(F ) ? 7;+ Fq + 9 + 2 );+865 :5 :' 2 *+ )5 49:'4:+ 9 *+ F ? *+

)'*' Ei � �4:5 4)+ 9 E ? F 95 4 2/4+'23+4:+ */90;4:5 9 95 ( 8+ E0 �

�+35 9:8') /D4� +84 i HA 8AG8EB CBF<G <IB
 �47B DH8 F/E0 8F HA4 8KG8AF<UA 78 �4?B<F

�A<G4� ?4 (EBCBF<6<UA 
 
 � 
 4�E@4 DH8 Ei L F FBA 6H8ECBF ?<A84?@8AG8 7<F=HAGBF FB5E8

E0 F< L FU?B F<

Ei ∩ F = E0.

�B@B F ?⊆ Ei C4E4 6474 i ≥ 0 8AGBA68F Ei∩F ?= F 
 �;BE4� CH8FGB DH8 [Ei : E0] = si

6BA s CE<@B L E0 ⊆ Ei ∩ F ⊆ Ei 8AGBA68F El = Ei ∩ F C4E4 4?:WA 0 ≤ l ≤ i
 (BE
BGE4 C4EG8 � 6B@B El = Ei ∩ F ? F 8AGBA68F CBE ?4 9UE@H?4 78? :RA8EB 78  HEJ<GM �

,8BE8@4 
 
 � � G8A8@BF DH8 g(El) ≤ g(F )
 �78@PF� CBE ;<CUG8F<F g(F ) < g(E1)� ?H8:B�

g(El) ≤ g(F ) < g(E1).

+ < 0 < l ≤ i 8AGBA68F g(El) < g(E1)� ?B 6H4? 8F HA4 6BAGE47<66<UA
 (BE ?B G4AGB�

l = 0� 8F 786<E� Ei ∩ F = E0 


�53436-'-B2 � � � � � �+'4 E = {Ei}∞i=0 ? F = {Fi}∞i=0 9;)+ 9/5 4+ 9 8+);89/<'9 45

:8/</' 2+ 9 95 ( 8+ Fq :' 2+ 9 7;+ Fq + 9 + 2 );+865 :5 :' 2 *+ )5 49:'4:+ 9 *+ )'*' Ei ? )'*' Fi �

�;654-'35 9 7;+ F0/E0 + 9 ;4' +>:+49/D4 *+ �'25 /9 �4/:' � 7;+ F0 ?⊆ Ei 6'8' )'*'

i ≥ 0� 7;+ E + 9 ;4' 9;( 9;)+ 9/D4 6856/' *+ F ? 7;+

[Ei+1 : Ei] = [Fi+1 : Fi] = s,

*54*+ s ;4 4E3+85 68/35 � �/ g(E1) > 0 +4:5 4)+ 9 F + 9 2' )5365 9/) /D4 *+ E )5 4 F0 �



�� !#�!#��!����! $ !#�� !#��!����!

�+35 9:8') /D4� (BE ;<CUG8F<F F0/E0 8F HA4 8KG8AF<UA 78 �4?B<F �A<G4� F0 ?⊆ Ei C4E4

6474 i ≥ 1� 6474 8KG8AF<UA Ei+1/Ei 8F 78 :E47B CE<@B L g(E1) > 0 = g(F0)
 �AGBA68F

CBE ?4 (EBCBF<6<UA � 
 
 � G8A8@BF� C4E4 i ≥ 1� DH8 Ei L F0 FBA 6H8ECBF ?<A84?@8AG8

7<F=HAGBF FB5E8 E0 
 (BE ?B G4AGB� C4E4 i ≥ 1 F8 G <8A8 DH8

[EiF0 : F0] = [Ei : E0] = si.

�<A4?@8AG8 � 6B@B F0 ⊆ EiF0 ⊆ Fi L CBE ;<CUG8F<F [Fi : F0] = si 6BA s CE<@B�

6BA6?H<@BF DH8 EiF0 = Fi C4E4 i ≥ 1� 8F 786<E� F 8F ?4 6B@CBF<6<UA 78 E 6BA F0 


� 6BAG<AH46<UA 78�A<E8@BF 8? 6BA68CGB 78 6B@CBF<6<UA 78 7BF GBEE8F 78 6H8ECBF 78

9HA6<BA8F 


+ 84A E = {Ei}∞i=0 L F = {Fi}∞i=0 GBEE8F 78 6H8ECBF 78 9HA6<BA8F FB5E8 Fq G4?8F DH8

E0 = F0 
 + 8 78�A8 ?4 '31436-'-B2 78 E L F � FB5E8 E0� 6B@B ?4 FH68F<UA 78

6H8ECBF 78 9HA6<BA8F EF := {Mi}∞i=0 � 6BA M0 = E0 L Mi := EiFi C4E4 6474 i ≥ 1


�&6)59%'-B2 � � �� � �B@B 6BAF86H8A6<4 <A@87<4G4 78 ?4 78�A<6<UA 78 ?4 6B@CBF<6<UA

EF = {Mi}∞i=0 78 7BF GBEE8F E L F FB5E8 Fq F8 G <8A8A ?4F F<:H<8AG8F CEBC<87478F �

/ � Mi ⊆ Mi+1 6'8' )'*' i ≥ 0.

// � Mi+1/Mi + 9 ;4' +>:+49/D4 9+6'8'( 2+ 6'8' )'*' i ≥ 0.

/// � g(Mi) → ∞ 9/ i→ ∞�

/< � E ? F 95 4 9;( 9;)+ 9/5 4+ 9 *+ M�

+84A E = {Ei}∞i=0 L F = {Fi}∞i=0 GBEE8F 78 6H8ECBF 78 9HA6<BA8F FB5E8 Fq 
 � <E8@BF

DH8 ?4F GBEE8F E L F FBA 0-2)%01)27) (-6.827%6 FB5E8 E0 F< E0 = F0 L C4E4 6474

i ≥ 1 ?BF 6H8ECBF 78 9HA6<BA8F Ei L Fi FBA ?<A84?@8AG8 7<F=HAGBF FB5E8 E0 


�53436-'-B2 � � �� � �+'4 E = {Ei}∞i=0 ? F = {Fi}∞i=0 :5 88+ 9 95 ( 8+ Fq 2/4+' 23+4:+

*/90;4:'9 95 ( 8+ E0 � �;654-'35 9 7;+ 2' /4:+ 89+)) /D4 S(F) ∩ S(E) *+ 25 9 + 96') /5 9

*+ 8'3/�)') /D4 *+ E ? F + 9 ;4 )5 40;4:5 45 <') C5 � +4:5 4)+ 9 EF + 9 ;4' :5 88+ 95 �

( 8+ Fq )5 4 :'9' *+ *+ 9)5365 9/) /D4 65 9/:/<' � �*+3A9� + 2 -B4+85 *+ EF 9':/9,')+ 2'

*+ 9/-;'2*'*

γ(EF) ≤ γ(E) + γ(F) + 1

? + 2 2C3/:+ *+ 2' :5 88+ EF );362+ 7;+

λ(EF) ≥ |S(F) ∩ S(E)|
γ(E) + γ(F) + 1

·



!3&5) )0 )64%'-3 () ()6'31436-'-B2 () 68')6-32)6 5)'856-9%6 ��

�4 6'8:/);2'8� 9/ E ? F :/+4+4 -B4+85 �4/:5 +4:5 4)+ 9 EF + 9 ;4' :5 88+ '9/4:D:/)'3+4:+

( ;+4' �

�+35 9:8') /D4� +84 P ∈ S(F) ∩ S(E) 8AGBA68F P 8F HA ?H:4E E46<BA4? 78 E0 DH8

F8 78F6B@CBA8 6B@C?8G4@8AG8 8A Ei/E0 L 8A Fi/E0 C4E4 6474 i ≥ 1� 4FS DH8 ?4

(EBCBF<6<UA 
 
 � 4F8:HE4 DH8 8? ?H:4E P F8 78F6B@CBA8 6B@C?8G4@8AG8 8A Mi/E0

C4E4 6474 i ≥ 1. �8 8FG8 ;86;B F8 F<:H8 DH8 Fq 8F 8? 6H8ECB GBG4? 78 6BAFG4AG8F 78

6474 Mi L P F8 78F6B@CBA8 6B@C?8G4@8AG8 8A ?4 GBEE8 EF 
 �A C4EG<6H?4E G8A8@BF
DH8

S(F) ∩ S(E) ⊆ S(EF)

L 8? ,8BE8@4 
 
 �� <@C?<64 DH8

ν(EF) ≥ |S(EF)| ≥ |S(F) ∩ S(E)|.

.84@BF ?4 6BG4 C4E4 8? :RA8EB 78 EF 
 (4E4 6474 i ≥ 1 G8A8@BF DH8 Mi 8F ?4

6B@CBF<6<UA 78 ?BF 6H8ECBF 78 9HA6<BA8F Ei L Fi � 8AGBA68F CBE ?4 78F<:H4?747 78

�4FG8?AHBIB� (EBCBF<6<UA 
 
 � � G8A8@BF DH8

g(Mi) ≤ g(Ei)[Mi : Ei] + g(Fi)[Mi : Fi] + [Mi : Ei][Mi : Fi].

(BE BGE4 C4EG8 � 747B DH8

[Mi : E0] = [Mi : Ei][Ei : E0] = [Mi : Fi][Fi : E0]

8AGBA68F
g(Mi)

[Mi : E0]
≤ g(Ei)

[Ei : E0]
+

g(Fi)

[Fi : E0]
+ 1,

?H8:B�

γ(EF) ≤ γ(E) + γ(F) + 1.

�?4E4@8AG8 G8A8@BF ?4 F<:H<8AG8 6BG4 C4E4 8? ?S@<G8 78 EF

λ(EF) =
ν(EF)

γ(EF)
≥ |S(F) ∩ S(E)|
γ(E) + γ(F) + 1

·

� � � � ����� �� ������� �� ������������%� ��

���������� ������� ��

�? 8FC46<B 78 78F6B@CBF<6<UA 78 HA4 GBEE8 78 6H8ECBF 78 9HA6<BA8F 78�A<74 78 9BE@4

E86HEF<I4 =H8:4 HA C4C8? I<G4? 8A 8? 8FGH7<B 78 FH 6B@CBEG4@<8AGB 4F<AGUG<6B� CH8F
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F< 7<6;B 8FC46<B 8F AB I46SB 8AGBA68F ?4 GBEE8 G<8A8 G4F4 78 78F6B@CBF<6<UA CBF<G <I4

� ,8BE8@4 
 
 ��� 
  4FG4 8? @B@8AGB AB F8 6BAB68A GBEE8F E86HEF<I4F 4F<AGUG<64@8AG8

5H8A4F 6BA 8FC46<B 78 78F6B@CBF<6<UA I46SB
 �8 4??S ?4 E8?8I4A6<4 78 74E 6BA7<6<BA8F

DH8 :4E4AG<68A DH8 HA4 FH68F<UA AB GE<I<4? 78 6H8ECBF 78 9HA6<BA8F G8A:4 8FC46<B 78

78F6B@CBF<6<UA AB I46SB


� ?B ?4E:B 78 8FG4 F866<UA 8? FS@5B?B Zf 78ABG4EP 8? 6BA=HAGB 78 68EBF 8A Fq 78 HA4

9HA6<UA E46<BA4? f ∈ Fq(T )


")35)1% � � �� � %��  +5 8+3' 	� � & �+' F = {Fi}∞i=0 95 ( 8+ Fq ;4' (a, b)� 9;)+ 9/D4 *+

);+865 9 *+ ,;4) /5 4+ 9� )5 4 a(T ) = a1(T )/a2(T )� :' 2 7;+ Fq + 9 + 2 );+865 :5 :' 2 *+

)5 49:'4:+ 9 6'8' )'*' i ≥ 0� �;654-'35 9 7;+ +>/9:+ ;4' ,;4) /D4 8') /5 4'2 φ(T ) ∈
Fq(T ) ? 7;+ 9+ );362+4 2'9 9/-;/+4:+ 9 )5 4*/) /5 4+ 9�

/ � Za1 ∩Za2 = ∅.

// � Zφ◦a ⊆ Fq.

/// � Zφ◦a ⊆ Zφ◦b .

/<� σi+1(T ) = a1(T ) − a2(T )b(xi) ∈ Fi[T ] + 9 + 2 65 2/453/5 3/4/3'2 *+ xi+1 95 ( 8+ Fi

6'8' :5*5 i ≥ 0�

< � �'8' :5*5 γ ∈ Zφ◦a + 2 65 2/453/5 σ(T ) = a1(T ) − a2(T )b(γ) ∈ Fq[T ] :/+4+ -8'*5

d = deg(a1) ? :5*'9 9;9 8'C)+ 9 95 4 9/362+ 9�

�4:5 4)+ 9 6'8' :5*5 γ ∈ Zφ◦a � + 2 2;-'8 Px0−γ *+ F0 = Fq(x0) 9+ *+ 9)53654+ )5362+ �

:'3+4:+ +4 F ?� 65 8 25 :'4:5 � + 2 + 96') /5 *+ *+ 9)5365 9/) /D4 *+ F/F0 9':/9,')+

|S(F)| ≥ |Zφ◦a |.

�4 6'8:/);2'8�

g(Fi) → ∞ );'4*5 i→ ∞ ? N(Fi) ≥ deg(a)i|Zφ◦a |.

� 6BAG<AH46<UA I8E8@BF DH8 8? G8BE8@4 4AG8E<BE F8 CH878 :8A8E4?<M4E @B7<�64A7B

?4 ;<CUG8F<F iv 
 '5F8EI8@BF DH8 7<6;4 ;<CUG8F<F <@C?<64 DH8 [Fi+1 : Fi] = deg a C4E4

6474 i ≥ 0
 + <A 8@54E:B� ?B DH8 8A :8A8E4? 6H@C?8 HA4 (a, b)	FH68F<UA AB GE<I<4?

F = {Fi}∞i=0 FB5E8 Fq 8F DH8 [Fi+1 : Fi] ≤ deg a C4E4 6474 i ≥ 0
 + < 8K<FG8 HA

8AG8EB AB A8:4G<IB j G4? DH8 [Fi+1 : Fi] < deg a C4E4 6474 i ≥ j 7<E8@BF DH8 ?4

(a, b)	FH68F<UA F 8F 5)(8'-&0) 




!3&5) )0 )64%'-3 () ()6'31436-'-B2 () 68')6-32)6 5)'856-9%6 �


+84A F = {Fi}∞i=0 HA4 (a, b)	FH68F<UA E87H6<5?8 AB GE<I<4? FB5E8 Fq G4? DH8 6474

8KG8AF<UA Fi+i/Fi 8FGP 78�A<74 CBE 8? CB?<AB@<B F8C4E45?8

ρi+1(T ) := a1(T ) − a2(T )b(xi),

7BA78 ρi+1(T ) 8F HA CB?<AB@<B E87H6<5?8 C4E4 6474 i ≥ j L j 8F HA 8AG8EB AB

A8:4G<IB� L 78ABG8@BF CBE ϕi+1(T ) ∈ Fi[T ] 4? CB?<AB@<B @<A<@4? 78 xi+1 FB5E8 Fi 


+ HCBA:4@BF G4@5<RA DH8 C4E4 6474 i ≥ j

r = degϕi+1 = [Fi+1 : Fi] < deg a L ρi+1(T ) = ϕi+1(T )ηi+1(T )

C4E4 4?:WA ηi+1(T ) ∈ Fi[T ] 78 :E47B @4LBE DH8 HAB


")35)1% � � �� � �+' F = {Fi}∞i=0 95 ( 8+ Fq + 9 ;4' 9;)+ 9/D4 (a, b)� 8+);89/<' 45 :8/</' 2

)535 2' *+ 9)8/:' '4:+ 8/5 83+4:+ � �/ +>/9:+ φ(t) ∈ Fq(t) :' 2 7;+ 9+ );362+ 7;+ �

/ � Zφ◦a ⊆ Fq �

/ / � Zφ◦a ⊆ Zφ◦b �

/ / / � �'8' )'*' α ∈ Zφ◦a +>/9:+ ;4 2;-'8 8') /5 4'2 Pα ∈ P(Fj) :' 2 7;+ + 2 65 2/453/5

ρα(T ) := ρi+1(T ) mód Pα ∈ Fq[T ] + 9 9+6'8'( 2+ *+ -8'*5 deg a�

�4:5 4)+ 9 F + 9 ;4' :5 88+ 95 ( 8+ Fq )5 4 + 96') /5 *+ *+ 9)5365 9/) /D4 Sj(F) 45 <') C5 ?

:'9' *+ *+ 9)5365 9/) /D4 65 9/:/<' � '*+3A9� ν(F) 9':/9,')+ 2' 9/-;/+4:+ + 9:/3') /D4

ν(F) ≥ |Sj(F)| ≥ |Zφ◦a |
[Fj : F0]

·

�+35 9:8') /D4� (EB54E8@BF DH8 {Pα ∈ P(Fj) : α ∈ Zφ◦a} ⊆ Sj(F)
 � BAF<78E8@BF

8? ?H:4E E46<BA4? Pα ∈ P(Fj) 7BA78 α ∈ Zφ◦a 
 �47B DH8 8? CB?<AB@<B @<A<@4? 78

xj+1 FB5E8 Fj 8F ϕj+1(T ) L ρj+1(T ) = ϕj+1(T )ηj+1(T ) C4E4 4?:WA ηj+1(T ) ∈ Fj+1[T ]

8AGBA68F ?4 6BA7<6<UA <<< <@C?<64 DH8 ϕα(T ) := ϕj+1(T ) mód Pα ∈ Fq[T ] 8F HA

CB?<AB@<B F8C4E45?8 � 4FS DH8 ϕα(T ) G <8A8 r = degϕα = degϕj+1 E4S68F 7<FG <AG4F 8A

Fq � ? ?4@R@BF?4F β1, . . . , βr 
 �47B DH8 ρα(βi) = ϕα(βi)ηα(βi) = 0 8AGBA68F a(βi) =

b(α)
 (BE BGE4 C4EG8 � ?4 6BA7<6<UA << <@C?<64 DH8 α ∈ Zφ◦b � CBE ?B G4AGB�

φ(a(βi)) = φ(b(α)) = 0,

8F 786<E� βi ∈ Zφ◦a 
 � <A4?@8AG8 � 78 ?4 6BA7<6<UA <� F8 F<:H8 DH8 βi ∈ Fq 
  8@BF

CEB547B DH8 8? CB?<AB@<B ϕα(T ) G <8A8 GB74F FHF E4S68F 8A Fq � ?H8:B CBE 8? ,8BE8@4

78 #H@@8E � ,8BE8@4 
 
 
 � � 8K<FG8A Q1, . . . , Qr ?H:4E8F E46<BA4?8F 4EE<54 78 Pα G4?8F



�� !#�!#��!����! $ !#�� !#��!����!

DH8 xj+1(Qi) = βi C4E4 i = 1, . . . , r� 8F 786<E� DH8 Pα F8 78F6B@CBA8 6B@C?8G4@8AG8

8A Fj+1/Fj 
 �;BE4 CEB6874@BF CBE <A7H66<UA
 +HCBA:4@BF DH8 8? ?H:4E Pα 78 Fj

F8 78F6B@CBA8 6B@C?8G4@8AG8 8A ?4 8KG8AF<UA Fn/Fj C4E4 n > j � 8F 786<E� DH8

8K<FG8A k := [Fn : Fj ] ?H:4E8F E46<BA4?8F 4EE<54 78 Pα 78ABG47BF CBE Qα,1, . . . , Qα,k

DH8 F4G<F9468A xn(Qα,i) = γi C4E4 4?:WA γi ∈ Zφ◦a 
 .84@BF DH8 ?BF ?H:4E8F Qα,i

F8 78F6B@CBA8A 6B@C?8G4@8AG8 8A Fn+1/Fn 
 + 84A Q = Qα,i L γ = γi C4E4 4?:WA

1 ≤ i ≤ k 
 (BE ?4 6BA7<6<UA <<< G8A8@BF DH8 8? CB?<AB@<B

ργ(T ) = ϕγ(T )ηγ(T )

8F F8C4E45?8 � CBE ?B G4AGB� ϕγ(T ) G <8A8 r E4S68F 7<FG <AG4F 8A Fq L ?4F 78ABG4E8@BF

CBE θ1, . . . , θr 
 �47B DH8 ργ(θl) = ϕγ(θl)ηγ(θl) = 0 8AGBA68F a(θl) = b(γ)� ?H8:B CBE

?4 6BA7<6<UA <<

φ(a(θl)) = φ(b(γ)) = 0,

CBE ?B G4AGB� θl ∈ Zφ◦a L 78? <A6<FB < 6BA6?H<@BF DH8 θl ∈ Fq 
  8@BF CEB547B DH8 6474

CB?<AB@<B ϕγi(T ) G <8A8 GB74F FHF E4S68F 8A Fq � ?H8:B CBE 8? ,8BE8@4 78 #H@@8E 6474

?H:4E Qα,i F8 78F6B@CBA8 6B@C?8G4@8AG8 8A ?4 8KG8AF<UA Fn+1/Fn � 8FGB 8F � 8K<FG8A

Rα,i,1, . . . , Rα,i,r

?H:4E8F E46<BA4?8F 4EE<54 78 Qα,i G4?8F DH8 xn+1(Rα,i,l) = θl C4E4 l = 1, . . . , r 
 � <	

A4?@8AG8 � 6BA6?H<@BF DH8 8? ?H:4E Pα F8 78F6B@CBA8 6B@C?8G4@8AG8 8A ?4 GBEE8 �

?H8:B

Sj(F) ⊇ {Pα ∈ P(Fj) : α ∈ Zφ◦a},

L CBE 8? ,8BE8@4 
 
 �� G8A8@BF DH8

ν(F) ≥ |Sj(F)|
[Fj : F0]

≥ |Zφ◦a |
[Fj : F0]

·

�A C4EG<6H?4E� N(Fi) → ∞ 6H4A7B i → ∞ ?H8:B CBE ?4 6BG4 78  4FF8	/8<? F8

G <8A8 DH8 g(Fi) → ∞ 6H4A7B i → ∞� 478@PF� ?4 8K<FG8A6<4 78 4? @8ABF HA ?H:4E

E46<BA4? 8A 6474 Fi :4E4AG<M4 DH8 Fq 8F 8? 6H8ECB GBG4? 78 6BAFG4AG8F 78 Fi C4E4 6474

i ≥ 0


� 6BAG<AH46<UA CE8F8AG4E8@BF 4?:HABF 8=8@C?BF 


�.)1403 � � �	� �BAF<78E8@BF ?4 FH68F<UA 78 6H8ECBF 78 9HA6<BA8F S = {Gi}∞i=0



!3&5) )0 )64%'-3 () ()6'31436-'-B2 () 68')6-32)6 5)'856-9%6 ��

FB5E8 F9 78�A<74 78 9BE@4 E86HEF<I4 CBE ?4 86H46<UA

y4 − y
y + 1

= − x + 2

x4 + x
· � � 
 
 � �

�A 8FG8 64FB 8? CB?<AB@<B DH8 78�A8 ?4 FH68F<UA S 8F

ρ(T ) = T 4 − T + (T + 1)
x + 2

x4 + x
= T 4 − x

4 + 1

x4 + x
T +

x + 2

x4 + x
·

(H8FGB DH8 ρ(x−1
x+1

) = 0 8AGBA68F ρ(T ) = ϕ(T )η(T ) 6BA η(T ) = T − x−1
x+1

L

ϕ(y) = y3 +
x + 2

x + 1
y2 +

?
x + 2

x + 1

?2

y +
2

x(x + 1)2
= 0. � � 
 
 ��

(B78@BF E88F6E<5<E ?4 86H46<UA 4AG8E<BE 6B@B

(y + 2)3 +
x + 2

x + 1
(y + 2)2 +

x + 2

(x + 1)2
(y + 2) +

x + 2

x(x + 1)2
= 0,

?H8:B� HA CB?<AB@<B DH8 F8 4AH?4 8A y + 2 L 78�A8 ?4 FH68F<UA S 8F

ϕ̂(T ) = T 3 +
x + 2

x + 1
T 2 +

x + 2

(x + 1)2
T +

x + 2

x(x + 1)2
·

(4E4 CEB54E DH8 S 8F HA4 FH68F<UA AB GE<I<4? 78 6H8ECBF 78 9HA6<BA8F 8F FH�6<8AG8

@BFGE4E DH8 8K<FG8 HA ?H:4E GBG4?@8AG8 E4@<�647B 8A 6474 8KG8AF<UA Fi+1/Fi 
 �A

8986GB� F < 78ABG4@BF CBE P1 8? 68EB F<@C?8 78 x0 + 2 8A F0 8AGBA68F � CBE 8? 6E<G8E<B

78 �<F8AFG8<A � (EBCBF<6<UA 
 
 
 � � �

ϕ̂1(T ) := T 3 +
x0 + 2

x0 + 1
T 2 +

x0 + 2

(x0 + 1)2
T +

x0 + 2

x0(x0 + 1)2

8F HA CB?<AB@<B <EE87H6<5?8 FB5E8 F0 � P1 8F GBG4?@8AG8 E4@<�647B L 8K<FG8 HA WA<6B

?H:4E DH8 8F HA CB?B F<@C?8 78 x1 + 2
 -F4A7B <A7H6G<I4@8AG8 8FG8 4E:H@8AGB F8

CEH854 DH8 8? ?H:4E P1 8F GBG4?@8AG8 E4@<�647B 8A S � ?B DH8 <@C?<64 DH8 S 8F HA4

FH68F<UA AB GE<I<4? 78 6H8ECBF 78 9HA6<BA8F 
 �A C4EG<6H?4E� 8FG8 E8FH?G47B @H8FGE4

DH8 8? CB?<AB@<B

ϕi+1(T ) := T 3 +
xi + 2

xi + 1
T 2 +

?
xi + 2

xi + 1

?2

T +
2

xi(xi + 1)2
∈ Fi[T ],

DH8 78�A8 6474 8KG8AF<UA Fi+1/Fi � 8F <EE87H6<5?8 C4E4 i ≥ 0
 �;BE4� I84@BF DH8 ?4

FH68F<UA S F4G<F9468 ?4F 78@PF ;<CUG8F<F E8DH8E<74F 8A 8? ,8BE8@4 � 
 �� 
 �BAF<78E8@BF



�� !#�!#��!����! $ !#�� !#��!����!

?4F 9HA6<BA8F E46<BA4?8F

a(T ) =
T 4 − T
T + 1

, b(T ) = − T + 2

T 4 + T
, L φ(T ) = T + 1.

�AGBA68F

φ(a(T )) =
T 4 + 1

T + 1
L φ(b(T )) =

T 4 + 1

T 4 + T
,

?B DH8 <@C?<64 DH8 Zφ◦a = Zφ◦b 
 �F 9P6<? I8E DH8 Zφ◦a ⊆ F9 
 �A 8986GB� 747B α ∈ F9

G4? DH8 α4 + 1 = 0 F8 G <8A8 DH8 α8 = (α4)2 = (−1)2 = 1� ?H8:B α9 = α
 � <A4?@8AG8 �

C4E4 6474 α ∈ Zφ◦a G8A8@BF HA ?H:4E E46<BA4? Pα 8A F9(x0) L 8? CB?<AB@<B

ρα(T ) = ρ(T ) mód Pα = T 4 − α4 + 1

α4 + α
T +

α + 2

α4 + α
= T 4 + 1

8F F8C4E45?8 L 78 :E47B 6H4GEB� CBE ?B G4AGB� S 8F HA4 GBEE8 FB5E8 F9 L FH G4F4 78

78F6B@CBF<6<UA F4G<F9468 ν(S) ≥ |Zφ◦a | = 4.

�.)1403 � � �
 � �BAF<78E8@BF AH8I4@8AG8 ?4 GBEE8 F4 = {Hi}∞i=0 FB5E8 Fq3 78�A<74

78 9BE@4 E86HEF<I4 CBE ?4 86H46<UA

yq+1 + y =
x + 1

xq+1
· � � 
 
 � �

�A 8FG8 64FB 8? CB?<AB@<B DH8 78�A8 ?4 FH68F<UA F4 8F 8? CB?<AB@<B F8C4E45?8

ρ(T ) = T q+1 + T − x + 1

xq+1
·

�47B DH8 −(x + 1)/x 8F HA4 E4SM 78? CB?<AB@<B ρ(T ) 8AGBA68F

ρ(T ) =

?
q?

j=1

?
−x + 1

x

?q−j

T j − 1

xq

??
T +

x + 1

x

?
:= ϕ(T )η(T ),

L 747B DH8 ρ(y) = 0 F8 G <8A8 DH8

ϕ(y) =

q?

j=1

?
−x + 1

x

?q−j

yj − 1

xq
= 0.

�;BE4 CEB54E8@BF� C4E4 6474 i ≥ 0� DH8 8? CB?<AB@<B

ϕi+1(T ) :=

q?

j=1

?
−xi + 1

xi

?q−j

T j − 1

xqi
∈ Fi[T ]

DH8 78�A8 6474 8KG8AF<UA Fi+1/Fi 8F <EE87H6<5?8 
 (H8FGB DH8 ϕi+1(xi+1) = 0 8AGBA68F



!3&5) )0 )64%'-3 () ()6'31436-'-B2 () 68')6-32)6 5)'856-9%6 ��

(xi+1 + 1)q +

q−1?

j=1

xi + 1

(−xi)q−j
(xi+1 + 1)j − xi + 1

xqi
= 0,

8F 786<E� xi+1 + 1 8F HA4 E4SM 78? CB?<AB@<B

ϕ̂i+1(T ) := T q +

q−1?

j=1

xi + 1

(−xi)q−j
T j − xi + 1

xqi
∈ Fi[T ].

�BAF<78E8@BF 8? 68EB F<@C?8 Q0
−1 78 x0 + 1 8A F0 
 (H8FGB DH8

νQ0
−1

(1) = 0 L νQ0
−1

?
x0 + 1

(−x0)q−j

?
= νQ0

−1

?
x0 + 1

xq0

?
= 1

8AGBA68F CBE 8? 6E<G8E<B 78 �<F8AFG8<A 8K<FG8 HA WA<6B ?H:4E Q1
−1 8A F1 DH8 8F HA

68EB F<@C?8 78 x1 + 1� 478@PF� e(Q1
−1|Q0

−1) = q 
 -F4A7B 8? 4E:H@8AGB 4AG8E<BE F8

CEH854 CBE <A7H66<UA DH8 8? ?H:4E Q0
−1 8F GBG4?@8AG8 E4@<�647B 8A ?4 FH68F<UA F4 


�A C4EG<6H?4E� F4 8F HA4 FH68F<UA AB GE<I<4? L 8? CB?<AB@<B ϕi+1 8F <EE87H6<5?8 FB5E8

Fi C4E4 6474 i ≥ 0� 6B@B F8 DH8ES4 CEB54E
 �;BE4� I84@BF DH8 F8 F4G<F9468A 8? E8FGB

78 6BA7<6<BA8F C87<74F 8A 8? ,8BE8@4 � 
 �� 
 �BAF<78E8@BF ?4F 9HA6<BA8F E46<BA4?8F

a(T ) = T q+1 + T, b(T ) =
T + 1

T q+1
L φ(T ) = T + 1

?H8:B

φ(a(T )) = T q+1 + T + 1 L φ(b(T )) =
T q+1 + T + 1

T q+1
.

$4 6BA7<6<UA << F8 6H@C?8 GE<I<4?@8AG8 
 %BFGE8@BF DH8 F8 F4G<F9468 < 
 + 84 α ∈ Zφ◦a

8AGBA68F αq+1 + α + 1 = 0� ?H8:B

αq3−1 = (αq2+q+1)q−1 = (αq2+q · α)q−1 = ((−α − 1)q · α)q−1 = 1q−1 = 1.

(BE W?G <@B� @BFGE8@BF DH8 F8 6H@C?8 ?4 6BA7<6<UA <<< 
 �A 8FG8 64FB j = 0
 (4E4 6474

α ∈ Zφ◦a 6BAF<78E8@BF 8? ?H:4E E46<BA4? Pα 78 P(x0)
 � ?4E4@8AG8 8? CB?<AB@<B

ρα(T ) = T q+1 + T − α + 1

αq+1
= T q+1 + T + 1

F8 F8C4E45?8 L 78 :E47B deg ρ(T ) = q + 1
 �8 GB7B ?B 4AG8E<BE 6BA6?H<@BF DH8 F4

8F HA4 GBEE8 6BA 8FC46<B 78 78F6B@CBF<6<UA AB I46SB FB5E8 F0 L DH8 FH G4F4 78

78F6B@CBF<6<UA F4G<F9468

ν(F) ≥ |Zφ◦a | = q + 1.



�� !#�!#��!����! $ !#�� !#��!����!

�A :8A8E4?� AB 8F 9P6<? 78G8E@<A4E F< HA4 86H46<UA 78�A8 HA4 FH68F<UA AB E86HEF<	

I4 78 6H8ECBF 78 9HA6<BA8F � 6B@B I<@BF 8A ?BF 8=8@C?BF 4AG8E<BE8F 
 (4E4 �A4?<M4E

8FG4 F866<UA 74E8@BF 4?:HABF 6E<G8E<BF C4E4 CEB54E DH8 6<8EG4F 86H46<BA8F 78�A8A

FH68F<BA8F E86HEF<I4F AB GE<I<4?8F 


�53436-'-B2 � � �� � �+'4 a(T ), b1(T ), b2(T ) 65 2/453/5 9 )5 4 )5+�) /+4:+ 9 95 ( 8+ Fq :' �

2+ 9 7;+ �

/ � a?(T ) ?= 0�

/ / � b1(T ) ? b2(T ) 95 4 65 2/453/5 9 )5 68/35 9 ?

/// � k := deg(b1(T )) − deg(b2(T )) > 0�

�5 49/*+8+35 9 2' 9;)+ 9/D4 *+ );+865 9 *+ ,;4) /5 4+ 9 F = {Fi}∞i=0 95 ( 8+ Fq *+�4/*'

8+);89/<'3+4:+ 65 8 2' +);') /D4

a(y) = b(x) :=
b1(x)

b2(x)
·

�;654-'35 9� '*+3A9� 7;+ +>/9:+ ;4 2;-'8 P ∈ P(F0) 7;+ );362+ 2' )5 4*/) /D4

νP (b(x0)) < 0 ? (k · νP (b(x0)), deg a) = 1. � � 
 
 � �

�4:54)+ 9 P + 9 ;4 2;-'8 :5 :' 23+4:+ 8'3/�)'*5 +4 2' :5 88+ � +4 6'8:/);2'8� F + 9 ;4'

9;)+ 9/D4 45 :8/</' 2 95 ( 8+ Fq :' 2 7;+ 6'8' )'*' i ≥ 0 2' +>:+49/D4 Fi+1/Fi + 9 9+6'8'( 2+

? Fq + 9 + 2 );+865 :5 :' 2 *+ )5 49:'4:+ 9 *+ Fi �

�+35 9:8') /D4� �F FH�6<8AG8 @BFGE4E DH8 P 8F GBG4?@8AG8 E4@<�647B 8A ?4 8KG8AF<UA

Fi/F0 C4E4 6474 i ≥ 0
 + 84A n := deg a L Q1 ∈ P(F1) HA ?H:4E 4EE<54 78 P 
 �47B

DH8 P 8F HA CB?B 78 b(x0) L νQ1(a(x1)) = e(Q1|P )νP (b(x0)) 8AGBA68F Q1 8F HA CB?B

78 a(x1)� ?H8:B CBE ?4 78F<:H4?747 GE<4A:H?4E 8FGE<6G4 G8A8@BF DH8

nνQ1(x1) = νQ1(a(x1)) = e(Q1|P )νP (b(x0)). � � 
 
 ��

�;BE4� ?4 ;<CUG8F<F (k ·νP (b(x0)), n) = 1 L ?4 <:H4?747 � � 
 
 �� <@C?<64A DH8 n 7<I<78 4

e(Q1|P )
 (BE BGE4 C4EG8 � 8F 5<8A F45<7B DH8 e(Q1|P ) ≤ [F1 : F0] ≤ deg a = n� CBE ?B

G4AGB� P 8F GBG4?@8AG8 E4@<�647B 8A F1/F0 � Fq 8F 8? 6H8ECB GBG4? 78 6BAFG4AG8F 78

F1 L 8? CB?<AB@<B ϕ1(T ) := a(T )− b(x0) 8F <EE87H6<5?8 FB5E8 F0 � 478@PF� ?4 ;<CUG8F<F

a?(T ) ?= 0 :4E4AG<M4 DH8 ϕ1(T ) 8F F8C4E45?8 
 �8 ?4 <:H4?747 � � 
 
 �� G4@5<RA F8 787H68

DH8 Q1 8F HA CB?B 78 x1 � CBE ?B G4AGB�

νQ1(b(x1)) = deg b1 · νQ1(x1) − deg b2 · νQ1(x1) = k · νP (b(x0)). � � 
 
 � �
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�;BE4� C4E4 i > 0� FHCBA:4@BF DH8 8K<FG8 HA ?H:4E Qi ∈ P(Fi) 4EE<54 78 P G4? DH8

e(Qi|P ) = [Fi : F0] = ni L νQi
(xi) = ki−1 · νP (b(x0)).

+84 Qi+1 HA ?H:4E 78 Fi+1 DH8 648 FB5E8 Qi 
 �47B DH8 ki−1 · νP (b(x0)) < 0 F8 F<:H8

DH8 Qi 8F HA CB?B 78 xi � 478@PF� CBE HA 4E:H@8AGB F<@<?4E 4? 747B 8A � � 
 
 � � G8A8@BF

DH8

νQi
(b(xi)) = k · νQi

(xi) = ki · νP (b(x0))

L

νQi+1
(a(xi+1)) = e(Qi+1|Qi)νQi

(b(xi)) = e(Qi+1|Qi)k
iνP (b(x0)).

(BE ?B G4AGB� Qi+1 8F HA CB?B 78 x1 L F8 6H@C?8 DH8

nνQi+1
(xi+1) = νQi+1

(a(xi+1)) = e(Qi+1|Qi)νP (b(x0))k
i.

�<A4?@8AG8 � ?4 ;<CUG8F<F (kνP (b(x0)), n) = 1 <@C?<64 DH8

e(Qi+1|Qi) = [Fi+1 : Fi] = n L νQi+1
(xi+1) = ki · νP (b(x0)),

CBE 6BAF<:H<8AG8 � P 8F GBG4?@8AG8 E4@<�647B 8A ?4 8KG8AF<UA Fi+1/F0 � Fq 8F 8? 6H8ECB

GBG4? 78 6BAFG4AG8F 78 Fi+1 L ϕi+1(T ) = a(T )− b(xi) 8F <EE87H6<5?8 FB5E8 Fi L 6B@B

ϕ?
i+1(T ) = a?(T ) ?= 0 6BA6?H<@BF DH8 ?4 8KG8AF<UA Fi+1/Fi 8F F8C4E45?8 


�3530%5-3 � � �� � �+'4 b1, b2 ∈ Fq[T ] 65 2/453/5 9 )5 68/35 9 :' 2+ 9 7;+ k := deg b1 −
deg b2 > 0� �+' a(T ) ;4 65 2/453/5 '*/:/<5 ? 9+6'8'( 2+ :' 2 7;+ Fq + 9 + 2 );+865 *+

*+ 9)5365 9/) /D4 *+ a(T ) ? )5 49/*+8+35 9 2' 9;)+ 9/D4 F = {Fi}∞i=0 *+�4/*' 65 8 2'

+);') /D4 a(y) = b(x) := b1(x)
b2(x)

� �/ +>/9:+4 '2 3+45 9 *5 9 2;-'8+ 9 +4 F0 7;+ );362+4 2'

)5 4*/) /D4 � � 
 
 � � +4:5 4)+ 9 F + 9 ;4' :5 88+ *+ :/65 �8:/4��).8+ /+ 8�

�+35 9:8') /D4� (4E4 I8E DH8 F 8F HA4 GBEE8 FB5E8 Fq E8FG4 CEB54E DH8 8K<FG8 Fj G4?

DH8 g(Fj) > 2
 + 84A P1, P2 ?BF ?H:4E8F 78 F0 DH8 F4G<F9468A ?4 6BA7<6<UA � � 
 
 � � 
 (BE

?4 (EBCBF<6<UA � 
 � � G8A8@BF DH8 P1 L P2 FBA GBG4?@8AG8 E4@<�647BF 8A ?4 8KG8AF<UA

F1/F0 � ?H8:B 8? ,8BE8@4 
 
 
 � <@C?<64 DH8

d(Qi|Pi) = (mPi
+ 1)(deg a− 1),

7BA78 mPi
FBA 8AG8EBF AB A8:4G<IBF L Qi 78ABG4 8? WA<6B ?H:4E 8A F2 4EE<54 78 Pi 
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�;BE4� CBE ?4 9UE@H?4 78? :RA8EB 78  HEGJ<M F8 F<:H8 DH8

g(F1) ≥ 1 + (g(F0)− 1) deg a+
1

2

2?

i=1

d(Qi|Pi) ≥ 1−deg a+ 2(deg a− 1) ≥ deg a− 1.

+ < deg a > 2 6BA6?H<@BF DH8 g(F1) > 1
 �A 64FB 78 DH8 deg a = 2 L g(F1) = 1� 6BA

HA 4E:H@8AGB F<@<?4E 4? 4AG8E<BE� F8 CEH854 DH8 g(F2) ≥ 2 CH8FGB DH8 Q1 L Q2 FBA

?H:4E8F GBG4?@8AG8 E4@<�647BF 8A F2/F1 
 �8 GB7B ?B 4AG8E<BE 6BA6?H<@BF DH8 F 8F

HA4 GBEE8 
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