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❘❡s✉♠❡♥

❊st❡ tr❛❜❛❥♦ t✐❡♥❡ ♣♦r ♦❜❥❡t♦ ❡❧ ❡st✉❞✐♦ ❞❡ ❧❛s ❚r❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③ ❛s♦❝✐❛❞❛s ❛❧
♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r ❡♥ Rd✱ ❡st♦ ❡s✱ L = −∇+V ✱ ❞♦♥❞❡ ❡❧ ♣♦t❡♥❝✐❛❧ V ❡s ♥♦ ♥❡❣❛t✐✈♦✱
♥♦ ✐❞é♥t✐❝❛♠❡♥t❡ ♥✉❧♦ ② ❝✉♠♣❧❡ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ r❡✈❡rs❡✲❍ö❧❞❡r ❞❡ ♦r❞❡♥ q✱ ❝♦♥ q > d/2 ②
d ≥ 3✳ ❊st❛ ❝♦♥❞✐❝✐ó♥ ❡①♣r❡s❛ q✉❡ ❧♦s ♣r♦♠❡❞✐♦s s♦❜r❡ ❜♦❧❛s ❡♥ ♥♦r♠❛ q ❡stá♥ ♠❛②♦r❛❞♦s
♣♦r ✉♥❛ ❝♦♥st❛♥t❡ ✈❡❝❡s ❧♦s ♣r♦♠❡❞✐♦s✱ ② ❡♥ ♣❛rt✐❝✉❧❛r r❡q✉✐❡r❡ q✉❡ V ♣❡rt❡♥❡③❝❛ ❛ Lq❧♦❝✳
❈♦♠♦ ❧❛ ❢✉♥❝✐ó♥ V (x) = |x|2 s❛t✐s❢❛❝❡ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞ ❝✉❛❧q✉✐❡r❛ s❡❛ ❡❧ ✈❛❧♦r ❞❡ q✱
♥✉❡str♦ tr❛❜❛❥♦ ✐♥❝❧✉②❡ ❡❧ ❝❛s♦ ❞❡❧ ❖s❝✐❧❛❞♦r ❆r♠ó♥✐❝♦✳

❈♦♥s✐❞❡r❛♠♦s s♦❧❛♠❡♥t❡ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③ ❞❡ ♣r✐♠❡r♦ ② s❡❣✉♥❞♦ ♦r❞❡♥ ♣✉❡s
s♦♥ ❧❛s q✉❡ ✐♥t❡r❡s❛♥ ❛ ❡❢❡❝t♦s ❞❡ ♣r♦✈❡❡r ✉♥❛ ✐♥❢♦r♠❛❝✐ó♥ ❝✉❛❧✐t❛t✐✈❛ s♦❜r❡ s♦❧✉❝✐♦♥❡s ❞❡
❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ❛s♦❝✐❛❞❛✳ ❆ ❞✐❢❡r❡♥❝✐❛ ❞❡❧ ❝❛s♦ V = 0✱ ❛q✉í ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡
❘✐❡s③ ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ♥♦ s♦♥ ✉♥❛ s✐♠♣❧❡ ❝♦♠♣♦s✐❝✐ó♥ ❞❡ ❧❛s ❞❡ ♣r✐♠❡r ♦r❞❡♥✱ ♣♦r ❧♦ q✉❡
s✉ ❡st✉❞✐♦ ❞❡❜❡ ❤❛❝❡rs❡ ✐♥❞❡♣❡♥❞✐❡♥t❡♠❡♥t❡✳ ▼ás ❡s♣❡❝í✜❝❛♠❡♥t❡✱ ❧♦s ♦♣❡r❛❞♦r❡s ♦❜❥❡t♦
❞❡ ❛♥á❧✐s✐s s♦♥✿ ∇L−1/2,∇2L−1, V 1/2L−1/2✱ V L−1 ② V 1/2∇L−1 ② s✉s ❛❞❥✉♥t♦s✳ ❘❡s♣❡❝t♦ ❛
❡st♦s ú❧t✐♠♦s✱ ❝♦♠♦ ❡♥ ❡st❡ ❝♦♥t❡①t♦ ♥♦ ❝♦♥♠✉t❛♥ ❧❛s ❞❡r✐✈❛❞❛s ❝♦♥ ❡❧ ♦♣❡r❛❞♦r ❞✐❢❡r❡♥❝✐❛❧
L✱ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③ ② s✉s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❞❥✉♥t♦s ♣✉❡❞❡♥ t❡♥❡r ♣r♦♣✐❡❞❛❞❡s
♠✉② ❞✐❢❡r❡♥t❡s✱ ❝♦♠♦ s❡rá ❡✈✐❞❡♥t❡ ❛ ❧♦ ❧❛r❣♦ ❞❡ ❧❛ ❡①♣♦s✐❝✐ó♥✳

P❛r❛ ❡st♦s ♦♣❡r❛❞♦r❡s✱ q✉❡ ❧❧❛♠❛r❡♠♦s ❚r❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r✱ ♦❜t❡♥✲
❞r❡♠♦s ❞✐st✐♥t♦s t✐♣♦ ❞❡ r❡s✉❧t❛❞♦s q✉❡ ♣♦❞❡♠♦s ❡♥❣❧♦❜❛r ❡♥ ❡st✐♠❛❝✐♦♥❡s ❞❡ s✉❛✈✐❞❛❞ ②
❞❡ t❛♠❛ñ♦✳

❆sí✱ ❡♥ ❧♦s ❝❛♣ít✉❧♦s ✸ ② ✹✱ ♦❜t❡♥❡♠♦s ❛❝♦t❛❝✐♦♥❡s ❞❡ ❛❧❣✉♥♦s ❞❡ ❡st♦s ♦♣❡r❛❞♦r❡s
s♦❜r❡ ❛♣r♦♣✐❛❞❛s ✈❡rs✐♦♥❡s ❞❡ ❡s♣❛❝✐♦s BMO ② ▲✐♣s❝❤✐t③ ♣❡s❛❞♦s✳ ❇❛❥♦ ❡st❛s ♠í♥✐♠❛s
❝♦♥❞✐❝✐♦♥❡s s♦❜r❡ ❡❧ ♣♦t❡♥❝✐❛❧✱ ❙❤❡♥ ❞❡♠♦stró q✉❡✱ s❛❧✈♦ ❧❛ tr❛♥s❢♦r♠❛❞❛ R1 = ∇L−1/2

❝✉❛♥❞♦ q > d✱ t♦❞❛s ❧❛s r❡st❛♥t❡s ♠❡♥❝✐♦♥❛❞❛s s♦♥ ❛❝♦t❛❞❛s ❡♥ Lp só❧♦ ♣❛r❛ p ❡♥ ✉♥
✐♥t❡r✈❛❧♦ ✜♥✐t♦ ❞❡❧ t✐♣♦ (1, s]✱ ♣♦r ❧♦ q✉❡ ♥♦ ♣♦❞❡♠♦s ❡s♣❡r❛r ❛❝♦t❛❝✐ó♥ ♥✐ s✐q✉✐❡r❛ ❡♥
BMO✳ ❉❡ ♦tr♦ ♠♦❞♦✱ ♣♦r ✐♥t❡r♣♦❧❛❝✐ó♥✱ r❡s✉❧t❛rí❛♥ ❛❝♦t❛❞❛s ❡♥ Lp ♣❛r❛ t♦❞♦ ❡❧ r❛♥❣♦
❞❡ p✱ ❡st♦ ❡s✱ 1 < p < ∞✳ ❉❡ ❛q✉í q✉❡ ♥✉❡str♦s r❡s✉❧t❛❞♦s ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✸ s❡ ❛♣❧✐❝❛♥
♠❛②♦r♠❡♥t❡ ❛ ❧♦s ❛❞❥✉♥t♦s✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❡♥ ❡❧ s✐❣✉✐❡♥t❡ ❝❛♣ít✉❧♦ s❡ ❞❛♥ ❛❝♦t❛❝✐♦♥❡s
❞❡ s✉❛✈✐❞❛❞ ♣❛r❛ ❧♦s r❡st❛♥t❡s ♦♣❡r❛❞♦r❡s✱ s✉♣♦♥✐❡♥❞♦ ❝♦♥❞✐❝✐♦♥❡s ♠ás ❢✉❡rt❡s s♦❜r❡ ❡❧
♣♦t❡♥❝✐❛❧✳

❊♥ ❝✉❛♥t♦ ❛ r❡s✉❧t❛❞♦s q✉❡ ❞❛♥ ❡st✐♠❛❝✐♦♥❡s ❞❡ t❛♠❛ñ♦ ❞❡ ♥✉❡str♦s ♦♣❡r❛❞♦r❡s✱ ♦❜✲
t❡♥❡♠♦s✱ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✺✱ ✈❡rs✐♦♥❡s ❛♣r♦♣✐❛❞❛s ❞❡ ❧♦ q✉❡ ❞❛♠♦s ❡♥ ❧❧❛♠❛r ❞❡s✐❣✉❛❧❞❛❞❡s
❞❡ t✐♣♦ ❋❡✛❡r♠❛♥✲❙t❡✐♥✱ ❡♥ ❧❛s ❝✉❛❧❡s s❡ ❡st✐♠❛ ❧❛ ♥♦r♠❛ ❡♥ Lp ❞❡ Tf r❡s♣❡❝t♦ ❛ ✉♥ ♣❡s♦
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❛r❜✐tr❛r✐♦ ❡♥ tér♠✐♥♦s ❞❡ ❧❛ ♥♦r♠❛✲♣ ❞❡ f r❡s♣❡❝t♦ ❛ ❛❧❣ú♥ ♦♣❡r❛❞♦r ♠❛①✐♠❛❧ ❛♣r♦♣✐❛❞♦
❛♣❧✐❝❛❞♦ ❛❧ ♣❡s♦ ❞❛❞♦✳ ❈♦♠♦ ❡s ❡s♣❡r❛❜❧❡✱ ❧♦s ♦♣❡r❛❞♦r❡s ♠❛①✐♠❛❧❡s q✉❡ ❛♣❛r❡❝❡♥ s♦♥ ❧♦s
♣r♦♣✐♦s ❞❡❧ ❝♦♥t❡①t♦ ❙❝❤rö❞✐♥❣❡r✳

❖tr♦s r❡s✉❧t❛❞♦s ❡♥ Lp ❝♦♥ ♣❡s♦s s♦♥ ♦❜t❡♥✐❞♦s ❡♥ ❡❧ ú❧t✐♠♦ ❝❛♣ít✉❧♦✳ ❆❧❧í s❡ ♦❜t✐❡♥❡♥
♣❛r❛ t♦❞♦s ❧❛s ❘✐❡s③ ② s✉s ❛❞❥✉♥t❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ♣❡s♦s ❞✐❢❡r❡♥t❡s ♣❡r♦ ❞❡❧ t✐♣♦ ❧❧❛♠❛✲
❞♦ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s✳ ❊st❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✐♥❝❧✉②❡♥ ❡❧ ❝❛s♦ ❞❡ ♣❡s♦s ✐❣✉❛❧❡s ② ❝♦♥st✐t✉②❡♥
✉♥❛ ❡①t❡♥s✐ó♥ ❞❡❧ ❝❛s♦ ②❛ ❝♦♥♦❝✐❞♦✳

❋✐♥❛❧♠❡♥t❡ ❝❛❜❡ ♠❡♥❝✐♦♥❛r q✉❡ ✉♥ ❛♣♦rt❡ ♥♦✈❡❞♦s♦ ❞❡ ❡st❡ tr❛❜❛❥♦ r❡s✐❞❡ ❡♥ ❡♥❝♦♥tr❛r
✉♥❛ ❡①♣r❡s✐ó♥ ❧♦❝❛❧ ♣❛r❛ ❡❧ ♥ú❝❧❡♦ ❞❡ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r ❞❡ s❡❣✉♥❞♦
♦r❞❡♥ R2 = ∇2L−1✳ ❊st♦ ♥♦s ♣❡r♠✐t✐ó ✐♥❝❧✉✐r❧❛ ❡♥ ♥✉❡str♦ ❛♥á❧✐s✐s ❛sí ❝♦♠♦ ❛♣❧✐❝❛r ♦tr♦s
r❡s✉❧t❛❞♦s ②❛ ❝♦♥♦❝✐❞♦s ♣❛r❛ ❧❛s r❡st❛♥t❡s tr❛♥s❢♦r♠❛❞❛s✱ ❝♦♠♦ ❡❧ ❝❛s♦ ❞❡ ❧❛ ❛❝♦t❛❝✐ó♥
❡♥ Lp ❝♦♥ ♣❡s♦s ✐❣✉❛❧❡s✳
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❇✐❜❧✐♦❣r❛❢í❛ ✶✹✼



■♥tr♦❞✉❝❝✐ó♥

❊❧ ❛♥á❧✐s✐s ❛r♠ó♥✐❝♦ ❝❧ás✐❝♦ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❡✉❝❧í❞❡♦ d✲❞✐♠❡♥s✐♦♥❛❧ s❡ ❜❛s❛ ❡♥ ❡❧ ❡st✉❞✐♦
❞❡ ❧♦s ♦♣❡r❛❞♦r❡s r❡❧❛❝✐♦♥❛❞♦s ❛❧ ♣r♦❜❧❡♠❛ ❞❡ ❞✐❢✉s✐ó♥ ❞❡❧ ❝❛❧♦r ② ❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ▲❛♣❧❛❝❡✱
❡st♦ ❡s✱

❉✐❢✉s✐ó♥ ❞❡❧ ❝❛❧♦r✿ ❤❛❧❧❛r u(x, t) t❛❧ q✉❡
{

∂u
∂t

= ∆xu, x ∈ Rd, t > 0,
u(x, 0) = g(x).

✭✶✮

❊❝✉❛❝✐ó♥ ❞❡ ▲❛♣❧❛❝❡✿ ❤❛❧❧❛r u(x) t❛❧ q✉❡

∆u(x) = f(x), x ∈ Rd. ✭✷✮

P❛r❛ ♣♦❞❡r ♦❜t❡♥❡r ✐♥❢♦r♠❛❝✐ó♥ ❝✉❛❧✐t❛t✐✈❛ ❞❡ ❧❛ s♦❧✉❝✐ó♥ u ❡♥ tér♠✐♥♦s ❞❡ ❧♦s ❞❛t♦s g
② f r❡s♣❡❝t✐✈❛♠❡♥t❡✱ s❡ ✐♥tr♦❞✉❝❡♥ ♦♣❡r❛❞♦r❡s ❛♣r♦♣✐❛❞♦s q✉❡ ❛❝tú❛♥ s♦❜r❡ ❡st❛s ❢✉♥❝✐♦✲
♥❡s✳ ❊❧ ♣r♦❜❧❡♠❛ s❡ r❡❞✉❝❡ ❛sí ❛❧ ❡st✉❞✐♦ ❞❡ s✉ ❝♦♠♣♦rt❛♠✐❡♥t♦ s♦❜r❡ ❞✐st✐♥t♦s ❡s♣❛❝✐♦s
❞❡ ❢✉♥❝✐♦♥❡s✳ ❊♥ ❡❧ ❝❛s♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ▲❛♣❧❛❝❡ ❥✉❡❣❛♥ ✉♥ r♦❧ ♠✉② ✐♠♣♦rt❛♥t❡ ❧❛s
tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✱ q✉❡ ❞❛♥ ✐♥❢♦r♠❛❝✐ó♥ s♦❜r❡ ❧❛s ❞❡r✐✈❛❞❛s ❞❡ ❧❛ s♦❧✉❝✐ó♥✳ ❈♦♥ ❡s✲
t❛ ♠♦t✐✈❛❝✐ó♥✱ ❡♥ ✶✾✺✷✱ ❆✳ P✳ ❈❛❧❞❡ró♥ ② ❆✳ ❩②❣♠✉♥❞✱ ✉s❛♥❞♦ ♥♦✈❡❞♦s♦s ♠ét♦❞♦s ❞❡
✈❛r✐❛❜❧❡ r❡❛❧✱ ❧♦❣r❛♥ ♣r♦❜❛r ❧❛ ❛❝♦t❛❝✐ó♥ ❞❡ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③ ❡♥ ❧♦s ❡s♣❛❝✐♦s
❞❡ ▲❡❜❡s❣✉❡✳ ❊♥ r❡❛❧✐❞❛❞✱ r❡s✉❡❧✈❡♥ ✉♥ ♣r♦❜❧❡♠❛ ♠✉❝❤♦ ♠ás ❣❡♥❡r❛❧ ✐♥tr♦❞✉❝✐❡♥❞♦ ✉♥❛
❢❛♠✐❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s ✭q✉❡ ❧✉❡❣♦ ♣❛s❛rá♥ ❛ ❧❧❛♠❛rs❡ ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❞❡ ❈❛❧❞❡ró♥ ②
❩②❣♠✉♥❞✮ ② ♣r♦❜❛♥❞♦ s✉ ❝♦♥t✐♥✉✐❞❛❞ ❡♥ t❛❧❡s ❡s♣❛❝✐♦s✳ ❉❡ ❡st❡ ♠♦❞♦✱ s✉s r❡s✉❧t❛❞♦s ♣♦✲
❞í❛♥ ❛♣❧✐❝❛rs❡ ❛ ❡❝✉❛❝✐♦♥❡s ❡❧í♣t✐❝❛s ♠ás ❣❡♥❡r❛❧❡s✳ ❊st❡ ❞❡s❝✉❜r✐♠✐❡♥t♦ ❢✉❡ ❢✉♥❞❛♠❡♥t❛❧
♣❛r❛ ❡❧ ❛✈❛♥❝❡ ❞❡❧ ❛♥á❧✐s✐s ❛r♠ó♥✐❝♦ ② ❝♦♥t✐♥ú❛ s✐❡♥❞♦ ✉♥ t❡♠❛ ❞❡ ✐♥✈❡st✐❣❛❝✐ó♥ ❡♥ ❧❛
❛❝t✉❛❧✐❞❛❞ ❞❡ ❣r❛♥ ✐♥t❡rés✳

❊❧ ♦❜❥❡t✐✈♦ ❞❡ ❡st❡ tr❛❜❛❥♦ ❡s ✐♥❝✉rs✐♦♥❛r ❡♥ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s
tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③ ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡❧ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✱ ❡st♦ ❡s✱ ❝❛♠❜✐❛♠♦s
−∆ ❡♥ ❧♦s ♣r♦❜❧❡♠❛s ♠❡♥❝✐♦♥❛❞♦s ♣♦r L = −∆ + V ✱ ❝♦♥ V ✉♥❛ ❢✉♥❝✐ó♥ ♥♦ ♥❡❣❛t✐✈❛
② ❧♦❝❛❧♠❡♥t❡ ✐♥t❡❣r❛❜❧❡✳ ▼ás ❝♦♥❝r❡t❛♠❡♥t❡✱ ♣❛r❛ L ✭q✉❡ ❡s ❡♥ ♣❛rt✐❝✉❧❛r ✉♥ ♦♣❡r❛❞♦r
❞✐❢❡r❡♥❝✐❛❧ ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ② ♥♦ ♥❡❣❛t✐✈♦✮✱ ♣♦❞❡♠♦s ♣❧❛♥t❡❛r♥♦s ❡❧ s❡♠✐❣r✉♣♦ ❞❡ ❞✐❢✉s✐ó♥
❣❡♥❡r❛❞♦ ♣♦r L ② s✉ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❡❝✉❛❝✐ó♥ ❞❡❧ ❡st❛❞♦ ❡st❛❝✐♦♥❛r✐♦✳ ❊st♦ ❡s✱
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Pr♦❜❧❡♠❛ ❞❡ ❞✐❢✉s✐ó♥ ♣❛r❛ L✿ ❤❛❧❧❛r u(x, t) t❛❧ q✉❡
{

∂u
∂t

= −Lxu, x ∈ Rd, t > 0,
u(x, 0) = g(x).

✭✸✮

❊❝✉❛❝✐ó♥ ❞❡ ❙❝❤rö❞✐♥❣❡r✿ ❤❛❧❧❛r u(x) t❛❧ q✉❡

Lu(x) = f(x), x ∈ Rd. ✭✹✮

▲❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r ❞❡ ♣r✐♠❡r ② s❡❣✉♥❞♦ ♦r❞❡♥ ✭q✉❡ ♣❡r♠✐t❡♥
❡st❛❜❧❡❝❡r ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧❛s ❞❡r✐✈❛❞❛s ❞❡ ❧❛ s♦❧✉❝✐ó♥ u✮ s❡ ❞❡✜♥❡♥✱ ❝♦♠♦ ❡♥ ❡❧ ❝❛s♦ ❞❡
▲❛♣❧❛❝❡✱ ♠❡❞✐❛♥t❡

R1 = ∇L−1/2, R2 = ∇2L−1.

❱❛❧❡ ❛❝❧❛r❛r q✉❡ s✐ L = −∆ ✭❡st♦ ❡s✱ V = 0✮ s❡ ♦❜t✐❡♥❡♥ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③
❝❧ás✐❝❛s ♠❡♥❝✐♦♥❛❞❛s ❛♥t❡r✐♦r♠❡♥t❡✳

▲❛ ♣r❡s❡♥❝✐❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ V ♠♦t✐✈❛ ❡❧ ❡st✉❞✐♦ ❞❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ♦tr♦s ♦♣❡r❛✲
❞♦r❡s ❝♦♠♦ V 1/2L−1/2✱ V L−1 ② V 1/2∇L−1 q✉❡ ✐♥❝❧✉✐♠♦s ❞❡♥tr♦ ❞❡❧ ♥♦♠❜r❡ ❣❡♥ér✐❝♦ ❞❡
tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r✳ ❆ ♠❡♥✉❞♦✱ ♣❛r❛ ❞✐st✐♥❣✉✐r ✉♥ t✐♣♦ ❞❡ tr❛♥s❢♦r♠❛❞❛s
❞❡ ♦tr❛s✱ ❧❧❛♠❛r❡♠♦s ❛ R1 ② R2 tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r s✐♥❣✉❧❛r❡s ♠✐❡♥tr❛s
q✉❡ ♥♦s r❡❢❡r✐r❡♠♦s ❛ ❡st❛s ú❧t✐♠❛s ❝♦♠♦ tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r q✉❡ ✐♥✈♦❧✉✲
❝r❛♥ ❡❧ ♣♦t❡♥❝✐❛❧✳ ▲❛ r❛③ó♥ ♣❛r❛ ❞✐❢❡r❡♥❝✐❛r❧❛s ❡s q✉❡ ♠✐❡♥tr❛s R1 ② R2 s♦♥ t❛♥ s✐♥❣✉❧❛r❡s
❡♥ ❡❧ ♦r✐❣❡♥ ❝♦♠♦ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③ ❝❧ás✐❝❛s✱ ❧❛s ♦tr❛s tr❡s tr❛♥s❢♦r♠❛❞❛s s♦♥
❞❡ ❤❡❝❤♦ ♦♣❡r❛❞♦r❡s ❛❝♦t❛❞♦s ❡♥ L1(dx)✳

❊♥ ❧❛s ú❧t✐♠❛s ❞é❝❛❞❛s s❡ ❤❛ tr❛❜❛❥❛❞♦ ✐♥t❡♥s❛♠❡♥t❡ ❡♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ♦♣❡r❛❞♦r❡s
r❡❧❛❝✐♦♥❛❞♦s ❛❧ s❡♠✐❣r✉♣♦ ❣❡♥❡r❛❞♦ ♣♦r L = −∆+V ✳ ◆✉❡str♦ ❡♥❢♦q✉❡ ❛q✉í s✐❣✉❡ ❡❧ ♠❛r❝♦
q✉❡ ❛♣❛r❡❝❡ ❡♥ ❡❧ tr❛❜❛❥♦ ♣✐♦♥❡r♦ ❞❡ ❩✳ ❙❤❡♥ ❬✸✶❪ ✭✶✾✾✺✮✱ ❞♦♥❞❡ s❡ ✐♠♣♦♥❡♥ ❝♦♥❞✐❝✐♦♥❡s
❜❛st❛♥t❡ ❞é❜✐❧❡s s♦❜r❡ ❡❧ ♣♦t❡♥❝✐❛❧✳ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱ s❡ s✉♣♦♥❡ q✉❡ V s❛t✐s❢❛❝❡ ✉♥❛
❞❡s✐❣✉❛❧❞❛❞ ❞❡ r❡✈❡rs❡✲❍ö❧❞❡r ❞❡ ♦r❞❡♥ q > d/2 ❝♦♥ d ≥ 3✱ ❡st♦ ❡s✱ ❡①✐st❡ ❛❧❣✉♥❛ ❝♦♥st❛♥t❡
C t❛❧ q✉❡

(

1

|B|

ˆ

B

V q

)1/q

≤ C

|B|

ˆ

B

V, ✭✺✮

♣❛r❛ t♦❞❛ ❜♦❧❛ B ⊂ Rd✳ ❊♥ ♣❛rt✐❝✉❧❛r ❡st❛ t❡♦rí❛ ✐♥❝❧✉②❡ ❡❧ ❝❛s♦ ❞❡❧ ❖s❝✐❧❛❞♦r ❆r♠ó♥✐❝♦
②❛ q✉❡ ❧❛ ❢✉♥❝✐ó♥ V (x) = |x|2 s❛t✐s❢❛❝❡ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞ ❝✉❛❧q✉✐❡r❛ s❡❛ ❡❧ ✈❛❧♦r ❞❡ q✳

P❛r❛ ❡st❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r✱ ❙❤❡♥ r❡❛❧✐③ó ✉♥ ♣r♦❢✉♥❞♦ ❡st✉❞✐♦ ❞❡
s✉ ❝♦♠♣♦rt❛♠✐❡♥t♦ s♦❜r❡ ❧♦s ❡s♣❛❝✐♦s Lp✱ ❞♦♥❞❡ s❡ ♠✉❡str❛ q✉❡✱ ❞❡♣❡♥❞✐❡♥❞♦ ❞❡ q✱ ❧❛s
♣r♦♣✐❡❞❛❞❡s ❞❡ ❡st♦s ♦♣❡r❛❞♦r❡s ♣✉❡❞❡♥ ❡♠♣❡♦r❛r✳ ❆sí✱ ♣♦r ❡❥❡♠♣❧♦✱ R1 ❡s ✉♥ ♦♣❡r❛❞♦r
❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ s✐ q > d ♠✐❡♥tr❛s q✉❡ R2 ♥♦ ❡s ❛❝♦t❛❞♦ ❡♥ t♦❞♦s ❧♦s Lp✱ ❝✉❛❧q✉✐❡r❛
s❡❛ ❡❧ ✈❛❧♦r ❞❡ q <∞✳

▼ás t❛r❞❡ ✭✈❡r ❬✼❪✮✱ s❡ ❡st✉❞✐ó ❧❛ t❡♦rí❛ ❞❡ ♣❡s♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛s tr❛♥s❢♦r♠❛❞❛s
❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r R1✱ ❡st♦ ❡s✱ ❞❡t❡r♠✐♥❛r ❧♦s ♣❡s♦s w t❛❧❡s q✉❡ ❡st❡ ♦♣❡r❛❞♦r ♣r❡s❡r✈❡
Lp(w)✱ 1 < p < ∞✳ ❆sí✱ ♣❛r❛ ❡❧ ❝❛s♦ q > d s❡ ♦❜t✐❡♥❡♥ ❝❧❛s❡s ❞❡♥♦♠✐♥❛❞❛s Aρp q✉❡
✐♥❝❧✉②❡♥ ♣r♦♣✐❛♠❡♥t❡ ❛ ❧❛s ❝❧❛s❡s ❞❡ ♣❡s♦s ♣❛r❛ ❧❛s ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❝❧ás✐❝❛s✱ ❡s ❞❡❝✐r✱
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❧❛s ❝❧❛s❡s Ap ❞❡ ▼✉❝❦❡♥❤♦✉♣t✳ ❍❡✉ríst✐❝❛♠❡♥t❡✱ ❡st♦ ❡s ❞❡❜✐❞♦ ❛ q✉❡ s✐ ❜✐❡♥ ❧❛ ♣r❡s❡♥❝✐❛
❞❡ ❱ ♣✉❡❞❡ ❤❛❝❡r ♣❡r❞❡r r❡❣✉❧❛r✐❞❛❞ ❡♥ ❡❧ ♥ú❝❧❡♦✱ t❛♠❜✐é♥ ♦r✐❣✐♥❛ ✉♥ ♠❛②♦r ❞❡❝❛✐♠✐❡♥t♦
❡♥ ❡❧ ✐♥✜♥✐t♦✳ ▼ás r❡❝✐❡♥t❡♠❡♥t❡✱ ❡♥ ❬✷❪✱ s❡ ♣r✉❡❜❛♥ ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ❡st❡ t✐♣♦ ❞❡ ♣❡s♦s
♣❛r❛ ❢❛♠✐❧✐❛s ❞❡ ♦♣❡r❛❞♦r❡s ❞❡❧ ❡st✐❧♦ ❞❡ ❧❛s ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞✱
♣❡r♦ ❛❞❛♣t❛❞❛s ❛❧ ❝♦♥t❡①t♦ ❙❝❤rö❞✐♥❣❡r✱ tr❛t❛♥❞♦ ❞❡ ✐♥❝❧✉✐r ❛ t♦❞❛s ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡
❘✐❡s③✲❙❝❤rö❞✐♥❣❡r✳

❊s s❛❜✐❞♦ q✉❡ ❡♥ ❡❧ ❝❛s♦ ❝❧ás✐❝♦ ❡❧ ❡s♣❛❝✐♦ L∞ ♥♦ ❡s ♣r❡s❡r✈❛❞♦ ♣♦r ❧❛s tr❛♥s❢♦r♠❛❞❛s
❞❡ ❘✐❡s③✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❧❛ ✐♠❛❣❡♥ ❞❡ L∞ ❡s ✉♥ ❡s♣❛❝✐♦ ✉♥ ♣♦❝♦ ♠ás ❣r❛♥❞❡✿ ❡❧ ❡s♣❛❝✐♦
BMO ❞❡ ❢✉♥❝✐♦♥❡s ❞❡ ✈❛r✐❛❝✐ó♥ ♠❡❞✐❛ ❛❝♦t❛❞❛✱ ❡st✉❞✐❛❞♦ ♣♦r ❏♦❤♥ ② ◆✐r❡♥❜❡r❣✳

❊♥ ❡❧ ❝♦♥t❡①t♦ ❙❝❤rö❞✐♥❣❡r✱ ❡♥ ✷✵✵✺ ✭✈❡r ❬✶✸❪✮✱ s❡ ✐♥tr♦❞✉❝❡ ✉♥ ❡s♣❛❝✐♦ ❞❡ t✐♣♦ BMO
q✉❡ r❡s✉❧t❛ s❡r ✉♥ s✉❜❡s♣❛❝✐♦ ♣r♦♣✐♦ ❞❡❧ ❞❡ ❏♦❤♥ ② ◆✐r❡♥❜❡r❣ ② q✉❡ s❡ ❞❡♠✉❡str❛ q✉❡ ❡s
♣r❡s❡r✈❛❞♦ ♣♦r ❝✐❡rt♦s ♦♣❡r❛❞♦r❡s ❝♦♠♦ ♣♦r ❡❥❡♠♣❧♦ ❡❧ ♠❛①✐♠❛❧ ❞❡❧ s❡♠✐❣r✉♣♦ ❣❡♥❡r❛❞♦
♣♦r L✳ ❙✐❣✉✐❡♥❞♦ ❝♦♥ ❡st❛ ❧í♥❡❛ ❞❡ ❡s♣❛❝✐♦s✱ s❡ ❞❡✜♥❡♥ ❡♥ ❬✻❪ ❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❡s♣❛❝✐♦s
❞❡ s✉❛✈✐❞❛❞✱ ♦❜t❡♥✐é♥❞♦s❡ r❡s✉❧t❛❞♦s ❞❡ ❛❝♦t❛❝✐ó♥ ♣❛r❛ ❧❛ tr❛♥s❢♦r♠❛❞❛ R1 ✳ ▼ás t❛r❞❡
❡♥ ❬✷✸❪ s❡ ♣r✉❡❜❛♥ r❡s✉❧t❛❞♦s ❞❡ r❡❣✉❧❛r✐❞❛❞ ♣❛r❛ ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s q✉❡ s❛t✐s❢❛❝❡♥
❝✐❡rt❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ t❛♠❛ñ♦ ② s✉❛✈✐❞❛❞ ❛❞❛♣t❛❞❛s ❛❧ ❝♦♥t❡①t♦ ❙❝❤rö❞✐♥❣❡r✱ ♣❡r♦ ❡♥ ❧♦
q✉❡ s❡ r❡✜❡r❡ ❛ tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③ s♦❧♦ ❡s ❛♣❧✐❝❛❜❧❡ ❛❧ ❝❛s♦ R1 ❝♦♥ q > d✳

❊♥ ❝✉❛♥t♦ ❛ r❡s✉❧t❛❞♦s s♦❜r❡ ❡s♣❛❝✐♦s q✉❡ ♠✐❞❡♥ t❛♠❛ñ♦✱ t❛♠❜✐é♥ ❞❡❜❡♠♦s ♠❡♥❝✐♦♥❛r
❛❧❣✉♥♦s ♦tr♦s ❛♥t❡❝❡❞❡♥t❡s ✐♠♣♦rt❛♥t❡s✳ ❈♦♠♦ ❞✐❥✐♠♦s✱ ❡♥ ❬✼❪ s❡ ✐♥✐❝✐ó ✉♥❛ t❡♦rí❛ ❞❡ ♣❡s♦s
❛❞❛♣t❛❞❛ ❛❧ ❛♥á❧✐s✐s r❡❧❛❝✐♦♥❛❞♦ ❝♦♥ ❡st❡ s❡♠✐❣r✉♣♦✱ ❞❛♥❞♦ ❝♦♠♦ r❡s✉❧t❛❞♦ ✉♥❛ ❢❛♠✐❧✐❛
♠ás ❛♠♣❧✐❛ q✉❡ ❧❛s ❝❧❛s❡s ❞❡ ▼✉❝❦❡♥❤♦✉♣t ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ s❡♠✐❣r✉♣♦ ❞❡❧ ❝❛❧♦r✳ ▼ás
t❛r❞❡✱ ❡♥ ❬✷❪✱ s❡ ♦❜t✐❡♥❡♥ ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ♣❡s♦s ❡♥ ❡st❛s ♥✉❡✈❛s ❝❧❛s❡s ♣❛r❛ ✉♥❛ ❢❛♠✐❧✐❛
❣❡♥❡r❛❧ ❞❡ ♦♣❡r❛❞♦r❡s✱ q✉❡ ✐♥❝❧✉②❡ ❛ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r R1 ② ❛ ❧♦s
♦♣❡r❛❞♦r❡s V 1/2L−1/2✱ V L−1 ② V 1/2∇L−1✱ ♥♦ ❛sí ❛❧ ♦♣❡r❛❞♦r R2✳

❊❧ ♦❜❥❡t✐✈♦ ❞❡ ❡st❡ tr❛❜❛❥♦ ❡s ♣r♦❢✉♥❞✐③❛r ❡❧ ❛♥á❧✐s✐s ❞❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❡st❛s
tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r✱ ❞❛♥❞♦ ❡st✐♠❛❝✐♦♥❡s t❛♥t♦ ❞❡ t❛♠❛ñ♦ ❝♦♠♦ ❞❡ s✉❛✲
✈✐❞❛❞✳ ▲❛ ✐❞❡❛ r❡❝t♦r❛ ❛ ❧♦ ❧❛r❣♦ ❞❡ s✉ ❞❡s❛rr♦❧❧♦ ❡s ♦❜t❡♥❡r ❡st♦s r❡s✉❧t❛❞♦s ❡♥ ✉♥ ♠❛r❝♦
❛❜❛r❝❛t✐✈♦✱ tr❛t❛♥❞♦ ❞❡ ❡♥❣❧♦❜❛r ❧♦s ♦♣❡r❛❞♦r❡s q✉❡ ♥♦s ✐♥t❡r❡s❛♥✿ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡
❘✐❡s③ ❞❡ ♣r✐♠❡r♦ ② s❡❣✉♥❞♦ ♦r❞❡♥ q✉❡ ✐♥❝❧✉②❡♥ só❧♦ ❞❡r✐✈❛❞❛s✱ ❛sí ❝♦♠♦ ❛q✉é❧❧❛s q✉❡
✐♥✈♦❧✉❝r❛♥ ♣♦t❡♥❝✐❛s ♣♦s✐t✐✈❛s ❞❡❧ ♣♦t❡♥❝✐❛❧ V ✱ ❛❞❡♠ás ❞❡ s✉s ♦♣❡r❛❞♦r❡s ❛❞❥✉♥t♦s✳

❊♥ ❡st❡ s❡♥t✐❞♦ ❥✉❡❣❛ ✉♥ ♣❛♣❡❧ ❝r✉❝✐❛❧ ❧❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦ ρ✱ q✉❡ ❞❡✜♥✐r❡♠♦s
❢♦r♠❛❧♠❡♥t❡ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✶✱ ❛s♦❝✐❛❞❛ ❛ ✉♥ ♣♦t❡♥❝✐❛❧ V q✉❡ s❛t✐s❢❛❝❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡
r❡✈❡rs❡✲❍ö❧❞❡r ❞❡ ♦r❞❡♥ q✱ ❝♦♥ q > d/2✳ ❊❧ ♠❛r❝♦ ❣❡♥❡r❛❧ ❞❡ Rd ❞♦t❛❞♦ ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡
r❛❞✐♦ ❝rít✐❝♦✱ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✷✱ ✐♥tr♦❞✉❝✐r❡♠♦s ❞♦s ❢❛♠✐❧✐❛s ❞✐st✐♥t❛s ❞❡ ♦♣❡r❛❞♦r❡s✱ ❡♥ tér✲
♠✐♥♦ ❞❡ ❧❛s ❝✉❛❧❡s ♣r♦❜❛r❡♠♦s t❡♦r❡♠❛s ❞❡ ❛❝♦t❛❝✐ó♥ ❡♥ ❡s♣❛❝✐♦s ❞❡ s✉❛✈✐❞❛❞ ✭❈❛♣ít✉❧♦ ✸✮
② ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ♣❡s♦s ✭❈❛♣ít✉❧♦s ✺ ② ✻✮✳ P❛r❛ ♣♦❞❡r ❛♣❧✐❝❛r ❧✉❡❣♦ ❡st♦s r❡s✉❧t❛❞♦s
❣❡♥❡r❛❧❡s✱ ♠♦str❛r❡♠♦s✱ ♠❛②♦r♠❡♥t❡ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✷✱ ❝✉á❧❡s ❞❡ ❧♦s ♦♣❡r❛❞♦r❡s ❞❡ ♥✉❡str♦
✐♥t❡rés s❛t✐s❢❛❝❡♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s r❡q✉❡r✐❞❛s ♣❛r❛ ♣❡rt❡♥❡❝❡r ❛ ❝❛❞❛ ❢❛♠✐❧✐❛✳ ❆❧❣✉♥❛s ♦tr❛s
❡st✐♠❛❝✐♦♥❡s ❡♥ ❡st❛ ❞✐r❡❝❝✐ó♥ s❡rá♥ ♣r♦❜❛❞❛s ❡♥ ❧♦s ❝❛♣ít✉❧♦s ✹ ② ✺✳ ❈❛❜❡ ♠❡♥❝✐♦♥❛r q✉❡
t❛♥t♦ ❧♦s ❡s♣❛❝✐♦s ❞❡ s✉❛✈✐❞❛❞ ♠❡♥❝✐♦♥❛❞♦s ❛sí ❝♦♠♦ ❧♦s ♣❡s♦s ❡stá♥ t❛♠❜✐é♥ ❞❡✜♥✐❞♦s
❡♥ tér♠✐♥♦s ❞❡ ✉♥❛ t❛❧ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦ ♣r❡s❝✐♥❞✐❡♥❞♦ ❞❡❧ ♣♦t❡♥❝✐❛❧ q✉❡ ❧❛ ♦r✐❣✐♥❡✳
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❈♦♠♦ ❡s s❛❜✐❞♦✱ ♣❛r❛ ♦❜t❡♥❡r r❡s✉❧t❛❞♦s ❡♥ ❡s♣❛❝✐♦s ❞❡ r❡❣✉❧❛r✐❞❛❞✱ ❛❞❡♠ás ❞❡❧ t❛✲
♠❛ñ♦ ❞❡❧ ♥ú❝❧❡♦✱ ♥❡❝❡s✐t❛♠♦s ✉♥❛ ❝♦♥❞✐❝✐ó♥ ❞❡ s✉❛✈✐❞❛❞✱ ♣✉♥t✉❛❧ ♦ ✐♥t❡❣r❛❧✱ r❡s♣❡❝t♦ ❞❡
❧❛ ♣r✐♠❡r ✈❛r✐❛❜❧❡ ② ❛sí ❧♦ r❡q✉❡r✐♠♦s ♣❛r❛ ❞❡✜♥✐r ❧❛ ❢❛♠✐❧✐❛ q✉❡ ❧❧❛♠❛r❡♠♦s ♦♣❡r❛❞♦r❡s
❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ✭✈❡r ❝❛♣✳ ✷✮ ❧❛ ❝✉❛❧ ❡stá ✐♥❝❧✉✐❞❛ ❡♥ ❧❛s ❝❧❛s❡s ❞❡
♦♣❡r❛❞♦r❡s ❝♦♥s✐❞❡r❛❞❛s ❡♥ ❬✷❪ ② ❣❡♥❡r❛❧✐③❛ ❧❛ ❞❛❞❛ ❡♥ ❬✷✸❪✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❛❧ s❡r ♣❛rt❡
❞❡ ❧♦s ♦♣❡r❛❞♦r❡s q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ❬✷❪✱ s❡ ♣✉❡❞❡♥ ♦❜t❡♥❡r ❧♦s r❡s✉❧t❛❞♦s ❡♥ Lp ❝♦♥ ♣❡s♦s
♦❜t❡♥✐❞♦s ❡♥ ❡s❡ tr❛❜❛❥♦✱ ❝♦♠♦ s❡rá t❛♠❜✐é♥ ♣r♦❜❛❞♦ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✷✳

❆q✉í ✈❛❧❡ ♦❜s❡r✈❛r q✉❡✱ ❜❛❥♦ ❧❛s ♠í♥✐♠❛s ❝♦♥❞✐❝✐♦♥❡s ❡♥ ❡❧ ♣♦t❡♥❝✐❛❧ q✉❡ ❡st❛♠♦s
s✉♣♦♥✐❡♥❞♦✱ s❛❧✈♦ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❘✐❡s③ ❞❡ ♣r✐♠❡r ♦r❞❡♥❡♥ ❡♥ ❡❧ ❝❛s♦ q > d✱ ❧♦s
❞❡♠ás ♦♣❡r❛❞♦r❡s q✉❡ ♥♦s ✐♥t❡r❡s❛♥ ♥♦ ♣❡rt❡♥❡❝❡♥ ❛ ❡st❛ ❢❛♠✐❧✐❛❀ s✐♥ ❡♠❜❛r❣♦ t♦❞♦s ❧♦s
♦♣❡r❛❞♦r❡s ❛❞❥✉♥t♦s ❞❡ ❧♦s ❛♥t❡s ♠❡♥❝✐♦♥❛❞♦s s❛t✐s❢❛❝❡♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s r❡q✉❡r✐❞❛s✱ ❝♦♠♦
❡s ❞❡♠♦str❛❞♦ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✷✳ ❊♥ ♣❛rt✐❝✉❧❛r ❞❡st❛❝❛♠♦s q✉❡ ♣❛r❛ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡
❘✐❡s③ ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ♦ s✉ ❛❞❥✉♥t❛✱ ♥♦ ❡♥❝♦♥tr❛♠♦s ❡♥ ❧❛ ❧✐t❡r❛t✉r❛ ♥✐ s✐q✉✐❡r❛ ✉♥❛
❡①♣r❡s✐ó♥ ♣❛r❛ ❡❧ ♥ú❝❧❡♦ ❞❡ ❧❛ ♠✐s♠❛ ♣♦r ❧♦ ❝✉❛❧ ❞❡❜✐♠♦s r❡s♦❧✈❡r ♣r✐♠❡r♦ ❡st❡ ♣r♦❜❧❡♠❛✳
❉❡ ❤❡❝❤♦ ❡♥ ❡s❡ ♠✐s♠♦ ❝❛♣ít✉❧♦ ❧♦❣r❛♠♦s ❡♥❝♦♥tr❛r ✉♥❛ ❡①♣r❡s✐ó♥ ❧♦❝❛❧ ❞❡❧ ♠✐s♠♦ q✉❡
r❡s✉❧t❛ s✉✜❝✐❡♥t❡ ♣❛r❛ ♣r♦❜❛r ❧❛s ❡st✐♠❛❝✐♦♥❡s ♥❡❝❡s❛r✐❛s ♣❛r❛ ❝♦♥❝❧✉✐r q✉❡ ❡❧ ❛❞❥✉♥t♦ ❞❡
R2 ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞✳

❊♥ ❡❧ ❈❛♣ít✉❧♦ ✸ s❡ tr❛❜❛❥❛ ❝♦♥ ❡st❛ ♣r✐♠❡r ❢❛♠✐❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s ② s❡ ❧♦❣r❛ ✉♥
t❡♦r❡♠❛ ❣❡♥❡r❛❧ ❞❡ ❛❝♦t❛❝✐ó♥ ❡♥ ❡s♣❛❝✐♦s ❞❡ r❡❣✉❧❛r✐❞❛❞ ❝♦♥ ♣❡s♦s ② q✉❡ ❧✉❡❣♦ s❡ ❛♣❧✐❝❛
❛ ❧♦s ❞✐st✐♥t♦s ♦♣❡r❛❞♦r❡s q✉❡ ✐♥t❡❣r❛♥ ❡st❛ ❢❛♠✐❧✐❛✱ ❡st♦s r❡s✉❧t❛❞♦s ❡stá♥ ♣✉❜❧✐❝❛❞♦s
❡♥ ❬✹❪✳ ❈♦♠♦ ❞✐❥✐♠♦s✱ ❡♥ ❡st❡ ❛♥á❧✐s✐s ♥♦ s❡ ✐♥❝❧✉②❡♥ ❛ ❧❛ ♠❛②♦rí❛ ❞❡ ❧♦s ♦♣❡r❛❞♦r❡s q✉❡
♥♦s ✐♥t❡r❡s❛♥ s✐♥♦ ❛ s✉s ❛❞❥✉♥t♦s✳ ▲❛ ♣r❡❣✉♥t❛ q✉❡ s✉r❣❡ ❡♥t♦♥❝❡s ❡s s✐ ❜❛❥♦ s✉♣♦s✐❝✐♦♥❡s
✉♥ ♣♦❝♦ ♠ás ❢✉❡rt❡s s♦❜r❡ ❡❧ ♣♦t❡♥❝✐❛❧ ♣♦❞❡♠♦s ✐♥❝❧✉✐r ❡❧ r❡st♦ ❞❡ ❧♦s ♦♣❡r❛❞♦r❡s q✉❡
♥♦s ✐♥t❡r❡s❛♥✿ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❘✐❡s③ ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ② ❛q✉é❧❧❛s tr❛♥s❢♦r♠❛❞❛s q✉❡
❝♦♥t✐❡♥❡♥ ♣♦t❡♥❝✐❛s ❞❡ V ❝♦♠♦ V 1/2L−1✱ V L−1 ② V 1/2∇L−1✳ ▲❛ r❡s♣✉❡st❛ ❛ ❡st❡ ♣r♦❜❧❡♠❛
❧❛ ❞❛♠♦s ❡♥ ❡❧ ❈❛♣ít✉❧♦ 4✳

P❛r❛ ❞❡✜♥✐r ❧❛ s❡❣✉♥❞❛ ❢❛♠✐❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s ❤❡♠♦s t❡♥✐❞♦ ❡♥ ❝✉❡♥t❛ ❧♦ q✉❡ ♣♦❞rí❛♠♦s
❧❧❛♠❛r ❡❧ ♠ét♦❞♦ ❞❡ ❝♦♠♣❛r❛❝✐ó♥ ✐♥tr♦❞✉❝✐❞♦ ♣♦r ❙❤❡♥ ❡♥ ❬✸✶❪✳ ❊st❛ té❝♥✐❝❛ ❝♦♥s✐st❡ ❡♥
♦❜t❡♥❡r ❡st✐♠❛❝✐♦♥❡s ❞❡ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r ❞❡ ♣r✐♠❡r ♦r❞❡♥ ❝♦♠♣❛✲
rá♥❞♦❧❛s ❝♦♥ ❧❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③ ❝❧ás✐❝❛s ❛s♦❝✐❛❞❛s ❛ −∆✳ ❉❛❞♦
q✉❡ ❧♦s ♥ú❝❧❡♦s ♥♦ s♦♥ ♣♦s✐t✐✈♦s✱ ❧❛ ❝♦♠♣❛r❛❝✐ó♥ ❞❡❜❡ ❤❛❝❡rs❡ ❡st✐♠❛♥❞♦ s✉ ❞✐❢❡r❡♥❝✐❛✳
❊st❛ ❞✐❢❡r❡♥❝✐❛ r❡s✉❧t❛ s❡r ✉♥ ♥ú❝❧❡♦ q✉❡ ②❛ ♥♦ ❡s s✐♥❣✉❧❛r✱ q✉❡ ❞❡✜♥❡ ✉♥ ♦♣❡r❛❞♦r ❛❝♦✲
t❛❞♦✱ ✐♥❝❧✉s♦ ❡♥ L1✱ s✐ s❡ r❡str✐♥❣❡ ❛ ✉♥ ❡♥t♦r♥♦ ❛❞❡❝✉❛❞♦ ❞❡ ❧❛ ❞✐❛❣♦♥❛❧ ❡♥ R2d ❡❧ ❝✉❛❧
✈❛rí❛ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ♣♦t❡♥❝✐❛❧ V ✱ ♠ás ♣r❡❝✐s❛♠❡♥t❡ ❝♦♥ ❧❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦ ρ✳ ❊st❛
s❡❣✉♥❞❛ ❢❛♠✐❧✐❛✱ q✉❡ t❛♠❜✐é♥ ✐♥tr♦❞✉❝✐r❡♠♦s ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✷ ② ❛ ❧♦s q✉❡ ♥♦s r❡❢❡r✐r❡♠♦s
❝♦♠♦ ♦♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛r❛❜❧❡s ❝♦♥ ✉♥♦ ❞❡ ❈❛❧❞❡ró♥✲
❩②❣♠✉♥❞✱ ♥♦s ♣❡r♠✐t❡ ✑tr❛s♣❛s❛r✑ ❝✐❡rt❛s ❞❡s✐❣✉❛❧❞❛❞❡s ②❛ ❝♦♥♦❝✐❞♦s ❡♥ ❡❧ ❝❛s♦ ❝❧ás✐❝♦
❛❧ ❝♦♥t❡①t♦ ❞❡ ❧♦s ♦♣❡r❛❞♦r❡s s✐♥❣✉❧❛r❡s r❡❧❛❝✐♦♥❛❞♦s ❛❧ s❡♠✐❣r✉♣♦ ❞❡ ❙❝❤rö❞✐♥❣❡r✳

❊♥ ❡❧ ♠✐s♠♦ ❈❛♣ít✉❧♦ ✷ s❡ ♠✉❡str❛ q✉❡ ❧❛s ❚r❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r q✉❡
♥♦s ✐♥t❡r❡s❛♥ ♣❡rt❡♥❡❝❡♥ ❡❧❧❛s ♠✐s♠❛s ❛ ❡st❛ s❡❣✉♥❞❛ ❢❛♠✐❧✐❛ ❧❛ ❝✉❛❧ r❡q✉✐❡r❡ q✉❡ ❧♦s
♥ú❝❧❡♦s s❛t✐s❢❛❣❛♥ ✉♥❛ ❝♦♥❞✐❝✐ó♥ ❞❡ t❛♠❛ñ♦ ❝♦♥ ❞❡❝❛✐♠✐❡♥t♦ ② ❧❛ ❝♦♠♣❛r❛❝✐ó♥ ❧♦❝❛❧ ❝♦♥
✉♥ ♥ú❝❧❡♦ ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞✳ ❊♥ ❡❧ ❈❛♣ít✉❧♦ ✺ ♥♦s ❞❡❞✐❝❛♠♦s ❛ ♦❜t❡♥❡r ❞❡s✐❣✉❛❧✲



■◆❚❘❖❉❯❈❈■Ó◆ ❳■

❞❛❞❡s q✉❡ ❧❧❛♠❛r❡♠♦s ❞❡ ❋❡✛❡r♠❛♥✲❙t❡✐♥ ♣❛r❛ ❧♦s ♠✐❡♠❜r♦s ❞❡ ❡st❛ ❢❛♠✐❧✐❛✳ P♦r t❛❧❡s
❞❡s✐❣✉❛❧❞❛❞❡s ❡♥t❡♥❞❡r❡♠♦s ❡st✐♠❛❝✐♦♥❡s ❞❡❧ t✐♣♦

ˆ

|Tf |pw ≤ C

ˆ

|f |pMw, ✭✻✮

❞♦♥❞❡ w ❡s ✉♥ ♣❡s♦ ❛r❜✐tr❛r✐♦ ② M ✉♥ ♦♣❡r❛❞♦r ♠❛①✐♠❛❧ q✉❡ ❞❡♣❡♥❞❡ ❞❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s
❞❡ T ✳ ❉❛❞♦ q✉❡ ❡st❛ ❝❧❛s❡ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s s♦♥ ❝♦♥♦❝✐❞❛s ♣❛r❛ ❧♦s ♦♣❡r❛❞♦r❡s ❞❡ ❈❛❧❞❡ró♥✲
❩②❣♠✉♥❞ ✭✈❡r ❬✷✽❪✮✱ ❡❧ ♠ét♦❞♦ ❞❡ ❝♦♠♣❛r❛❝✐ó♥ r❡s✉❧t❛ ♠✉② út✐❧ ♣❛r❛ ❡st❡ ✜♥✳

❊♥ ❡❧ ❈❛♣ít✉❧♦ ✺ ♣r♦❜❛r❡♠♦s ❡♥t♦♥❝❡s ✉♥ t❡♦r❡♠❛ ❣❡♥❡r❛❧ ♣❛r❛ ❧♦s ♠✐❡♠❜r♦s ❞❡ ❡st❛
s❡❣✉♥❞❛ ❢❛♠✐❧✐❛ ② ❞♦♥❞❡ s❡ ❞❛♥ ❞❡s✐❣✉❛❧❞❛❞❡s ❡♥ ♥♦r♠❛✲p t❛♥t♦ ♣❛r❛ ❡❧ ♦♣❡r❛❞♦r ❝♦♠♦
♣❛r❛ s✉ ❛❞❥✉♥t♦✳ ❊❧ t❡♦r❡♠❛ ❡s ❧✉❡❣♦ ❛♣❧✐❝❛❞♦ ❛ ❞✐✈❡rs❛s ✐♥st❛♥❝✐❛s ② ❛❧❧í ❛♣❛r❡❝❡♥ ❡♥
❡❧ ♠✐❡♠❜r♦ ❞❡r❡❝❤♦ ♦♣❡r❛❞♦r❡s ♠❛①✐♠❛❧❡s ♣r♦♣✐❛s ❞❡❧ ❝♦♥t❡①t♦ ❙❝❤rö❞✐♥❣❡r✳ ❊♥ ♣❛rt✐✲
❝✉❧❛r✱ s❡ ♦❜t✐❡♥❡♥ ❞❡s✐❣✉❛❧❞❛❞❡s ♣❛r❛ R1✱ R2 ② s✉s ❛❞❥✉♥t♦s ❛❧ ✐❣✉❛❧ q✉❡ ♣❛r❛ ❧❛s ♦tr❛s
tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r q✉❡ ✐♥✈♦❧✉❝r❛♥ ❡❧ ♣♦t❡♥❝✐❛❧ V ✳

❋✐♥❛❧♠❡♥t❡✱ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✻✱ ✐♥t❡♥t❛♠♦s ❞❛r ✉♥❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s
❞❡ t✐♣♦ ❋❡✛❡r♠❛♥✲❙t❡✐♥ ❞❡❧ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r ❛❧ ❡st✐❧♦ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ♣❛r❡s
❞❡ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ❬✶✶❪ ♣❛r❛ ❡❧ ❝❛s♦ ❝❧ás✐❝♦✳ ❈❛❜❡ ♣✉♥t✉❛❧✐③❛r q✉❡
❡st♦s ♣❡s♦s ♣r♦✈❡❡♥ ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ♣❛r❡s ❞❡ ♣❡s♦s q✉❡ ❞❡♣❡♥❞❡ ❞❡ ❞♦s ♣❡s♦s ❛r❜✐tr❛r✐♦s
w1 ② w2 ❞❡ ♠♦❞♦ q✉❡✱ ❡s♣❡❝✐✜❝❛♥❞♦ w1 ② w2✱ s❡ ♦❜t✐❡♥❡♥ ♣❡s♦s u ② v ♣❛r❛ ❧♦s ❝✉❛❧❡s
♣✉❡❞❡ ❝♦♥❝❧✉✐rs❡ ❧❛ ❛❝♦t❛❝✐ó♥ ❞❡ ❞❡ Lp(v) ❡♥ Lp(u) ❞❡❧ ♦♣❡r❛❞♦r ❡♥ ❝✉❡st✐ó♥✳ ❆q✉í ♥♦s ❤❛
♣❛r❡❝✐❞♦ ♠ás ❝♦♥✈❡♥✐❡♥t❡ tr❛❜❛❥❛r ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ ❧❛ ♣r✐♠❡r ❢❛♠✐❧✐❛✱ ❡st♦ ❡s✱ ❧❛ ❝❧❛s❡
❞❡ ❧♦s ♦♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞✳ ❊st♦ s❡ ❞❡❜❡ ❡♥ ♣❛rt❡ ❛ q✉❡ ❞❛ ♣✐é
♣❛r❛ ♣r♦❜❛r ❡♥ ❡❧ ❝♦♥t❡①t♦ ❙❝❤rö❞✐♥❣❡r ✉♥❛ s❡r✐❡ ❞❡ ❤❡❝❤♦s q✉❡ r❡s✉❧t❛♥ ❞❡ ✐♥t❡rés ❡♥ sí
♠✐s♠♦s ② ♣❛s✐❜❧❡s ❞❡ ♦tr❛s ❛♣❧✐❝❛❝✐♦♥❡s✳ ❚❛❧ ❡s ❡❧ ❝❛s♦ ❞❡ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ▲❡r♥❡r ♣❛r❛
♣r♦❞✉❝t♦ ❞❡ ♣❡s♦s ❝♦♠♦ ❛sí t❛♠❜✐é♥ ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ❞♦s ♣❡s♦s ❡♥ Lp ♣❛r❛ ♦♣❡r❛❞♦r❡s
♠❛①✐♠❛❧❡s ❛s♦❝✐❛❞♦s ❛ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦ ρ✳

❈♦♥ ❡st❛s ❤❡rr❛♠✐❡♥t❛s s❡ ♦❜t✐❡♥❡ t❛♠❜✐é♥ ✉♥ t❡♦r❡♠❛ ❣❡♥❡r❛❧ ♣❛r❛ ♦♣❡r❛❞♦r❡s ❞❡
❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ q✉❡✱ s✐ ❜✐❡♥ ♣✉❡❞❡ ❛♣❧✐❝❛rs❡ só❧♦ ❛ ❧♦s ♦♣❡r❛❞♦r❡s ❛❞✲
❥✉♥t♦s✱ ✉♥ ❛r❣✉♠❡♥t♦ ❞❡ ❞✉❛❧✐❞❛❞ ♥♦s ♣❡r♠✐t❡ ❞❡r✐✈❛r t❛♠❜✐é♥ ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ♣❡s♦s
❢❛❝t♦r✐③❛❞♦s ♣❛r❛ t♦❞❛s ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r ❜❛❥♦ ❝♦♥s✐❞❡r❛❝✐ó♥✳ ❊st❛s
❞❡s✐❣✉❛❧❞❛❞❡s ❛sí ♦❜t❡♥✐❞❛s ❝♦♥st✐t✉②❡♥ ✉♥❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡ ❧❛s ②❛ ❝♦♥♦❝✐❞❛s ♣❛r❛ ❡❧
❝❛s♦ ❞❡ ♣❡s♦s ✐❣✉❛❧❡s✳ ❯♥ ♣✉♥t♦ q✉❡ ❡s ♥❡❝❡s❛r✐♦ s❡ñ❛❧❛r ❡s q✉❡ ♣❛r❛ ❛♣❧✐❝❛r ❡❧ t❡♦r❡♠❛
❣❡♥❡r❛❧ s❡ ♥❡❝❡s✐t❛♥ ❡st✐♠❛❝✐♦♥❡s ❞❡ ❧❛ ❢✉♥❝✐ó♥ ♠❛①✐♠❛❧ s❤❛r♣ ❞❡ ❧♦s ♦♣❡r❛❞♦r❡s ❛❞❥✉♥t♦s
❡♥ ❝✉❡st✐ó♥✱ ❧❛s q✉❡ ❤❛❜í❛♥ s✐❞♦ ♦❜t❡♥✐❞❛s ♣r❡✈✐❛♠❡♥t❡ ❡♥ ❬✷❪✳

◗✉✐③ás ❝♦♥✈✐❡♥❡ t❡r♠✐♥❛r ❡st❛ ✐♥tr♦❞✉❝❝✐ó♥ ❛❝❧❛r❛♥❞♦ q✉❡ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❡st❡ ú❧t✐✲
♠♦ ❝❛♣ít✉❧♦ ♥♦ ❛❧❝❛♥③❛♥✱ ❛❢♦rt✉♥❛❞❛♠❡♥t❡✱ ❛ ❝♦♥t❡♥❡r ❛ ❧♦s ❞❡♠♦str❛❞♦s ❡♥ ❡❧ ❝❛♣ít✉❧♦
❛♥t❡r✐♦r✱ s✐ ❜✐❡♥ ♥♦s ♣r♦✈❡❡♥ ❞❡ ♠✉❝❤❛s ❞❡s✐❣✉❛❧❞❛❞❡s q✉❡ ♥♦ ♣✉❡❞❡♥ ❞❡❞✉❝✐rs❡ ❞❡ ❧❛s
t✐♣♦ ❋❡✛❡r♠❛♥✲❙t❡✐♥✳ ❊st❛ s✐t✉❛❝✐ó♥ ❡s ♣✉❡st❛ ❞❡ ♠❛♥✐✜❡st♦ ❡♥ ❧❛ ú❧t✐♠❛ s❡❝❝✐ó♥ ❞❡ ❡st❡
tr❛❜❛❥♦✳
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❉❡❞✐❝❛r❡♠♦s ❡❧ ♣r✐♠❡r ❝❛♣ít✉❧♦ ❞❡ ❡st❛ t❡s✐s ❛ ❞❡s❝r✐❜✐r ❧❛ t❡♦rí❛ ❡♥ ❧❛ q✉❡ ❡stá♥
❡♥♠❛r❝❛❞♦s ❧♦s r❡s✉❧t❛❞♦s ♦r✐❣✐♥❛❧❡s ❞❡ ❧♦s ❝❛♣ít✉❧♦s s✐❣✉✐❡♥t❡s✳ ❉✐✈✐❞✐♠♦s ❧♦s ♣r❡❧✐♠✐♥❛r❡s
❡♥ ❞♦s s❡❝❝✐♦♥❡s✿ t❡♦rí❛ ❝❧ás✐❝❛ ② ❝♦♥t❡①t♦ ❙❝❤rö❞✐♥❣❡r✳

❊♥ ❧❛ ♣r✐♠❡r s❡❝❝✐ó♥ ❞❛r❡♠♦s ❛❧❣✉♥❛s ❞❡✜♥✐❝✐♦♥❡s ② r❡s✉❧t❛❞♦s ❝❧ás✐❝♦s q✉❡ ♣✉❡❞❡♥
❡♥❝♦♥tr❛rs❡ ❡♥ ❝✉❛❧q✉✐❡r ❧✐❜r♦ ❞❡ ❛♥á❧✐s✐s r❡❛❧ ❛✈❛♥③❛❞♦ ✭✈❡r✱ ♣♦r ❡❥❡♠♣❧♦✱ ❬✶✷❪ ♦ ❬✶✼❪✮✳ ❊♥
♣❛rt✐❝✉❧❛r✱ ❤❛r❡♠♦s é♥❢❛s✐s ❡♥ r❡s✉❧t❛❞♦s ❞❡ ❧❛ t❡♦rí❛ ❞❡ ❈❛❧❞❡ró♥ ② ❩②❣♠✉♥❞✳ ❊❧ ♦❜❥❡t✐✈♦
❞❡ ❡st❛ ♣r✐♠❡r s❡❝❝✐ó♥ ♥♦ ❡s só❧♦ ❞❛r ✉♥ ♠❛r❝♦ ❤✐stór✐❝♦ s✐♥♦ q✉❡ t❛♠❜✐é♥ ♣r❡t❡♥❞❡♠♦s
✉♥✐✜❝❛r ❧❛ ♥♦t❛❝✐ó♥ ② ❡st❛❜❧❡❝❡r ❛❧❣✉♥♦s r❡s✉❧t❛❞♦s q✉❡ s❡rá♥ ❛♣❧✐❝❛❞♦s ❡♥ ❧♦s ❝❛♣ít✉❧♦s
q✉❡ s✐❣✉❡♥✳

▲❛ s❡❣✉♥❞❛ s❡❝❝✐ó♥ ❡stá ❞❡❞✐❝❛❞❛ ❛ ❞❡s❝r✐❜✐r ❧❛ t❡♦rí❛ r❡❧❛❝✐♦♥❛❞❛ ❛❧ ♦♣❡r❛❞♦r ❞❡
❙❝❤rö❞✐♥❣❡r L = −∆ + V ✳ ❆❧❧í✱ ❞❛r❡♠♦s ❛❧❣✉♥❛s ❞❡✜♥✐❝✐♦♥❡s ② r❡❢❡r❡♥❝✐❛s ❛ r❡s✉❧t❛❞♦s
❝♦♥♦❝✐❞♦s q✉❡ s❡rá♥ ❞❡ ✉t✐❧✐❞❛❞ ♠ás ❛❞❡❧❛♥t❡✳

✶✳✶✳ ❚❡♦rí❛ ❝❧ás✐❝❛

❊♥ ❡st❛ s❡❝❝✐ó♥ ❞❛r❡♠♦s ❛❧❣✉♥❛s ❞❡✜♥✐❝✐♦♥❡s ② r❡s✉❧t❛❞♦s ❝❧ás✐❝♦s ❞❡❧ ❛♥á❧✐s✐s r❡❛❧ q✉❡
s❡rá♥ út✐❧❡s ♣❛r❛ ♥✉❡str♦ tr❛❜❛❥♦✳ ❈♦♠❡♥③❛♠♦s ❞❡s❝r✐❜✐❡♥❞♦ ❧♦s ❡s♣❛❝✐♦s ❞❡ ▲❡❜❡s❣✉❡ ②
❞❡ s✉❛✈✐❞❛❞ ② s✉s ❣❡♥❡r❛❧✐③❛❝✐♦♥❡s ❝♦♥ ♣❡s♦s ♣❛r❛ ❧✉❡❣♦ ♣❛s❛r ❛ ✈❡r ❛❧❣✉♥❛s ♥♦❝✐♦♥❡s ❞❡
❧❛ ❚❡♦rí❛ ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞✳ ❆♥t❡s ♣♦♥❞r❡♠♦s ❡♥ ❝♦♠ú♥ ❛❧❣✉♥❛s ♥♦t❛❝✐♦♥❡s✳

❆ ❧♦ ❧❛r❣♦ ❞❡ ❡st❛ t❡s✐s tr❛❜❛❥❛r❡♠♦s ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❡✉❝❧í❞❡♦ d✲❞✐♠❡♥s✐♦♥❛❧
Rd✳ ❉❡♥♦t❛r❡♠♦s ♣♦r | · | ❛ ❧❛ ♥♦r♠❛ ❡♥ Rd ② dx ❛ ❧❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡✳ ❙✐ x ∈ R ✉s❛r❡✲
♠♦s ❧❛ ♥♦t❛❝✐ó♥ x+ = máx{x, 0}✳ ❉❛❞♦ ✉♥ ❝♦♥❥✉♥t♦ E ⊂ Rd ♠❡❞✐❜❧❡✱ ❞❡♥♦t❛♠♦s |E| ❛ ❧❛
♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ❞❡ E ② χE ❛ ❧❛ ❢✉♥❝✐ó♥ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ E✳ ❉❛❞♦ ✉♥ ❝✉❜♦ Q ❞❡♥♦t❛✲
♠♦s ♣♦r l(Q) ❧❛ ❧♦♥❣✐t✉❞ ❞❡ s✉ ❧❛❞♦✱ ❞❡ ♠❛♥❡r❛ q✉❡ l(Q)d = |Q|✳ ❉❡♥♦t❛♠♦s ♣♦r B(x, r)
❛ ❧❛ ❜♦❧❛ ❛❜✐❡rt❛ ❞❡ ❝❡♥tr♦ x ② r❛❞✐♦ r ② ωd ❧❛ ❝♦♥st❛♥t❡ q✉❡ ✈❡r✐✜❝❛ |B(x, r)| = ωdr

d✳
P❛r❛ ✉♥❛ ❢✉♥❝✐ó♥ f ❧♦❝❛❧♠❡♥t❡ ✐♥t❡❣r❛❜❧❡ ② ✉♥ ❝♦♥❥✉♥t♦ E ❞❡ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛✱ ✉s❛r❡♠♦s
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❤❛❜✐t✉❛❧♠❡♥t❡ ❧❛s s✐❣✉✐❡♥t❡s ♥♦t❛❝✐♦♥❡s

1

|E|

ˆ

E

f(x)dx =

 

E

f(x)dx = fE.

❯♥❛ ❢✉♥❝✐ó♥ w ❡s ✉♥ ♣❡s♦ s✐ ❡s ♥♦ ♥❡❣❛t✐✈❛ ② ❧♦❝❛❧♠❡♥t❡ ✐♥t❡❣r❛❜❧❡✳ ❉❛❞♦ ✉♥ ♣❡s♦ w
② ✉♥ ❝♦♥❥✉♥t♦ ♠❡❞✐❜❧❡ E ❞❡♥♦t❛♠♦s

w(E) =

ˆ

E

w(x)dx.

✶✳✶✳✶✳ ❊s♣❛❝✐♦s ❞❡ ▲❡❜❡s❣✉❡ ② ❣❡♥❡r❛❧✐③❛❝✐♦♥❡s

P❛r❛ 1 ≤ p <∞ ② ✉♥ ♣❡s♦ w✱ ❞❡♥♦t❛♠♦s ♣♦r Lp(w) ❛❧ ❡s♣❛❝✐♦ ❞❡ ❢✉♥❝✐♦♥❡s ♠❡❞✐❜❧❡s
f t❛❧❡s q✉❡

‖f‖Lp(w) =

(
ˆ

Rd

|f(x)|pw(x)dx
)1/p

<∞.

❯s❛r❡♠♦s ❧❛ ♥♦t❛❝✐ó♥ Lp ♣❛r❛ r❡❢❡r✐r♥♦s ❛ ❡st♦s ❡s♣❛❝✐♦s ❝✉❛♥❞♦ w = 1✳ ❈♦♠♦ ❡s ✉s✉❛❧✱
✉s❛r❡♠♦s ❧❛ ♥♦t❛❝✐ó♥ L∞ ♣❛r❛ r❡❢❡r✐r♥♦s ❛❧ ❡s♣❛❝✐♦ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ❡s❡♥❝✐❛❧♠❡♥t❡ ❛❝♦✲
t❛❞❛s✳ P❛r❛ 1 < p < ∞✱ ❡❧ ❡s♣❛❝✐♦ ❞✉❛❧ ❞❡ Lp ❡s Lp

′

✱ ❞♦♥❞❡ p′ ❞❡♥♦t❛ ❡❧ ❡①♣♦♥❡♥t❡
❝♦♥❥✉❣❛❞♦ ❞❡ p✱ ❡st♦ ❡s✱

1

p
+

1

p′
= 1.

❉❛❞♦s 1 ≤ p, q <∞✱ ② ✉♥ ♣❛r ❞❡ ♣❡s♦s (u, v)✱ ❞✐r❡♠♦s q✉❡ ✉♥ ♦♣❡r❛❞♦r T ❡s ❞❡ t✐♣♦
❢✉❡rt❡ (p, q) r❡s♣❡❝t♦ ❛❧ ♣❛r (u, v) s✐ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

‖Tf‖Lq(u) ≤ C‖f‖Lp(v),

♣❛r❛ t♦❞❛ f ∈ Lp(v)✳ ❊st♦ ❡s✱ T ❡s ❛❝♦t❛❞♦ ❞❡ Lp(v) ❡♥ Lq(u)✳ ❙✐ p = q ② u = v ❞✐r❡♠♦s
s✐♠♣❧❡♠❡♥t❡ q✉❡ T ❡s ❛❝♦t❛❞♦ ❡♥ Lp(u)✳

P❛r❛ ♣♦❞❡r ❞❡✜♥✐r ❡❧ t✐♣♦ ❞é❜✐❧ ❞❡❜❡♠♦s ❞❡✜♥✐r ❡♥ ♣r✐♠❡r ❧✉❣❛r ❡❧ ❡s♣❛❝✐♦ ❞❡ ▲♦r❡♥t③
Lp,∞✳ P❛r❛ 1 ≤ p < ∞ ② ✉♥ ♣❡s♦ w ❞❡✜♥✐♠♦s Lp,∞(w) ❝♦♠♦ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❢✉♥❝✐♦♥❡s f
t❛❧❡s q✉❡

‖f‖Lp,∞(w) = sup
λ>0

λw({x ∈ Rd : |f(x)| > λ})1/p <∞.

❉❡❝✐♠♦s q✉❡ ✉♥ ♦♣❡r❛❞♦r T ❡s ❞❡ t✐♣♦ ❞é❜✐❧ (p, q) r❡s♣❡❝t♦ ❛❧ ♣❛r (u, v) s✐ ❡①✐st❡ ✉♥❛
❝♦♥st❛♥t❡ C t❛❧ q✉❡

‖Tf‖Lq,∞(u) ≤ C‖f‖Lp(v),

♦ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ♣❛r❛ t♦❞♦ λ > 0✱

u({x ∈ Rd : |Tf(x)| > λ}) ≤ C

λq

(
ˆ

Rd

|f(x)|pv(x)dx
)q/p

.



✶✳✶ ❚❡♦rí❛ ❝❧ás✐❝❛ ✸

P❛r❛ ❡st❛❜❧❡❝❡r ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ♣❡s❛❞❛s ❞❡❧ ❝❛♣ít✉❧♦ ✻ ❞❡❜❡♠♦s ❞❡✜♥✐r ✉♥❛ ❢❛♠✐❧✐❛
❞❡ ❡s♣❛❝✐♦s ❞❡ ❢✉♥❝✐♦♥❡s q✉❡ ❣❡♥❡r❛❧✐③❛♥ ❛ ❧♦s ❞❡ ▲❡❜❡s❣✉❡✿ ▲♦s ❡s♣❛❝✐♦s ❞❡ ❖r❧✐❝③✳ ❙✐♥
❡♠❜❛r❣♦✱ ♣✉❡st♦ q✉❡ ♥✉❡str♦ ✐♥t❡rés ❡s ❞❡✜♥✐r ♦♣❡r❛❞♦r❡s ♠❛①✐♠❛❧❡s ❛s♦❝✐❛❞♦s✱ só❧♦ ❡st❛✲
♠♦s ✐♥t❡r❡s❛❞♦s ❡♥ ❞❡✜♥✐r ❡st♦s ❡s♣❛❝✐♦s ❡♥ ❞♦♠✐♥✐♦s ❝♦♥ ♠❡❞✐❞❛ ✜♥✐t❛✳ ❉❛r❡♠♦s ❛❧❣✉♥❛s
❞❡✜♥✐❝✐♦♥❡s ② ♣r♦♣✐❡❞❛❞❡s q✉❡ ♥❡❝❡s✐t❛r❡♠♦s ❡♥ ❧♦s ❝❛♣ít✉❧♦s s✐❣✉✐❡♥t❡s✳ ❘❡♠❛r❝❛♠♦s
q✉❡ ❡st♦s r❡s✉❧t❛❞♦s ♣✉❡❞❡♥ ❡♥❝♦♥tr❛rs❡ ❡♥ ❧❛ ❧✐t❡r❛t✉r❛ s♦❜r❡ ❡s♣❛❝✐♦s ❞❡ ❖r❧❝③ ✭✈❡r✱ ♣♦r
❡❥❡♠♣❧♦✱ ❡❧ ❧✐❜r♦ ❞❡ ▼✳ ❘❛♦ ② ❩✳ ❘❡♥ ❬✸✵❪✮✳

❉✐r❡♠♦s q✉❡ ✉♥❛ ❢✉♥❝✐ó♥ φ : [0,∞) → [0,∞)✱ ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ s✐ ❡s
❝♦♥t✐♥✉❛✱ ❝♦♥✈❡①❛✱ ❡str✐❝t❛♠❡♥t❡ ❝r❡❝✐❡♥t❡✱ φ(0) = 0 ② φ(t)/t → ∞ ❝✉❛♥❞♦ t → ∞✳
▲❛ ❢✉♥❝✐ó♥ ✐❞❡♥t✐❞❛❞ φ(t) = t ♥♦ ❡s✱ s❡❣ú♥ ❡st❛ ❞❡✜♥✐❝✐ó♥✱ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣✳ ❙✐♥
❡♠❜❛r❣♦✱ ❛❧❣✉♥♦s r❡s✉❧t❛❞♦s q✉❡ ✐♥✈♦❧✉❝r❛♥ ❢✉♥❝✐♦♥❡s ❞❡ ❨♦✉♥❣ s❡ ❛♣❧✐❝❛rá♥ t❛♠❜✐é♥ ❧❛
❢✉♥❝✐ó♥ ✐❞❡♥t✐❞❛❞✳ ❍❛r❡♠♦s ❡①♣❧í❝✐t❛ ❡st❛ ♦❜s❡r✈❛❝✐ó♥ ❝✉❛♥❞♦ s❡❛ ❡❧ ❝❛s♦✳

❉❛❞❛ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ φ ② ✉♥ ❝✉❜♦ Q ❞❡✜♥✐♠♦s ❡❧ ♣r♦♠❡❞✐♦ ❞❡ f r❡s♣❡❝t♦ ❛ ❧❛
♥♦r♠❛ Lφ ❞❡ f ❡♥ Q ❝♦♠♦

‖f‖A,Q = ı́nf

{

λ > 0 :
1

|Q|

ˆ

Q

A

( |f(x)|
λ

)

dx ≤ 1

}

, ✭✶✳✶✳✶✮

s✐❡♠♣r❡ q✉❡ ❡❧ ❝♦♥❥✉♥t♦ s❡❛ ♥♦ ✈❛❝í♦✳ ❉❡❧ ♠✐s♠♦ ♠♦❞♦ ♣♦❞❡♠♦s ❞❡✜♥✐r ❡❧ ♣r♦♠❡❞✐♦ s♦❜r❡
✉♥❛ ❜♦❧❛ B ♦ s♦❜r❡ ❝✉❛❧q✉✐❡r ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛ ② ✜♥✐t❛✳ ❯♥❛ ♣r♦♣✐❡❞❛❞ q✉❡
♥♦s s❡rá út✐❧ ♠ás ❛❞❡❧❛♥t❡ ❡s ❧❛ s✐❣✉✐❡♥t❡✿ ❞❛❞❛ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ φ ② ✉♥ ♥ú♠❡r♦
r > 0✱ ‖f r‖φ,Q = ‖f‖rψ,Q✱ ❞♦♥❞❡ ψ(t) = φ(tr)✳

❆❞❡♠ás✱ ❡s ♣♦s✐❜❧❡ ❞❡✜♥✐r ✉♥ ♦r❞❡♥ ❡♥ ❧❛ ❝❧❛s❡ ❞❡ ❢✉♥❝✐♦♥❡s ❞❡ ❨♦✉♥❣ ❞❡ ❧❛ s✐❣✉✐❡♥t❡
♠❛♥❡r❛✿ ❞✐r❡♠♦s q✉❡ φ(t) ≈ ψ(t) s✐ ❡①✐st❡♥ ❝♦♥st❛♥t❡s c1✱ c2 ② t0 ♣♦s✐t✐✈❛s t❛❧❡s q✉❡
c1φ(t) ≤ ψ(t) ≤ c2φ(t) ♣❛r❛ t♦❞♦ t ≥ t0 ② ❞✐r❡♠♦s q✉❡ φ(t) � ψ(t) s✐ ❡①✐st❡♥ c > 0 ②
t0 > 0 t❛❧❡s q✉❡ ♣❛r❛ t♦❞♦ t ≥ t0✱ φ(t) ≤ ψ(ct)✳ ❖❜s❡r✈❛r q✉❡ t � φ(t) ♣❛r❛ t♦❞❛ ❢✉♥❝✐ó♥
❞❡ ❨♦✉♥❣ φ✳ ❉❡ ✭✶✳✶✳✶✮ s❡ s✐q✉❡ q✉❡ s✐ φ � ψ✱ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C q✉❡ ❞❡♣❡♥❞❡ ❞❡ φ
② ❞❡ ψ t❛❧ q✉❡ ♣❛r❛ t♦❞♦ ❝✉❜♦ Q ② ❢✉♥❝✐ó♥ f ✱ ‖f‖φ,Q ≤ C‖f‖ψ,Q✳

❉❛❞❛ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ φ s❡ ❞❡✜♥❡ s✉ ❢✉♥❝✐ó♥ ❝♦♠♣❧❡♠❡♥t❛r✐❛ φ̄ ❝♦♠♦

φ̄(t) = sup
s>0

{st− φ(s)}, t > 0. ✭✶✳✶✳✷✮

φ ② φ̄ s❛t✐s❢❛❝❡♥ t ≤ φ−1(t)φ̄−1(t) ≤ 2t ② ❧❛ s✐❣✉✐❡♥t❡ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡
❍ö❧❞❡r✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✶✳✶✳ ❉❛❞❛ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ φ✱

1

|Q|

ˆ

Q

|f(x)g(x)|dx ≤ 2‖f‖φ,Q‖g‖φ̄,Q, ✭✶✳✶✳✸✮

♣❛r❛ t♦❞♦ ♣❛r ❞❡ ❢✉♥❝✐♦♥❡s f ✱ g ② t♦❞♦ ❝✉❜♦ Q✳ ▼ás ❣❡♥❡r❛❧♠❡♥t❡✱ s✐ φ✱ ψ ② υ s♦♥
❢✉♥❝✐♦♥❡s ❞❡ ❨♦✉♥❣ t❛❧❡s q✉❡ ♣❛r❛ t♦❞♦ t ≥ t0 > 0 ψ−1(t)φ−1(t) ≤ cυ−1(t)✱ ❡♥t♦♥❝❡s
❡①✐st❡ C t❛❧ q✉❡

‖fg‖υ,Q ≤ C‖f‖φ,Q‖g‖ψ,Q, ✭✶✳✶✳✹✮

♣❛r❛ t♦❞♦ ♣❛r ❞❡ ❢✉♥✐♦♥❡s f ✱ g ② t♦❞♦ ❝✉❜♦ Q✳



✹ Pr❡❧✐♠✐♥❛r❡s

❖❜s❡r✈❛❝✐ó♥ ✶✳✶✳✷✳ ❚♦❞♦s ❧❛s ♣r♦♣✐❡❞❛❞❡s ❛q✉í ❡①♣✉❡st❛s ✈❛❧❡♥ t❛♠❜✐é♥ s✐ ❝♦♥s✐❞❡r❛♠♦s
❜♦❧❛s ❡♥ ❧✉❣❛r ❞❡ ❝✉❜♦s✳

✶✳✶✳✷✳ ❊s♣❛❝✐♦s ❞❡ s✉❛✈✐❞❛❞ ② BMO

❉❡✜♥✐r❡♠♦s ❛q✉í ❡❧ ❡s♣❛❝✐♦ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ❝♦♥ ♦s❝✐❧❛❝✐ó♥ ♠❡❞✐❛ ❛❝♦t❛❞❛ ✐♥tr♦❞✉❝✐✲
❞♦ ♣♦r ❏♦❤♥ ② ◆✐r❡♥❜❡r❣ ❡♥ ❬✷✵❪ ♣❛r❛ ❧✉❡❣♦ ❞❛r ❛❧❣✉♥❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❡st❡ ❡s♣❛❝✐♦ ②
❣❡♥❡r❛❧✐③❛❝✐♦♥❡s✳ ❊♥ ❧❛ s✐❣✉✐❡♥t❡ s❡❝❝✐ó♥ ❞❡✜♥✐r❡♠♦s ❡s♣❛❝✐♦s ❞❡ ❡st❡ ❡st✐❧♦ ❛❞❛♣t❛❞♦s ❛❧
❝♦♥t❡①t♦ ❞❡❧ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r q✉❡ s❡rá♥ ✉t✐❧✐③❛❞♦s ❡♥ ❧♦s ❝❛♣ít✉❧♦s ♣♦st❡r✐♦r❡s✳

❉❛❞❛ ✉♥❛ ❢✉♥❝✐ó♥ f ❧♦❝❛❧♠❡♥t❡ ✐♥t❡❣r❛❜❧❡✱ ❞✐r❡♠♦s q✉❡ f ❡stá ❡♥ BMO s✐ ❡①✐st❡ ✉♥❛
❝♦♥st❛♥t❡ C t❛❧ q✉❡

1

|B|

ˆ

B

|f − fB| ≤ C, ♣❛r❛ t♦❞❛ ❜♦❧❛ B ⊂ Rd. ✭✶✳✶✳✺✮

❊s ♣♦s✐❜❧❡ ❞❡✜♥✐r ‖f‖BMO ❝♦♠♦ ❡❧ í♥✜♠♦ s♦❜r❡ ❧❛s ❝♦♥st❛♥t❡s ♣❛r❛ ❧❛s ❝✉❛❧❡s ✈❛❧❡ ✶✳✶✳✺✱ s✐♥
❡♠❜❛r❣♦ ‖·‖BMO ♥♦ ❡s ✉♥❛ ♥♦r♠❛✱ ❞❡ ❤❡❝❤♦✱ ♣❛r❛ t♦❞❛ ❢✉♥❝✐ó♥ ❝♦♥st❛♥t❡ c✱ ‖c‖BMO = 0✳
P♦❞❡♠♦s s♦❧✉❝✐♦♥❛r ❡st❡ ♣r♦❜❧❡♠❛ ♣❡♥s❛♥❞♦ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❝♦❝✐❡♥t❡ ❝♦♥ ❧❛s ❢✉♥❝✐♦♥❡s
❝♦♥st❛♥t❡s✱ ❡st♦ ❡s✱ ♣❡♥s❛♥❞♦ q✉❡ ❞♦s ❢✉♥❝✐♦♥❡s q✉❡ ❞✐✜❡r❡♥ ❡♥ ✉♥❛ ❝♦♥st❛♥t❡ ❝♦✐♥❝✐❞❡♥
❝♦♠♦ ❢✉♥❝✐♦♥❡s ❞❡ BMO✳ ❊st❡ ❡s♣❛❝✐♦ ❡stá í♥t✐♠❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦ ❝♦♥ ❡❧ s✐❣✉✐❡♥t❡
♦♣❡r❛❞♦r ♠❛①✐♠❛❧ s❤❛r♣✳ P❛r❛ f ∈ L1

❧♦❝ s❡ ❞❡✜♥❡

M ♯f(x) = sup
B∋x

1

|B|

ˆ

B

|f − fB|, ✭✶✳✶✳✻✮

❞♦♥❞❡ ❡❧ s✉♣r❡♠♦ ❡s t♦♠❛❞♦ s♦❜r❡ t♦❞❛ ❧❛s ❜♦❧❛s B ⊂ Rd t❛❧❡s q✉❡ B ∋ x✳ ❊s ✐♥♠❡❞✐❛t♦
q✉❡

BMO = {f ∈ L1
❧♦❝ :M

♯f ∈ L∞} ✭✶✳✶✳✼✮

② q✉❡ L∞ ⊂ BMO✳

❱❛♠♦s ❛ ❝♦♥s✐❞❡r❛r t❛♠❜✐é♥ ❧❛ s✐❣✉✐❡♥t❡ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡ ❡st♦s ❡s♣❛❝✐♦s ❞❛❞❛ ♣♦r
P❡❡tr❡ ❡♥ ❬✷✼❪ ♣❛r❛ ❡❧ ❝❛s♦ ♥♦ ♣❡s❛❞♦✳ ❉❛❞♦ 0 ≤ β < 1 ② ✉♥ ♣❡s♦ w ❞❡✜♥✐♠♦s ❡❧ ❡s♣❛❝✐♦
BMOβ(w) ❝♦♠♦ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ❧♦❝❛❧♠❡♥t❡ ✐♥t❡❣r❛❜❧❡s f t❛❧❡s q✉❡

1

w(B)

ˆ

B

|f − fB| ≤ C|B|β/d, ♣❛r❛ t♦❞❛ ❜♦❧❛ B ⊂ Rd, ✭✶✳✶✳✽✮

② ❞❡✜♥✐♠♦s ❛♥á❧♦❣❛♠❡♥t❡ ‖f‖BMOβ(w)✳ ❙✐ β = 0 ❡st❡ ❡s♣❛❝✐♦ ❝♦✐♥❝✐❞❡ ❝♦♥ ❡❧ ❡s♣❛❝✐♦
BMO(w) ❞❡✜♥✐❞♦ ♣♦r ▼✉❝❦❡♥❤♦✉♣t ② ❲❤❡❡❞❡♥ ❡♥ ❬✷✻❪✳ ❆❞❡♠ás✱ ♣❛r❛ ❡❧ ❝❛s♦ w = 1 ②
β✱ ❡st♦s ❡s♣❛❝✐♦s r❡s✉❧t❛♥ s❡r ❧♦s ❡s♣❛❝✐♦s ▲✐♣s❝❤✐t③✲β✳ ▼ás ❛ú♥✱ s✐ w ❡s ✉♥ ♣❡s♦ ❞✉♣❧✐❝❛♥t❡
❡♥t♦♥❝❡s ❡st♦s ❡s♣❛❝✐♦s t✐❡♥❡♥ ❧❛ s✐❣✉✐❡♥t❡ ❞❡s❝r✐♣❝✐ó♥ ♣✉♥t✉❛❧ ❞❡❜✐❞❛ ❛ ❍❛r❜♦✉r❡✱ ❙❛❧✐♥❛s
② ❱✐✈✐❛♥✐ ✭✈❡r ❬✶✾❪✮✳ ❆♥t❡s✱ ❞❡✜♥✐♠♦s ♣❛r❛ ✉♥ ♣❡s♦ w ② β > 0

Wβ(x, r) =

ˆ

B(x,r)

w(z)

|z − x|d−β dz, ✭✶✳✶✳✾✮



✶✳✶ ❚❡♦rí❛ ❝❧ás✐❝❛ ✺

♣❛r❛ x ∈ Rd ② r > 0✳ ❊st❛ ❝❛♥t✐❞❛❞ ❡s ✜♥✐t❛ ♣❛r❛ ❝❛s✐ t♦❞♦ x ② ❡s ❝r❡❝✐❡♥t❡ ❡♥ r ♣❛r❛
t❛❧❡s x✳ ❈♦♠♦ s❡ ♣♦♥❡ ❡♥ ❡✈✐❞❡♥❝✐❛ ❡♥ ❧♦ q✉❡ s✐❣✉❡✱ ♥♦s ❞❛ ✉♥ ♠ó❞✉❧♦ ❞❡ ❝♦♥t✐♥✉✐❞❛❞ q✉❡
♣✉❡❞❡ ✈❛r✐❛r ❡♥ ❝❛❞❛ ♣✉♥t♦ ❞❡♣❡♥❞✐❡♥❞♦ ❞❡❧ t❛♠❛ñ♦ ❞❡ w✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✶✳✸✳ ❙✐ w ❡s ✉♥ ♣❡s♦ ❞✉♣❧✐❝❛♥t❡ ② 0 < β < 1✱ ❡❧ ❡s♣❛❝✐♦ BMOβ(w)
❝♦✐♥❝✐❞❡ ❝♦♥ ❧❛ ✈❡rs✐ó♥ ♣✉♥t✉❛❧ Λβ(w) q✉❡ ❝♦♥t✐❡♥❡ ❛ t♦❞❛s ❧❛s ❢✉♥❝✐♦♥❡s f t❛❧❡s q✉❡
❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C q✉❡ s❛t✐s❢❛❝❡

|f(x)− f(y)| ≤ C [Wβ(x, |x− y|) +Wβ(y, |x− y|)] , ✭✶✳✶✳✶✵✮

♣❛r❛ ❝❛s✐ t♦❞♦ x✱ y ∈ Rd✳

✶✳✶✳✸✳ P❡s♦s ❞❡ ▼✉❝❦❡♥❤♦✉♣t

▲❛s ❝❧❛s❡s ❞❡ ♣❡s♦s Ap ❞❡s❛rr♦❧❧❛❞❛s ♣♦r ❇✳ ▼✉❝❦❡♥❤♦✉♣t ❡♥ ❡❧ ❛ñ♦ ✶✾✼✷ ✭❬✷✺❪✮ ❢✉❡r♦♥
❡❧ ❝♦♠✐❡♥③♦ ❞❡ ✉♥❛ ❣r❛♥ ❝❛♥t✐❞❛❞ ❞❡ tr❛❜❛❥♦s ❞❡❞✐❝❛❞♦s ❛ ❡♥❝♦♥tr❛r ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♥
♣❡s♦s ♣❛r❛ ♦♣❡r❛❞♦r❡s ❞❡❧ ❛♥á❧✐s✐s ❛r♠ó♥✐❝♦✱ ❥✉♥t♦ ❝♦♥ ❞✐✈❡rs❛s ❛♣❧✐❝❛❝✐♦♥❡s ♣❛r❛ ❡st❛s
❞❡s✐❣✉❛❧❞❛❞❡s✳ ❉❛r❡♠♦s ❧❛s ❞❡✜♥✐❝✐♦♥❡s ❞❡ ❡st❛s ❝❧❛s❡s ♣❛r❛ ❧✉❡❣♦ ❞❛r ❛❧❣✉♥❛s ♣r♦♣✐❡❞❛❞❡s
② r❡s✉❧t❛❞♦s✳ ❊♥ ❧❛ s✐❣✉✐❡♥t❡ s❡❝❝✐ó♥ ✐♥tr♦❞✉❝✐r❡♠♦s ❝✐❡rt❛s ❝❧❛s❡s q✉❡ ❣❡♥❡r❛❧✐③❛♥ ❛ ❧❛s
❞❡ ▼✉❝❦❡♥❤♦✉♣t ② s❡rá♥ ❞❡ ❣r❛♥ ✐♠♣♦rt❛♥❝✐❛ ❡♥ ❛❧❣✉♥♦s ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♣r✐♥❝✐♣❛❧❡s ❞❡
❡st❛ t❡s✐s✳

P❛r❛ 1 < p <∞ ❞✐r❡♠♦s q✉❡ ✉♥ ♣❡s♦ w ∈ Ap s✐ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

(
ˆ

B

w

)1/p(ˆ

B

w
− 1
p−1

)1/p′

≤ C|B|, ✭✶✳✶✳✶✶✮

♣❛r❛ t♦❞❛ ❜♦❧❛ B = B(x, r)✳ P❛r❛ p = 1 ❞✐r❡♠♦s q✉❡ w ∈ A1 s✐

1

|B|

ˆ

B

w ≤ C ı́nf
B
w, ✭✶✳✶✳✶✷✮

♣❛r❛ t♦❞❛ ❜♦❧❛ B = B(x, r)✳ ❙✐ ❝♦♥s✐❞❡r❛♠♦s M ❧❛ ♠❛①✐♠❛❧ ❞❡ ❍❛r❞② ▲✐tt❧❡✇♦♦❞

Mf(x) = sup
B∋x

1

|B|

ˆ

B

|f |, ✭✶✳✶✳✶✸✮

❡s ✐♥♠❡❞✐❛t♦ q✉❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ✶✳✶✳✶✷ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛

Mw(x) ≤ Cw(x) c.t.p x ∈ Rd. ✭✶✳✶✳✶✹✮

❊❥❡♠♣❧♦s s✐♠♣❧❡s ❞❡ ♣❡s♦s Ap s♦♥ ❧❛s ♣♦t❡♥❝✐❛s ❞❡ |x|✳ ❈♦♠♦ ❡s ❢á❝✐❧ ❝♦♠♣r♦❜❛r
w(x) = |x|α ∈ Ap s✐ ② só❧♦ s✐ −n < α < n(p − 1)✱ ♣❛r❛ 1 < p < ∞✳ ❈✉❛♥❞♦ p = 1
❡st❡ r❡s✉❧t❛❞♦ ✈❛❧❡ ♣❛r❛ −n < α ≤ 0✳ ❯s❛r❡♠♦s ❧❛ ♥♦t❛❝✐ó♥ A∞ =

⋃

p≥1Ap✳ ❆❧❣✉♥❛s
♣r♦♣✐❡❞❛❞❡s ❞❡ ❡st❛s ❝❧❛s❡s s❡ ❡♥✉♥❝✐❛♥ ❛ ❝♦♥t✐♥✉❛❝✐ó♥✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✶✳✹✳



✻ Pr❡❧✐♠✐♥❛r❡s

✶✳ Ap ⊂ Aq s✐ 1 ≤ p < q✳

✷✳ w ∈ Ap s✐ ② só❧♦ s✐ w1−p′ ∈ A′
p✳

✸✳ ❙✐ w1✱ w2 ∈ A1 ❡♥t♦♥❝❡s w1w
1−p
2 ∈ Ap✳

✹✳ ✭❉✉♣❧✐❝❛❝✐ó♥✮✳ ❙✐ w ∈ A∞ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡
ˆ

B(x,2r)

w(y)dy ≤ C

ˆ

B(x,r)

w(y)dy, r > 0. ✭✶✳✶✳✶✺✮

✺✳ ✭❉❡s✐❣✉❛❧❞❛❞ ❞❡ r❡✈❡rs❡✲❍ö❧❞❡r✮✳ ❙✐ w ∈ A∞ ❡①✐st❡♥ ❝♦♥st❛♥t❡s C ② ε > 0 t❛❧❡s q✉❡
♣❛r❛ t♦❞❛ ❜♦❧❛ B ⊂ Rd✱

(

1

|B|

ˆ

B

w1+ε

)1/(1+ε)

≤ C

|B|

ˆ

B

w. ✭✶✳✶✳✶✻✮

❙✐ ❝♦♥s✐❞❡r❛♠♦s M ❧❛ ♠❛①✐♠❛❧ ❞❡ ❍❛r❞② ▲✐tt❧❡✇♦♦❞

Mf(x) = sup
B∋x

1

|B|

ˆ

B

|f |, ✭✶✳✶✳✶✼✮

t❡♥❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✶✳✶✳✺✳ ❙❡❛ M ❧❛ ♠❛①✐♠❛❧ ❞❡ ❍❛r❞② ▲✐tt❧❡✇♦♦❞✳

✶✳ M ❡s ❞❡ t✐♣♦ ❞é❜✐❧ (1, 1) r❡s♣❡❝t♦ ❛ w s✐ ② só❧♦ s✐ w ∈ A1✳

✷✳ ❙✐ 1 < p <∞✱ M ❡s ❞❡ t✐♣♦ ❢✉❡rt❡ (p, p) r❡s♣❡❝t♦ ❛ w s✐ ② só❧♦ s✐ w ∈ Ap✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✶✳✻✳ ❊♥ ❧❛s ❞❡✜♥✐❝✐♦♥❡s ❞❛❞❛s ❡♥ ❡st❛ s✉❜✲s❡❝❝✐ó♥ ♣✉❡❞❡♥ ✐♥t❡r❝❛♠❜✐❛rs❡
❧❛s ❜♦❧❛s ♣♦r ❝✉❜♦s ♣✉❡st♦ q✉❡ ❧❛s ❝❧❛s❡s ❞❡ ♣❡s♦s r❡s✉❧t❛♥ s❡r ❧❛s ♠✐s♠❛s ② ❧❛s ♠❛①✐♠❛❧❡s
s♦♥ ❡q✉✐✈❛❧❡♥t❡s✳

✶✳✶✳✹✳ ❖♣❡r❛❞♦r❡s ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞

❊♥ ❡st❛ s❡❝❝✐ó♥ ❞❡s❝r✐❜✐r❡♠♦s ❜r❡✈❡♠❡♥t❡ ❛❧❣✉♥♦s r❡s✉❧t❛❞♦s ❝❧ás✐❝♦s s♦❜r❡ ♦♣❡r❛❞♦✲
r❡s ❞❡ ❈❛❧❞❡ró♥ ② ❩②❣♠✉♥❞✳ ❙✐ ❜✐❡♥ ❧❛s ❞❡✜♥✐❝✐♦♥❡s ② ❧♦s r❡s✉❧t❛❞♦s q✉❡ ❡①♣♦♥❞r❡♠♦s
❛q✉í ❡stá♥ ❛♠♣❧✐♠❡♥t❡ tr❛t❛❞♦s ❡♥ ❧❛ ❧✐t❡r❛t✉r❛✱ q✉❡r❡♠♦s ❡①♣❧✐❝✐t❛r❧♦s ♣♦r ❧♦s s✐❣✉✐❡♥t❡s
♠♦t✐✈♦s✿

P♦r ✉♥ ❧❛❞♦✱ ✉♥❛ ❞❛ ❧❛s ❡str❛t❡❣✐❛s q✉❡ ✉s❛r❡♠♦s ❡♥ ❡st❡ tr❛❜❛❥♦ ❝♦♥s✐st❡ ❡♥ ❞❡✜♥✐r
✉♥❛ ❝❧❛s❡ ❞❡ ♦♣❡r❛❞♦r❡s ❝♦♥ ❝✐❡rt❛s s❡♠❡❥❛♥③❛s ❛ ❧❛ ❞❡ ❈❛❧❞❡ró♥ ② ❩②❣♠✉♥❞ q✉❡ ❝♦♥t❡♥❣❛
❛ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r ② ♦tr♦s ❡❥❡♠♣❧♦s ❞❡ ♦♣❡r❛❞♦r❡s r❡❧❛❝✐♦♥❛❞♦s ❛❧
♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r L = −∆+V q✉❡ ♥♦s ✐♥t❡r❡s❛♥ ✭✈❡r ❈❛♣ít✉❧♦ ✷✮✳ P♦st❡r✐♦r♠❡♥t❡✱
❧♦s r❡s✉❧t❛❞♦s q✉❡ ♦❜t❡♥❞r❡♠♦s ❡♥ ❡s♣❛❝✐♦s Lp✱ BMO ② ❞❡ s✉✈✐❞❛❞ ♣❛r❛ ❡st♦s ♦♣❡r❛❞♦r❡s
s❡rá♥ ✭❡♥ ❛❧❣ú♥ s❡♥t✐❞♦✮ s✐♠✐❧❛r❡s ❛ ❧♦s ❝♦♥♦❝✐❞♦s ♣❛r❛ ❧♦s ❞❡ ❈❛❧❞❡ró♥ ② ❩②❣♠✉♥❞ ✭✈❡r
❝❛♣ít✉❧♦s ✻ ② ✸✮✳



✶✳✶ ❚❡♦rí❛ ❝❧ás✐❝❛ ✼

P♦r ♦tr♦ ❧❛❞♦✱ ❞❡s❝r✐❜✐r❡♠♦s ♦tr❛ ❢❛♠✐❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s ❛s♦❝✐❛❞♦s ❛ L q✉❡ ♣✉❡❞❡♥
s❡r ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛r❛❞♦s ❝♦♥ ❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ♦♣❡r❛❞♦r❡s ❛s♦❝✐❛❞♦s ❛ −∆✳ ❊♥ ♣❛r✲
t✐❝✉❧❛r✱ ❛♣❛r❡❝❡rá♥ ♥❛t✉r❛❧♠❡♥t❡ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③ q✉❡ ❡stá♥ ✐♥❝❧✉✐❞❛s ❡♥ ❧❛
t❡♦rí❛ ❞❡ ❈❛❧❞❡ró♥ ② ❩②❣♠✉♥❞ ②✱ ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ ✈❛❧❡♥ ♣❛r❛ ❡❧❧❛s ❧♦s r❡s✉❧t❛❞♦s q✉❡
❞❡s❝r✐❜✐r❡♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ✭✈❡r ❈❛♣ít✉❧♦ ✺✮✳

❉✐r❡♠♦s q✉❡ ✉♥❛ ❢✉♥❝✐ó♥ K ❞❡✜♥✐❞❛ ❡♥ Rd × Rd \ {(x, x) : x ∈ Rd} ❡s ✉♥ ♥ú❝❧❡♦
❡st❛♥❞❛r ❝♦♥ ❝♦♥st❛♥t❡s A ② δ s✐ s❛t✐s❢❛❝❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ t❛♠❛ñ♦

|K(x, y)| ≤ A

|x− y|d ✭✶✳✶✳✶✽✮

② ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ r❡❣✉❧❛r✐❞❛❞ ❡♥ ❛♠❜❛s ✈❛r✐❛❜❧❡s

|K(x, y)−K(x′, y)| ≤ A|x− x′|δ
|x− y|d+δ , ✭✶✳✶✳✶✾✮

s✐ |x− y| ≥ 2|x− x′| ②
|K(x, y)−K(x, y′)| ≤ A|y − y′|δ

|x− y|d+δ ✭✶✳✶✳✷✵✮

s✐ |x− y| ≥ 2|y − y′|✳

❙✐ K ❡s ✉♥ ♥ú❝❧❡♦ ❡st❛♥❞❛r✱ ❞✐r❡♠♦s q✉❡ ✉♥ ♦♣❡r❛❞♦r ❧✐♥❡❛❧ T t✐❡♥❡ ♥ú❝❧❡♦ ❛s♦❝✐❛❞♦
K s✐ s❛t✐s❢❛❝❡

Tf(x) =

ˆ

Rd

K(x, y)f(y)dy ✭✶✳✶✳✷✶✮

♣❛r❛ t♦❞❛ ❢✉♥❝✐ó♥ f ∈ C∞
0 ② x /∈ sop(f)✳ ❙✐ T t✐❡♥❡ ✉♥ ♥ú❝❧❡♦ ❛s♦❝✐❛❞♦ K ② ❡s ❛❝♦t❛❞♦

❡♥ L2(Rd)✱ ❡st♦ ❡s✱
‖Tf‖L2 ≤ B‖f‖L2 , ✭✶✳✶✳✷✷✮

♣❛r❛ t♦❞❛ f ∈ L2(Rd) ❡♥t♦♥❝❡s ❞✐r❡♠♦s q✉❡ T ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞
❝♦♥ ♥ú❝❧❡♦ ❛s♦❝✐❛❞♦ K✳ ❊♥✉♥❝✐❛♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ r❡s✉❧t❛❞♦s ❝❧ás✐❝♦s ❞❡ ❛❝♦t❛❝✐ó♥ ♣❛r❛
♦♣❡r❛❞♦r❡s ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❡♥ ❡s♣❛❝✐♦s Lp(w) ② BMO(w)✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✶✳✼✳ ❊s ♣♦s✐❜❧❡ ❞❡✜♥✐r ❡st❛ ❝❧❛s❡ ❞❡ ♦♣❡r❛❞♦r❡s ♣✐❞✐❡♥❞♦ ❛❝♦t❛❝✐ó♥ ❡♥ ❛❧❣ú♥
p0 1 < p0 <∞ ❡♥ ❧✉❣❛r ❞❡ L2 ② ❧♦s r❡s✉❧t❛❞♦s q✉❡ s❡ ♦❜t✐❡♥❡♥ s♦♥ ❧♦s ♠✐s♠♦s✳

❚❡♦r❡♠❛ ✶✳✶✳✽✳ ❙❡❛ T ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞✳ ❙✐ 1 < p < ∞ ② w ∈ Ap
❡♥t♦♥❝❡s T ❡s ❛❝♦t❛❞♦ ❡♥ Lp(w)✳ ❙✐ w ∈ A1 ❡♥t♦♥❝❡s T ❡s ❞❡ t✐♣♦ ❞é❜✐❧ (1, 1) r❡s♣❡❝t♦ ❛
w✳

❯♥♦ ❞❡ ❧♦s ♠ás ✐♠♣♦rt❛♥t❡s ❡❥❡♠♣❧♦s ❞❡ ✉♥ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❡s ❧❛
tr❛♥s❢♦r♠❛❞❛ ❞❡ ❍✐❧❜❡rt H ② s✉s ❣❡♥❡r❛❧✐③❛❝✐♦♥❡s ❛ ❞✐♠❡♥s✐ó♥ ♠❛②♦r✱ ❧❛s tr❛♥s❢♦r♠❛❞❛s
❞❡ ❘✐❡s③ ❞❡ ♣r✐♠❡r ♦r❞❡♥ R1 = ∇(−∆)−1/2✳ ❊st♦s ♦♣❡r❛❞♦r❡s t❡♥❞rá♥ ✉♥ ♣❛♣❡❧ ✐♠♣♦r✲
t❛♥t❡ ❡♥ ❡st❡ tr❛❜❛❥♦ ②❛ q✉❡ ♥♦s s❡r✈✐rá♥ ♣❛r❛ ❛♣r♦①✐♠❛r ❧♦❝❛❧♠❡♥t❡ ❧❛s tr❛♥s❢♦r♠❛❞❛s
❞❡ ❘✐❡s③ ❛s♦❝✐❛❞❛s ❛❧ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✷✳

P❛r❛ ❡st♦s ♦♣❡r❛❞♦r❡s ✈❛❧❡♥ ❧❛s ❛❝♦t❛❝✐♦♥❡s ❡♥ Lp(w) ❞❛❞❛s ❡♥ ❡❧ ❚❡♦r❡♠❛ ✶✳✶✳✽✳
❆❞❡♠ás✱ ♣r❡s❡r✈❛♥ ❧♦s ❡s♣❛❝✐♦s BMOβ(w) ♣❛r❛ ❝✐❡rt❛s ❝❧❛s❡s ❞❡ ♣❡s♦s ② 0 ≤ β < 1✳ ▼ás



✽ Pr❡❧✐♠✐♥❛r❡s

♣r❡❝✐s❛♠❡♥t❡✱ s✐ w ∈ A∞ =
⋃

p≥1Ap ② s❛t✐s❢❛❝❡

|B| 1−β
d

ˆ

Bc

w(y)

|xB − y|d+1−β dy ≤ C
w(B)

|B| ♣❛r❛ t♦❞❛ ❜♦❧❛ B ⊂ Rd, ✭✶✳✶✳✷✸✮

❡♥t♦♥❝❡s R1 ❡s ❛❝♦t❛❞❛ ❡♥ BMOβ(w) ♣❛r❛ 0 ≤ β < 1 ✭✈❡r ❬✷✻❪ ② ❬✷✹❪✮

❚❛♠❜✐é♥ ❛♣❛r❡❝❡rá♥ ♠ás ❛❞❡❧❛♥t❡ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③ ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ❞❛❞❛s
♣♦r R2 = ∇2(−∆)−1✱ r❡❧❛❝✐♦♥❛❞❛s ❛ ❧❛s s❡❣✉♥❞❛s ❞❡r✐✈❛❞❛s ❞❡ ✉♥❛ s♦❧✉❝✐ó♥ ❞❡ ∆u =
f ✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❝♦♠♦ ❧❛s ❞❡r✐✈❛❞❛s ❝♦♥♠✉t❛♥ ❝♦♥ ❡❧ ▲❛♣❧❛❝✐❛♥♦ s❡ t✐❡♥❡ q✉❡ R

i,j
2 =

R
i
1(R

j
1)
⋆ = −R

i
1 ◦Rj

1 ② ❛sí ♠✉❝❤♦s r❡s✉❧t❛❞♦s ✈á❧✐❞♦s ♣❛r❛ R1 ♣✉❡❞❡♥ tr❛s❧❛❞❛rs❡ ❛ R2✳

✶✳✶✳✺✳ ■♥t❡❣r❛❧❡s ❢r❛❝❝✐♦♥❛r✐❛s

▲❛ ✐♥t❡❣r❛❧ ❢r❛❝❝✐♦♥❛r✐❛ ❝❧ás✐❝❛ ❡stá ❛s♦❝✐❛❞❛ ❛ ♣♦t❡♥❝✐❛s ♥❡❣❛t✐✈❛s ❞❡ −∆ ② r❡s✉❧t❛ s❡r
✉♥ ✐♥str✉♠❡♥t♦ ♠✉② út✐❧ ❡♥ ❞✐✈❡rs♦s ♣r♦❜❧❡♠❛s✳ ❈♦♠♦ ❡❧ ♦♣❡r❛❞♦r ❞❡ ▲❛♣❧❛❝❡ ❝♦♥t✐❡♥❡
❞❡r✐✈❛❞❛s ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥✱ (−∆)1/2 ❞❛ ✉♥❛ ❡s♣❡❝✐❡ ❞❡ ✑✐♥t❡❣r❛❝✐ó♥✑✱ ❡s ❞❡❝✐r✱ ❧❛ ✐❞❡❛
❞❡ ✉♥❛ ♦♣❡r❛❝✐ó♥ ✐♥✈❡rs❛ ❛ ❧❛ ✑❞❡r✐✈❛❝✐ó♥✑ (−∆)1/2✳ ❆sí✱ ❡♥ ❣❡♥❡r❛❧✱ ♣♦❞❡♠♦s ♣❡♥s❛r q✉❡
(−∆)−s/2 ❡s ✉♥❛ ✐♥t❡❣r❛❝✐ó♥ ❞❡ ♦r❞❡♥ s ② ♣♦r ❡st❛ r❛③ó♥ s❡ ❞❡♥♦♠✐♥❛ ❛ ❡st❡ ♦♣❡r❛❞♦r Is✳
❯s❛♥❞♦ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❡s ❢á❝✐❧ ✈❡r q✉❡ ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❝♦♥✈♦❧✉❝✐ó♥✳ ▼ás
♣r❡❝✐s❛♠❡♥t❡✱

Is(f)(x) = 2−sπ−d/2Γ
(

d+s
2

)

Γ
(

s
2

)

ˆ

Rd

f(x− y)|y|s−ddy. ✭✶✳✶✳✷✹✮

❊st♦s ♦♣❡r❛❞♦r❡s ♠❡❥♦r❛♥ ❧❛ ✐♥t❡❣r❛❜✐❧✐❞❛❞ ❧♦❝❛❧ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s✱ ❝♦♠♦ ✈❡r❡♠♦s ❛ ❝♦♥t✐✲
♥✉❛❝✐ó♥ ❡♥ ❧♦ q✉❡ s❡ ❝♦♥♦❝❡ ❝♦♠♦ ❚❡♦r❡♠❛ ❞❡ ❍❛r❞②✲▲✐tt❧❡✇♦♦❞✲❙♦❜♦❧❡✈ s♦❜r❡ ✐♥t❡❣r❛❝✐ó♥
❢r❛❝❝✐♦♥❛r✐❛✳

❚❡♦r❡♠❛ ✶✳✶✳✾✳ ❙❡❛♥ 0 < s < d ② 1 ≤ p < q <∞ t❛❧❡s q✉❡

1

p
− 1

q
=
s

d
. ✭✶✳✶✳✷✺✮

❊♥t♦♥❝❡s ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C = C(d, s, p) t❛❧ q✉❡

‖Is(f)‖Lq(Rd) ≤ C‖f‖Lp(Rd) s✐ p > 1,

‖Is(f)‖Lq,∞(Rd) ≤ C‖f‖L1(Rd) s✐ p = 1.

❈♦♠♦ ❡s ❞❡ ❡s♣❡r❛r✱ ❧❛s ✐♥t❡❣r❛❧❡s ❢r❛❝❝✐♦♥❛r✐❛s t❛♠❜✐é♥ ♠❡❥♦r❛♥ ❧❛ s✉❛✈✐❞❛❞ ❞❡ ❧❛s
❢✉♥❝✐♦♥❡s✳ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱ tr❛♥s❢♦r♠❛♥ ❢✉♥❝✐♦♥❡s ▲✐♣s❝❤✐t③✲α ❡♥ ❢✉♥❝✐♦♥❡s ▲✐♣s❝❤✐t③✲
α+s✳ ❊♥ ❡st❡ tr❛❜❛❥♦ ♥♦ ✉s❛r❡♠♦s ❡st❡ t✐♣♦ ❞❡ r❡s✉❧t❛❞♦s ♣❡r♦ ❡❧ ❧❡❝t♦r ✐♥t❡r❡s❛❞♦ ♣✉❡❞❡
❤❛❧❧❛r ❡♥ ❬✶✾❪ ✉♥❛ ✈❡rs✐ó♥ ❡♥ ❡s♣❛❝✐♦s ▲✐♣s❝❤✐t③ ❝♦♥ ♣❡s♦s✳

✶✳✷✳ ❈♦♥t❡①t♦ ❙❝❤rö❞✐♥❣❡r

❈♦♠♦ ②❛ ❤❡♠♦s ❞✐❝❤♦✱ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③ ② ♠ás ❣❡♥❡r❛❧♠❡♥t❡ ❧❛s ✐♥t❡❣r❛❧❡s
s✐♥❣✉❧❛r❡s ❥✉❡❣❛♥ ✉♥ r♦❧ ❝❡♥tr❛❧ ❡♥ ❡❧ ❡st✉❞✐♦ ❞❡❧ s❡♠✐❣r✉♣♦ ❛s♦❝✐❛❞♦ ❛❧ ♦♣❡r❛❞♦r ❞❡



✶✳✷ ❈♦♥t❡①t♦ ❙❝❤rö❞✐♥❣❡r ✾

▲❛♣❧❛❝❡✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❤❡♠♦s r❡♣❛s❛❞♦ ❛❧❣✉♥❛s ❞❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❢✉♥❞❛♠❡♥t❛❧❡s ❞❡ ❡st♦s
♦♣❡r❛❞♦r❡s✱ ❧❛ t❡♦rí❛ ❞❡ ♣❡s♦s ❛s♦❝✐❛❞❛ ② ❧♦s ❡s♣❛❝✐♦s ❞❡ s✉❛✈✐❞❛❞ q✉❡ ❡❧❧♦s ♣r❡s❡r✈❛♥✳
❊♥ ❡st❛ s❡❝❝✐ó♥✱ ♥♦s ♣r♦♣♦♥❡♠♦s r❡✈❡r ❛❧❣✉♥❛s ❞❡ ❡st❛s ❝✉❡st✐♦♥❡s ❝✉❛♥❞♦ ❝❛♠❜✐❛♠♦s ❡❧
♦♣❡r❛❞♦r ❞✐❢❡r❡♥❝✐❛❧ −∆ ♣♦r −∆+ V ✳ ❊st♦ ❞❛ ♦r✐❣❡♥ ❛ ✉♥ ✑❛♥á❧✐s✐s ❛r♠ó♥✐❝♦✑ q✉❡ ②❛ ♥♦
❡s ✐♥✈❛r✐❛♥t❡ ♣♦r tr❛s❧❛❝✐♦♥❡s ② ♣♦r ❧♦ t❛♥t♦ ❧♦s ♦♣❡r❛❞♦r❡s ❢✉♥❞❛♠❡♥t❛❧❡s ♥♦ s❡rá♥ ❞❡
❝♦♥✈♦❧✉❝✐ó♥✳ ❆❞❡♠ás✱ ♠✉❝❤♦s ❞❡ ❡st♦s ♦♣❡r❛❞♦r❡s ♣❡r❞❡rá♥ ❛❧❣♦ ❞❡ s✉❛✈✐❞❛❞ ❞❡♣❡♥❞✐❡♥❞♦
❞❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s q✉❡ ♣✐❞❛♠♦s ❛❧ ♣♦t❡♥❝✐❛❧ V ✳

❈♦♠❡♥③❛r❡♠♦s ❞❡s❝r✐❜✐❡♥❞♦ ❡❧ ♠❛r❝♦ ❡♥ ❡❧ q✉❡ tr❛❜❛❥❛r❡♠♦s✱ ❡st♦ ❡s✱ ❧❛s s✉♣♦s✐❝✐♦♥❡s
s♦❜r❡ V ② ♠❡♥❝✐♦♥❛r❡♠♦s ❛❧❣✉♥❛s ❞❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s q✉❡ ♣✉❡❞❡♥ ♦❜t❡♥❡rs❡✳ ❙❡❣✉✐r❡♠♦s
❡❧ ❡♥❢♦q✉❡ ❞❡❧ tr❛❜❛❥♦ ❞❡ ❙❤❡♥ ❬✸✶❪✱ r❡❝♦r❞❛♥❞♦ ❧❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦ ❛s♦❝✐❛❞❛ ❛❧
♣♦t❡♥❝✐❛❧ ❛sí ❝♦♠♦ ❛❧❣✉♥❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧❛ s♦❧✉❝✐ó♥ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ −∆u+
V u = f ✳

❊♥ ❧♦ q✉❡ r❡st❛ ❞❡❧ ❝❛♣ít✉❧♦ ✐♥tr♦❞✉❝✐r❡♠♦s ② ❞✐s❝✉t✐r❡♠♦s ❛❧❣✉♥❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧❛s
❢❛♠✐❧✐❛s ❞❡ ♣❡s♦s ♣r♦♣✐❛s ❞❡ ❡st❡ ❝♦♥t❡①t♦ q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ❧❛ ❧✐t❡r❛t✉r❛ ② s✉ r❡❧❛❝✐ó♥ ❝♦♥
❛♣r♦♣✐❛❞♦s ♦♣❡r❛❞♦r❡s ♠❛①✐♠❛❧❡s✳ ❚❛♠❜✐é♥ ❞❡s❝r✐❜✐r❡♠♦s ❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s s✉st✐t✉t♦s
❞❡ ❧♦s ❡s♣❛❝✐♦s BMO ② BMOβ ❝♦♥ ♣❡s♦s✳

✶✳✷✳✶✳ ❊❧ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r

❆ ❧♦ ❧❛r❣♦ ❞❡ ❡st❛ t❡s✐s✱ ❡❧ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r q✉❡ tr❛t❛r❡♠♦s ❡s ❞❡ ❧❛ ❢♦r♠❛
L = −∆+ V ❡♥ Rd✱ d ≥ 3 ② s✉♣♦♥❞r❡♠♦s s✐❡♠♣r❡ q✉❡ ❡❧ ♣♦t❡♥❝✐❛❧ V ❡s ✉♥❛ ❢✉♥❝✐ó♥ ♥♦
♥❡❣❛t✐✈❛✱ ♥♦ ✐❞é♥t✐❝❛♠❡♥t❡ ❝❡r♦✱ ❧♦❝❛❧♠❡♥t❡ ✐♥t❡❣r❛❜❧❡ ② q✉❡ ♣❡rt❡♥❡❝❡ ❛ ❧❛ ❝❧❛s❡ r❡✈❡rs❡✲
❍ö❧❞❡r RHq ♣❛r❛ ❛❧❣ú♥ q > d/2✱ ❡st♦ ❡s✱ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

(

1

|B|

ˆ

B

V q

)1/q

≤ C

|B|

ˆ

B

V, ✭✶✳✷✳✶✮

♣❛r❛ t♦❞❛ ❜♦❧❛ B ⊂ Rd✳

❆❧❣✉♥❛s ♣r♦♣✐❡❞❛❞❡s ❝♦♥♦❝✐❞❛s ❞❡ ❡st❛s ❝❧❛s❡s s❡ ❡♥✉♥❝✐❛♥ ❡♥ ❧❛ s✐❣✉✐❡♥t❡ ♣r♦♣♦s✐❝✐ó♥✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✶✳ ❙❡❛♥ q > 1 ② V ∈ RHq✳

✶✳ RHq ⊂ RHp s✐ q ≤ p <∞✳

✷✳ V ∈ RHq+ε ♣❛r❛ ❛❧❣ú♥ ε > 0 q✉❡ ❞❡♣❡♥❞❡ só❧♦ ❞❡ ❧❛ ❝♦♥st❛♥t❡ ❡♥ ✭✶✳✷✳✶✮ ② ❞❡ ❧❛
❞✐♠❡♥s✐ó♥✳

✸✳ ❊①✐st❡ C > 0 t❛❧ q✉❡ s✐ 0 < r < R <∞ s❡ ✈❡r✐✜❝❛

1

rd−2

ˆ

B(x,r)

V (y)dy ≤ C
( r

R

)2−d/q 1

Rd−2

ˆ

B(x,R)

V (y)dy. ✭✶✳✷✳✷✮

✹✳ V ∈ A∞✳ ❊♥ ♣❛rt✐❝✉❧❛r ❡s ✉♥ ♣❡s♦ ❞✉♣❧✐❝❛♥t❡✱ ❡st♦ ❡s✱ ❡①✐st❡ C2 t❛❧ q✉❡
ˆ

B(x,2r)

V (y)dy ≤ C2

ˆ

B(x,r)

V (y)dy, r > 0. ✭✶✳✷✳✸✮



✶✵ Pr❡❧✐♠✐♥❛r❡s

❖❜s❡r✈❛❝✐ó♥ ✶✳✷✳✷✳ ❊♥ ✈✐st❛s ❞❡ ❧❛ ❛♣❡rt✉r❛ ❞❡ ❧❛s ❝❧❛s❡s r❡✈❡rs❡✲❍ö❧❞❡r ❞❛❞❛ ❡♥ ❧❛ ♣r♦✲
♣♦s✐❝✐ó♥ ❛♥t❡r✐♦r✱ s❡rá ❡q✉✐✈❛❧❡♥t❡ ❝♦♥s✐❞❡r❛r q > d/2 ♦ q ≥ d/2✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✷✳✸✳ ❊♥ ❧❛ ❧✐t❡r❛t✉r❛ ❛♣❛r❡❝❡ ✉s✉❛❧♠❡♥t❡ ❧❛ ❝❧❛s❡ RH∞ ❞❡✜♥✐❞❛ ❝♦♠♦ ❡❧
❝♦♥❥✉♥t♦ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ❧♦❝❛❧♠❡♥t❡ ✐♥t❡❣r❛❜❧❡s q✉❡ s❛t✐s❢❛❝❡♥

sup
x∈B

V (x) ≤ C

|B|

ˆ

B

V (x)dx ♣❛r❛ t♦❞❛ ❜♦❧❛ B ⊂ Rd. ✭✶✳✷✳✹✮

❊s ✐♥♠❡❞✐❛t♦ q✉❡ RH∞ ⊂ RHq ♣❛r❛ t♦❞♦ q > 1✳ ❊st❡ ❡s ❡❧ ❝❛s♦ ❞❡ ❝✉❛❧q✉✐❡r ♣♦❧✐♥♦♠✐♦
♥♦ ♥❡❣❛t✐✈♦ ②✱ ❡♥ ♣❛rt✐❝✉❧❛r✱ ❞❡❧ ♣♦t❡♥❝✐❛❧ V (x) = |x|2 q✉❡ ❡stá ❛s♦❝✐❛❞♦ ❛❧ ♦♣❡r❛❞♦r ❞❡
❍❡r♠✐t❡ H = −∆+ |x|2✳

✶✳✷✳✷✳ ❋✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦

❊♥ s✉ tr❛❜❛❥♦ ❞❡ ✶✾✾✺ ✭❬✸✶❪✮✱ ❙❤❡♥ ✐♥tr♦❞✉❝❡ ❧❛ s✐❣✉✐❡♥t❡ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦
❛s♦❝✐❛❞❛ ✉♥ ♣♦t❡♥❝✐❛❧ V ♥♦ ♥❡❣❛t✐✈♦✱ ♥♦ ✐❞é♥t✐❝❛♠❡♥t❡ ♥✉❧♦ ② t❛❧ q✉❡ V ∈ RHq ♣❛r❛
q > d/2✳

ρ(x) = sup

{

r > 0 :
1

rd−2

ˆ

B(x,r)

V ≤ 1

}

, x ∈ Rd. ✭✶✳✷✳✺✮

▲❛ ✐❞❡❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ❙❤❡♥ ❡s q✉❡ ❧♦s ♦♣❡r❛❞♦r❡s ❛s♦❝✐❛❞♦s ❛ L = −∆ + V ♣✉❡❞❡♥
✈❡rs❡ ❝♦♠♦ ✉♥❛ ♣❡rt✉r❜❛❝✐ó♥ ❞❡ ❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ♦♣❡r❛❞♦r❡s ❛s♦❝✐❛❞♦s ❛ −∆ ❛ ❡s❝❛❧❛
♠❡♥♦r q✉❡ ρ(x)✳ ❊st❛ ✐❞❡❛ q✉❡❞❛ ❡♥ ❡✈✐❞❡♥❝✐❛ ❡♥ ❧❛ té❝♥✐❝❛ q✉❡ ❞❡♥♦♠✐♥❛♠♦s ♠ét♦❞♦ ❞❡
❝♦♠♣❛r❛❝✐ó♥✱ ✉s❛❞❛ ♣♦r ❙❤❡♥ ♣❛r❛ ♦❜t❡♥❡r ❞❡s✐❣✉❛❧❞❛❞❡s ❡♥ Lp ♣❛r❛ ❧❛s tr❛♥s❢♦r♠❛❞❛s
❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r ② ❛❞♦♣t❛❞❛ ❡♥ ❡st❡ tr❛❜❛❥♦ ♣❛r❛ ❞❡✜♥✐r✱ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✷✱ ❝✐❡rt❛s
❢❛♠✐❧✐❛s ❞❡ ♦♣❡r❛❞♦r❡s ❛s♦❝✐❛❞♦s ❛ L✳

▼ás ❛❧❧á ❞❡❧ ♠ét♦❞♦ ❞❡ ❝♦♠♣❛r❛❝✐ó♥✱ ❧❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦ ρ ❛s♦❝✐❛❞❛ ❛ V ❤❛
♣r♦❜❛❞♦ s❡r ✉♥❛ ♣✐❡③❛ ❢✉♥❞❛♠❡♥t❛❧ ❡♥ ❡❧ ❛♥á❧✐s✐s ❞❡ ♦♣❡r❛❞♦r❡s ❛s♦❝✐❛❞♦s ❛ L✱ ❛♣❛r❡❝✐❡♥❞♦
t❛♥t♦ ❡♥ ❧❛s ❡st✐♠❛❝✐♦♥❡s ♣❛r❛ ❧♦s ♦♣❡r❛❞♦r❡s ❝♦♠♦ ❡♥ ❧❛s ❞❡✜♥✐❝✐♦♥❡s ❞❡ ❛❧❣✉♥♦s ❡s♣❛❝✐♦s
r❡❧❛❝✐♦♥❛❞♦s✳ ❉❡❞✐❝❛r❡♠♦s ❧♦ r❡st❛♥t❡ ❞❡ ❡st❛ s❡❝❝✐ó♥ ❛ ❞❛r ❛❧❣✉♥❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❡st❛
❢✉♥❝✐ó♥✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r ♥♦t❛♠♦s q✉❡✱ ❜❛❥♦ ❧❛ ❤✐♣ót❡s✐s s♦❜r❡ ❡❧ ♣♦t❡♥❝✐❛❧✱ ❧❛ ❢✉♥❝✐ó♥ ❞❡
r❛❞✐♦ ❝rít✐❝♦ s❛t✐s❢❛❝❡ 0 < ρ(x) <∞ ♣❛r❛ t♦❞♦ x ∈ Rd✳ ❆❞❡♠ás✱

1

ρ(x)d−2

ˆ

B(x,ρ(x))

V (y)dy = 1. ✭✶✳✷✳✻✮

▲❛ ❞❡s✐❣✉❛❧❞❛❞ q✉❡ ❡♥✉♥❝✐❛♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ s❡rá ❞❡ ❣r❛♥ ✉t✐❧✐❞❛❞ ♣✉❡s ♥♦s ❞❛ ✉♥❛
✐❞❡❛ ❞❡ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ρ ♣❛r❛ ❞✐st✐♥t♦s ♣✉♥t♦s ❡♥ Rd✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✹✳ ✭✈❡r ▲❡♠❛ ✶✳✹ ❡♥ ❬✸✶❪✮ ❊①✐st❡♥ ❝♦♥st❛♥t❡s C0✱ N0 ≥ 1 t❛❧❡s q✉❡ ♣❛r❛
❝✉❛❧❡sq✉✐❡r❛ x✱ y ∈ Rd✱

C−1
0 ρ(x)

(

1 +
|x− y|
ρ(x)

)−N0

≤ ρ(y) ≤ C0ρ(x)

(

1 +
|x− y|
ρ(x)

)N0/N0+1

. ✭✶✳✷✳✼✮

❊♥ ♣❛rt✐❝✉❧❛r ρ(x) ≃ ρ(y) s✐ |x− y| ≤ Cρ(x) ♣❛r❛ ❛❧❣✉♥❛ ❝♦♥st❛♥t❡ C > 0✳



✶✳✷ ❈♦♥t❡①t♦ ❙❝❤rö❞✐♥❣❡r ✶✶

❖❜s❡r✈❛❝✐ó♥ ✶✳✷✳✺✳ ▼✉❝❤♦s ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♣❛r❛ ♦♣❡r❛❞♦r❡s ❛s♦❝✐❛❞♦s ❛ L ♣✉❡❞❡♥ ♣♦✲
♥❡rs❡ ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ Rd ❝♦♥ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦✱ ❡st♦ ❡s✱ ✉♥❛ ❢✉♥❝✐ó♥
ρ : Rd → [0,∞) ② q✉❡ s❛t✐s❢❛❝❡✱ ♣❛r❛ ❝✐❡rt❛s ❝♦♥st❛♥t❡s C0 ② N0 ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✶✳✷✳✺✮✱
q✉❡ ♥♦ ♥❡❝❡s❛r✐❛♠❡♥t❡ ❞❡❜❡ ♣r♦✈❡♥✐r ❞❡ ✉♥ ♣♦t❡♥❝✐❛❧ V ❛s♦❝✐❛❞♦✳

❆ ❧♦ ❧❛r❣♦ ❞❡❧ tr❛❜❛❥♦ ❞✐r❡♠♦s q✉❡ ✉♥❛ ❜♦❧❛ B = B(x, r) ❡s ✉♥❛ ❜♦❧❛ ❝rít✐❝❛ s✐ r = ρ(x)
② q✉❡ ❡s ✉♥❛ ❜♦❧❛ s✉❜❝rít✐❝❛ s✐ r ≤ ρ(x)✳ ❚❛♠❜✐é♥ s❡rá út✐❧ ❞❡✜♥✐r ❡❧ ❝♦♥❥✉♥t♦

Bρ = {B(x, r) ⊂ Rd : r ≤ ρ(x)}

q✉❡ ❝♦♥t✐❡♥❡ ❛ t♦❞❛s ❧❛s ❜♦❧❛s s✉❜❝rít✐❝❛s ❡♥ Rd✳ ▲❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✶✳✷✳✼✮ ✐♠♣❧✐❝❛ q✉❡ s✐
σ > 0 ② x✱ y ∈ σB ♣❛r❛ ✉♥❛ ❜♦❧❛ ❝rít✐❝❛ B✱ ❡♥t♦♥❝❡s

ρ(x) ≤ Cσρ(y), ✭✶✳✷✳✽✮

❞♦♥❞❡ Cσ = C2
0(1 + σ)

2N0+1
N0+1 ✳ ❈♦♠♦ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❡st♦ t❡♥❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦

q✉❡ ♣✉❡❞❡ ❡♥❝♦♥tr❛rs❡ ❡♥ ❬✶✹❪✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✻✳ ❊①✐st❡ ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ♣✉♥t♦s {xj}j∈N t❛❧ q✉❡ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❜♦❧❛s
❝rít✐❝❛s Bj = B(xj, ρ(xj)) s❛t✐s❢❛❝❡

✐✮
⋃

j∈N
Bj = Rd

✐✐✮ ❊①✐st❡♥ ❝♦♥st❛♥t❡s C ❛♥❞ N1 s✉❝❤ t❤❛t ❢♦r ❛♥② σ ≥ 1✱
∑

j∈N
χσBj

≤ CσN1✳

▲❛ s✐❣✉✐❡♥t❡ ❞❡s✐❣✉❛❧❞❛❞ ♣❛r❛ V s❡rá ✉s❛❞❛ r❡♣❡t✐❞❛s ✈❡❝❡s ❡♥ ❧♦ q✉❡ s✐❣✉❡ ② ❡s
❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ✭✶✳✷✳✷✮ ② ❞❡ ✭✶✳✷✳✸✮✳

▲❡♠❛ ✶✳✷✳✼✳ ❙❡❛ V ∈ RHq ♣❛r❛ ❛❧❣ú♥ q > d/2✳ ❙❡❛ N2 = log2C2 + (2 − d)✱ ❞♦♥❞❡ C2

❡s ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❞✉♣❧✐❝❛❝✐ó♥ ❞❡ V ✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ x0 ∈ Rd ② R > 0✱

1

Rd−2

ˆ

B(x0,R)

V (y)dy ≤ C

(

1 +
R

ρ(x0)

)N2
(

1 +
ρ(x0)

R

)d/q−2

.

❊♥✉♥❝✐❛♠♦s ♣♦r ú❧t✐♠♦ ❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛✱ q✉❡ ❡s ✉♥❛ út✐❧ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❧❛ ❞❡s✐❣✉❛❧✲
❞❛❞ ✭✶✳✷✳✼✮

▲❡♠❛ ✶✳✷✳✽✳ ❊①✐st❡ C > 0 q✉❡ ❞❡♣❡♥❞❡ só❧♦ ❞❡ C0 ② N0 t❛❧ q✉❡

1 +
|x− y|
ρ(y)

≤ C

(

1 +
|x− y|
ρ(x)

)N0+1

♣❛r❛ t♦❞♦ x✱ y ∈ Rd✳



✶✷ Pr❡❧✐♠✐♥❛r❡s

✶✳✷✳✸✳ ▲❛ s♦❧✉❝✐ó♥ ❢✉♥❞❛♠❡♥t❛❧

❊st❛ s❡❝❝✐ó♥ ❡stá ❞❡❞✐❝❛❞❛ ❛ ❞❛r ❛❧❣✉♥❛s ❡st✐♠❛❝✐♦♥❡s ❞❡ ❧❛ s♦❧✉❝✐ó♥ ❢✉♥❞❛♠❡♥t❛❧
❞❡❧ ♦♣❡r❛❞♦r L = −∆ + V ✳ ❙✉♣♦♥❞r❡♠♦s ❝♦♠♦ s✐❡♠♣r❡ q✉❡ ❡❧ ♣♦t❡♥❝✐❛❧ V s❛t✐s❢❛❝❡
✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ r❡✈❡rs❡✲❍ö❧❞❡r ❞❡ ♦r❞❡♥ q > d/2✳ ▲❛s s✐❣✉✐❡♥t❡s ❡st✐♠❛❝✐♦♥❡s ♣❛r❛ ❡❧
t❛♠❛ñ♦ ② ❧❛ r❡❣✉❧❛r✐❞❛❞ ❞❡ ❧❛ s♦❧✉❝✐ó♥ ❢✉♥❞❛♠❡♥t❛❧ ♣✉❡❞❡♥ ❡♥❝♦♥tr❛r❡s ❡♥ ❧❛s ♣á❣✐♥❛s
✺✶✼ ② ✺✸✺ ❞❡ ❬✸✶❪✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✾✳ ❙❡❛♥ V ∈ RHq✱ ❝♦♥ q > d/2 ② Γ ❧❛ s♦❧✉❝✐ó♥ ❢✉♥❞❛♠❡♥t❛❧ ❞❡❧
♦♣❡r❛❞♦r L = −∆ + V ✐♥ Rd✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ ❝❛❞❛ N > 0✱ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ CN t❛❧
q✉❡

|Γ(x, y)| ≤ CN
1

|x− y|d−2

(

1 +
|x− y|
ρ(x)

)−N
, ✭✶✳✷✳✾✮

②

|Γ(x+ h, y)− Γ(x, y)| ≤ CN
|h|δ

|x− y|d−2+δ

(

1 +
|x− y|
ρ(x)

)−N
, ✭✶✳✷✳✶✵✮

♣❛r❛ δ = mı́n{1, 2− d/q}✳ ▼ás ❛ú♥✱ s✐ V ∈ RHq ❝♦♥ q > d✱

|∇Γ(x, y)| ≤ CN
1

|x− y|d−1

(

1 +
|x− y|
ρ(x)

)−N
. ✭✶✳✷✳✶✶✮

❆❞❡♠ás✱ ❡♥✉♥❝✐❛♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❡st✐♠❛❝✐ó♥ ♣❛r❛ ❧❛ ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ ❧❛ s♦❧✉❝✐ó♥ ❢✉♥✲
❞❛♠❡♥t❛❧ ❞❡ L ② ❧❛ ❞❡ −∆✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✶✵✳ ❙❡❛♥ V ∈ RHq✱ ❝♦♥ q > d/2✱ Γ ❧❛ s♦❧✉❝✐ó♥ ❢✉♥❞❛♠❡♥t❛❧ ❞❡❧
♦♣❡r❛❞♦r L = −∆+ V ② Γ0 ❧❛ s♦❧✉❝✐ó♥ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ −∆ ❡♥ Rd✳ ❊♥t♦♥❝❡s ❡①✐st❡ ✉♥❛
❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

|Γ(x, y)− Γ0(x, y)| ≤
C

|x− y|d−2

( |x− y|
ρ(x)

)2−d/q
. ✭✶✳✷✳✶✷✮

❊♥ ♣❛rt✐❝✉❧❛r✱ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞ ♥♦s ❞✐❝❡ q✉❡ Γ t✐❡♥❡ ❡❧ ♠✐s♠♦ t✐♣♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞
q✉❡ Γ0 ❡♥ ❧❛ ❞✐❛❣♦♥❛❧✳

✶✳✷✳✹✳ ❈❧❛s❡s ❞❡ ♣❡s♦s ❛s♦❝✐❛❞❛s ❛ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦

❊♥ ❡st❛ s❡❝❝✐ó♥ ✈❛♠♦s ❛ ❞❡✜♥✐r ② ❞❛r ♣r♦♣✐❡❞❛❞❡s s♦❜r❡ ❛❧❣✉♥❛s ❝❧❛s❡s ❞❡ ♣❡s♦s r❡✲
❧❛❝✐♦♥❛❞❛s ❛ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦ ρ q✉❡ s❛t✐s❢❛❝❡ ✭✶✳✷✳✼✮✱ ❡♥ ♣❛rt✐❝✉❧❛r ♣❛r❛ ρ
❛s♦❝✐❛❞❛ ❛ ✉♥ ♣♦t❡♥❝✐❛❧ V ✳ ❊st❛s ❝❧❛s❡s ❞❡ ♣❡s♦s✱ q✉❡ ❛♣❛r❡❝❡♥ ♣♦r ♣r✐♠❡r❛ ✈❡③ ❡♥ ❬✼❪✱
s❡rá♥ ❢✉♥❞❛♠❡♥t❛❧❡s ♣❛r❛ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❡st❛ t❡s✐s ♣✉❡st♦ q✉❡ ❡st❛rá♥ ✐♥✈♦❧✉❝r❛❞❛s ❡♥
❧♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r ❛s♦❝✐❛❞♦s ❛ L✳

❊♥ ♣r✐♠❡r ❧✉❣❛r✱ ❞❛❞❛ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦ ρ✱ ❞❡✜♥✐r❡♠♦s ❧❛s ❝❧❛s❡s Aρp q✉❡
❝♦♥t✐❡♥❡♥ ❛ ❧❛s ❝❧❛s❡s Ap ❞❡ ▼✉❝❦❡♥❤♦✉♣t✳



✶✳✷ ❈♦♥t❡①t♦ ❙❝❤rö❞✐♥❣❡r ✶✸

❉❡✜♥✐❝✐ó♥ ✶✳✷✳✶✶✳ P❛r❛ p > 1 ❞❡✜♥✐♠♦s Aρp =
⋃

θ≥0A
ρ,θ
p ✱ ❞♦♥❞❡ Aρ,θp ❡s ❧❛ ❝❧❛s❡ ❞❡ ♣❡s♦s

w q✉❡ s❛t✐s❢❛❝❡♥
(
ˆ

B

w

)1/p(ˆ

B

w
− 1
p−1

)1/p′

≤ C|B|
(

1 +
r

ρ(x)

)θ

, ✭✶✳✷✳✶✸✮

♣❛r❛ t♦❞❛ ❜♦❧❛ B = B(x, r)✳ P❛r❛ p = 1 ❞❡✜♥✐♠♦s Aρ1 =
⋃

θ≥0

Aρ,θp ✱ ❞♦♥❞❡ Aρ,θ1 ❡s ❧❛ ❝❧❛s❡

❞❡ ♣❡s♦s w t❛❧❡s q✉❡
1

|B|

ˆ

B

w ≤ C

(

1 +
r

ρ(x)

)θ

ı́nf
B
w, ✭✶✳✷✳✶✹✮

♣❛r❛ t♦❞❛ ❜♦❧❛ B = B(x, r)✳

❉❛❞♦ ✉♥ ♣❡s♦ w✱ θ ≥ 0 ② p ≥ 1✱ ❞❡♥♦t❛r❡♠♦s ♣♦r [w]p,θ ❛❧ í♥✜♠♦ ❞❡ ❧❛s ❝♦♥st❛♥t❡s
❡♥ ✭✶✳✷✳✶✸✮ s✐ p > 1 ♦ ❡♥ ✭✶✳✷✳✶✹✮ s✐ p = 1✳ ❈❧❛r❛♠❡♥t❡ ❧❛s ❝❧❛s❡s Aρ,θp s♦♥ ❝r❡❝✐❡♥t❡s ❝♦♥ θ ②
❝♦✐♥❝✐❞❡♥ ❝♦♥ ❧❛ ❝❧❛s❡ Ap ❝✉❛♥❞♦ θ = 0✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ t❡♥❡♠♦s q✉❡ Ap ⊂ Aρp✳ ❆❞❡♠ás✱
♣✉❡❞❡ ✈❡rs❡ q✉❡ ❡st❛ ✐♥❝❧✉s✐ó♥ ❡s ♣r♦♣✐❛ t♦♠❛♥❞♦✱ ♣♦r ❡❥❡♠♣❧♦✱ ρ ≡ 1 ② w(x) = 1 + |x|β✳
❆sí✱ ♣❛r❛ β > d(p−1)✱ s❡ t✐❡♥❡ q✉❡ w ∈ Aρp ♣❡r♦ w /∈ Ap✳ ❆ ♠❡♥✉❞♦ ✉s❛r❡♠♦s ❧❛ ♥♦t❛❝✐ó♥

Aρ∞ =
⋃

p≥1

Aρp.

❊st❛s ❝❧❛s❡s ❞❡ ♣❡s♦s s❛t✐s❢❛❝❡♥ ❝✐❡rt❛s ♣r♦♣✐❡❞❛❞❡s q✉❡ s♦♥ ❛♥á❧♦❣❛s ❡♥ ❧❛s ❝❧❛s❡s Ap
❞❡ ▼✉❝❦❡♥❤♦✉♣t✳ ▲❛s r❡s✉♠✐♠♦s ❡♥ ❧❛ s✐❣✉✐❡♥t❡ ♣r♦♣♦s✐❝✐ó♥✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✶✷✳ ❙❡❛♥ w✱ w1 ② w2 ♣❡s♦s ② 1 ≤ p < q <∞✳

✶✳ Aρp ⊂ Aρq✳

✷✳ ❙✐ w ∈ Aρp✱ ❡♥t♦♥❝❡s w
1−p′ ∈ Aρp′✳

✸✳ ❙✐ w1✱ w2 ∈ Aρ1✱ ❡♥t♦♥❝❡s w1w
1−p
2 ∈ Aρp✳

✹✳ ❙✐ w ∈ Aρ,θp ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

w(B(x,R)) ≤ Cw(B(x, r))

(

R

r

)dp(

1 +
R

ρ(x)

)pθ

,

♣❛r❛ t♦❞♦ x ∈ Rd✱ r ≤ R✳

▼♦t✐✈❛❞♦s ♣♦r ❧❛ ♣r♦♣✐❡❞❛❞ ✹ ♣♦❞❡♠♦s ❞❡✜♥✐r ❧❛s s✐❣✉✐❡♥t❡s ❝❧❛s❡s ❞❡ ❞✉♣❧✐❝❛❝✐ó♥
❛s♦❝✐❛❞❛s ❛ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦✳

❉❡✜♥✐❝✐ó♥ ✶✳✷✳✶✸✳ P❛r❛ µ ≥ 1 ❞❡✜♥✐♠♦s Dρ
µ =

⋃

θ≥0

Dρ,θ
µ ✱ ❞♦♥❞❡ Dρ,θ

µ ❡s ❧❛ ❝❧❛s❡ ❞❡ ♣❡s♦s

w t❛❧❡s q✉❡ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

w(B(x,R)) ≤ Cw(B(x, r))

(

R

r

)dµ(

1 +
R

ρ(x)

)θ

, ✭✶✳✷✳✶✺✮

♣❛r❛ t♦❞♦ x ∈ Rd✱ r ≤ R✳
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❉❡ ❡st❛ ♠❛♥❡r❛✱ t❡♥❡♠♦s q✉❡ ❧❛ ♣r♦♣✐❡❞❛❞ ✹ ❞❡ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✶✷ ✐♠♣❧✐❝❛ q✉❡
Aρp ⊂ Dρ

p✳ ❉❡❧ ♠✐s♠♦ ♠♦❞♦ q✉❡ ❝♦♥ ❧❛s ❝❧❛s❡s Ap ♣♦❞❡♠♦s ❞❡✜♥✐r ❧❛s ❝❧❛s❡s ❞❡ ❢✉♥❝✐♦♥❡s
q✉❡ s❛t✐s❢❛❝❡♥ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ r❡✈❡rs❡✲❍ö❧❞❡r ❛♣r♦♣✐❛❞❛ ❡♥ ❡st❡ ❝♦♥t❡①t♦✳

❉❡✜♥✐❝✐ó♥ ✶✳✷✳✶✹✳ ❙❡❛ η > 1✱ ❞❡✜♥✐♠♦s RHρ
η =

⋃

θ≥0RH
ρ,θ
η ✱ ❞♦♥❞❡ RHρ,θ

η ❡s ❧❛ ❝❧❛s❡
❞❡ ♣❡s♦s w q✉❡ s❛t✐s❢❛❝❡♥

(

1

|B|

ˆ

B

wη
)1/η

≤ C

(

1

|B|

ˆ

B

w

)(

1 +
r

ρ(x)

)θ

, ✭✶✳✷✳✶✻✮

♣❛r❛ t♦❞❛ ❜♦❧❛ B(x, r)✳

▲❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❧❛s ❝❧❛s❡s Aρp ② RH
ρ
η ❢✉❡ ♣r♦❜❛❞❛ ❡♥ ❡❧ ▲❡♠❛ ✺ ❡♥ ❬✼❪✳

❚❡♦r❡♠❛ ✶✳✷✳✶✺✳ ❙✐ w ∈ Aρp ❡①✐st❡ ❛❧❣ú♥ η > 1 t❛❧ q✉❡ w ∈ RHρ
η ✳

❈♦♠♦ ❡♥ ❡❧ ❝❛s♦ ❝❧ás✐❝♦✱ ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ t✐♣♦ r❡✈❡rs❡✲❍ö❧❞❡r ♣❛r❛ ❧♦s ♣❡s♦s Aρp t✐❡♥❡
❧❛s s✐❣✉✐❡♥t❡s ❝♦♥s❡❝✉❡♥❝✐❛s✳

❈♦r♦❧❛r✐♦ ✶✳✷✳✶✻✳ ❙❡❛ w ∈ Aρp ♣❛r❛ ❛❧❣ú♥ p ≥ 1✳ ❊♥t♦♥❝❡s✿

✶✳ ❊①✐st❡ ν > 1 t❛❧ q✉❡ wν ∈ Aρp✳

✷✳ ❙✐ p > 1 ❡①✐st❡ ε > 0 t❛❧ q✉❡ w ∈ Aρp−ε✳

✸✳ ❙✐ p > 1✱ Aρp =
⋃

q<p

Aρq✳

❆❞❡♠ás✱ t❡♥❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ♣r♦♣✐❡❞❛❞ ♣❛r❛ ❧❛s ❢❛♠✐❧✐❛s RHρ✳

▲❡♠❛ ✶✳✷✳✶✼✳ ❙❡❛ w ✉♥ ♣❡s♦ t❛❧ q✉❡ w ∈ Aρ∞ ∩RHρ
η ♣❛r❛ ❛❧❣ú♥ η > 1✳ ❊♥t♦♥❝❡s✱ ❡①✐st❡

γ > 1 t❛❧ q✉❡ w ∈ RHρ
γη✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ p > 1 t❛❧ q✉❡ w ∈ Aρp ∩ RHρ
η ② s❡❛ q = η(p − 1)✳ ❊①✐st❡♥ p > 1 ②

θ1✱ θ2 ≥ 0 t❛❧❡s q✉❡ w ∈ Aρ,θ1p ∩ RHρ,θ2
η ✳ ❯s❛♥❞♦ ❛♠❜❛s ❝♦♥❞✐❝✐♦♥❡s ❡s ✐♥♠❡❞✐❛t♦ q✉❡

wη ∈ Aρq ✳

▲✉❡❣♦✱ ✉s❛♥❞♦ ❡❧ ❚❡♦r❡♠❛ ✶✳✷✳✶✺✱ ❡①✐st❡ γ > 1 t❛❧ q✉❡ wη ∈ RHρ
γ ✳ ❊st♦ ♥♦s ❞✐❝❡ q✉❡

w ∈ RHρ
γη✳

❈❧❛s❡s ❞❡ ♣❡s♦s ❧♦❝❛❧❡s

❖tr❛s ❝❧❛s❡s ❞❡ ♣❡s♦s q✉❡ ♣✉❡❞❡♥ ❞❡✜♥✐rs❡ ❛ ♣❛rt✐r ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦ s♦♥
❧❛s ❝❧❛s❡s ❧♦❝❛❧❡s✳ ❉❡✜♥✐r❡♠♦s ❡st❛s ❝❧❛s❡s ② ❞❛r❡♠♦s ❛❧❣✉♥❛s ❞❡ s✉s ♣r♦♣✐❡❞❛❞❡s s✐❣✉✐❡♥❞♦
♥✉❡✈❛♠❡♥t❡ ❬✼❪✳ ❘❡❝♦r❞❡♠♦s q✉❡✱ ♣❛r❛ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦ ρ✱ ❞❡♥♦t❛♠♦s Bρ ❝♦♠♦
❧❛ ❢❛♠✐❧✐❛ ❞❡ ❜♦❧❛s B(x, r) t❛❧❡s q✉❡ r ≤ ρ(x)✱ ❡st♦ ❡s✱ ❧❛s ❜♦❧❛s s✉❜✲❝rít✐❝❛s✳



✶✳✷ ❈♦♥t❡①t♦ ❙❝❤rö❞✐♥❣❡r ✶✺

❙✐ 1 < p < ∞ s❡ ❞❡✜♥❡ Aρ,❧♦❝p ❝♦♠♦ ❧❛ ❝❧❛s❡ ❞❡ ♣❡s♦s w q✉❡ ✈❡r✐✜❝❛♥ ❧❛ ❝♦♥❞✐❝✐ó♥ Ap
❞❡ ▼✉❝❦❡♥❤♦✉♣t

(
ˆ

B

w

)1/p(ˆ

B

w
− 1
p−1

)1/p′

≤ C|B|, ✭✶✳✷✳✶✼✮

s♦❧♦ ♣❛r❛ ❜♦❧❛s B ∈ Bρ✳ ❉❡❧ ♠✐s♠♦ ♠♦❞♦✱ ♣❛r❛ p = 1 s❡ ❞❡✜♥❡ Aρ,❧♦❝1 ❝♦♠♦ ❧❛ ❝❧❛s❡ ❞❡
♣❡s♦s w q✉❡ s❛t✐s❢❛❝❡♥

1

|B|

ˆ

B

w ≤ C ı́nf
B
w, ✭✶✳✷✳✶✽✮

♣❛r❛ t♦❞❛ ❜♦❧❛ B ∈ Bρ✳ ❊s ✐♥♠❡❞✐❛t♦ q✉❡✱ ♣❛r❛ p ≥ 1 ❡st❛s ❝❧❛s❡s ❧♦❝❛❧❡s s♦♥ ♠ás ❣r❛♥❞❡s
q✉❡ ❧❛s Aρp✱ t❡♥✐❡♥❞♦ ❛sí

Ap ⊂ Aρp ⊂ Aρ,❧♦❝p .

❆♥á❧♦❣❛♠❡♥t❡ ♣✉❡❞❡♥ ❞❡✜♥✐rs❡ RHρ,❧♦❝
η ❝♦♠♦ ❧❛ ❝❧❛s❡ ❞❡ ♣❡s♦s q✉❡ s❛t✐s❢❛❝❡♥ ❧❛ ❝♦♥✲

❞✐❝✐ó♥ ✭✶✳✷✳✶✻✮ ♣❛r❛ t♦❞❛ ❜♦❧❛ B ∈ Bρ ② Dρ,❧♦❝
µ ❝♦♠♦ ❧❛ ❝❧❛s❡ ❞❡ ♣❡s♦s q✉❡ s❛t✐s❢❛❝❡♥

w(B(x,R)) ≤ Cw(B(x, r))

(

R

r

)dµ

✭✶✳✷✳✶✾✮

♣❛r❛ t♦❞♦ x ∈ Rd✱ r ≤ R ≤ ρ(x)✳

❯♥❛ ♣r♦♣✐❡❞❛❞ s♦❜r❡ ❡st❛s ❝❧❛s❡s ❧♦❝❛❧❡s q✉❡ ✉s❛r❡♠♦s ❛ ♠❡♥✉❞♦ s❡ ❡♥✉♥❝✐❛ ❡♥ ❧❛
s✐❣✉✐❡♥t❡ ♣r♦♣♦s✐❝✐ó♥ ② ❢✉❡ ♣r♦❜❛❞❛ ❡♥ ❬✼❪✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✶✽✳ ❙❡❛♥ ρ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦ ② β > 1✳ ❊♥t♦♥❝❡s ♣❛r❛ µ ≥ 1✱
Dρ,❧♦❝
µ = Dβρ,❧♦❝

µ ② ♣❛r❛ 1 ≤ p <∞✱ Aρ,❧♦❝p = Aβρ,❧♦❝p ✳

✶✳✷✳✺✳ ❖♣❡r❛❞♦r❡s ♠❛①✐♠❛❧❡s ❛s♦❝✐❛❞♦s ❛ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦

❝rít✐❝♦

❉❛❞❛ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦ ρ✱ ❞❡✜♥✐r❡♠♦s ❡♥ ❡st❛ s❡❝❝✐ó♥ ❝✐❡rt♦s ♦♣❡r❛❞♦r❡s
♠❛①✐♠❛❧❡s ❛s♦❝✐❛❞♦s q✉❡ ❡stá♥ í♥t✐♠❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦s ❝♦♥ ❧❛s ❝❧❛s❡s ❞❡ ♣❡s♦s ❞❡✜♥✐❞❛s
❡♥ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r✳ ❘❡❝♦r❞❡♠♦s q✉❡✱ ❞❛❞❛ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ Φ✱ ✉♥❛ ❢✉♥❝✐ó♥ f
❧♦❝❛❧♠❡♥t❡ ✐♥t❡❣r❛❜❧❡ ② ✉♥❛ ❜♦❧❛ B s❡ ❞❡✜♥❡♥ ❧♦s ♣r♦♠❡❞✐♦s Φ ❞❡ f ❝♦♠♦

‖f‖Φ,B = ı́nf

{

λ > 0 :
1

|B|

ˆ

B

Φ

( |f(t)|
λ

)

dt ≤ 1

}

, ✭✶✳✷✳✷✵✮

s✐❡♠♣r❡ q✉❡ ❡❧ ❝♦♥❥✉♥t♦ s❡❛ ♥♦ ✈❛❝í♦✳ ▲✉❡❣♦✱ s✐ Bρ ❡s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❜♦❧❛s B(x, r) t❛❧❡s
q✉❡ r ≤ ρ(x) ② θ ≥ 0 ❞❡✜♥✐♠♦s ❧♦s s✐❣✉✐❡♥t❡s ♦♣❡r❛❞♦r❡s ♠❛①✐♠❛❧❡s ❛s♦❝✐❛❞♦ ❛ Φ ② ρ✳

Mρ,❧♦❝
Φ f(x) = sup

B∋x
B∈Fρ

‖f‖Φ,B, ✭✶✳✷✳✷✶✮

Mρ,θ
Φ f(x) = sup

B(x0,r0)∋x

(

1 +
r0

ρ(x0)

)−θ
‖f‖Φ,B. ✭✶✳✷✳✷✷✮
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❊s ❝❧❛r♦ q✉❡ s✐ θ = 0✱ ❡❧ ♦♣❡r❛❞♦r ❞❡✜♥✐❞♦ ❡♥ ✭✶✳✷✳✷✷✮ ❡s ❧❛ ♠❛①✐♠❛❧ ❞❡ ❍❛r❞②✲▲✐tt❧❡✇♦♦❞
❛s♦❝✐❛❞❛ ❛ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ φ✳ ❆❞❡♠ás✱ ♣❛r❛ t♦❞♦ θ ≥ 0✱

Mρ,❧♦❝
Φ f(x) ≤Mρ,θ

Φ f(x) ≤Mφf(x). ✭✶✳✷✳✷✸✮

❱❛♠♦s ❛ ♦❜✈✐❛r ❧❛ ❢✉♥❝✐ó♥ ρ ❡♥ ❧❛ ♥♦t❛❝✐ó♥ ❝✉❛♥❞♦ ❧❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦ s❡❛ ❝❧❛r❛
❞❡❧ ❝♦♥t❡①t♦✳ ❆❞❡♠ás✱ ✈❛♠♦s ❛ ♦❜✈✐❛r ❧❛ ❧❡tr❛ Φ ❝✉❛♥❞♦ ❧❛ ❢✉♥❝✐ó♥ s❡❛ Φ(t) = t ② ✈❛♠♦s
❛ ❡s❝r✐❜✐r Mρ,❧♦❝

r ② Mρ,θ
r ♣❛r❛ r❡❢❡r✐r♥♦s ❛❧ ❝❛s♦ ❡♥ q✉❡ Φ(t) = tr✳

❊♥ ❧❛s ♣ró①✐♠❛s ♣r♦♣♦s✐❝✐♦♥❡s ✈❡r❡♠♦s ❧❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❧♦s ♣❡s♦s ❛s♦❝✐❛❞♦s ❛ ✉♥❛
❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦ ② ❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ♦♣❡r❛❞♦r❡s ♠❛①✐♠❛❧❡s✳ ❯♥❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥
✐♥♠❡❞✐❛t❛ ❞❡ ❧♦s ♣❡s♦s Aρ,θ1 ② Aρ,❧♦❝1 ❡s ❧❛ s✐❣✉✐❡♥t❡✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✶✾✳ ❯♥ ♣❡s♦ w ❡stá ❡♥ ❧❛ ❝❧❛s❡ Aρ,θ1 s✐ ② só❧♦ s✐ Mρ,θw(x) ≤ Cw(x)
♣❛r❛ ❝❛s✐ t♦❞♦ x ∈ Rd✳ ❉❡❧ ♠✐s♠♦ ♠♦❞♦✱ ✉♥ ♣❡s♦ w ❡stá ❡♥ ❧❛ ❝❧❛s❡ Aρ,❧♦❝1 s✐ ② só❧♦ s✐
Mρ,❧♦❝w(x) ≤ Cw(x) ♣❛r❛ ❝❛s✐ t♦❞♦ x ∈ Rd✳

❆❞❡♠ás✱ ❛❧ ✐❣✉❛❧ q✉❡ ❡♥ ❡❧ ❝❛s♦ ❝❧ás✐❝♦✱ ❧♦s ♣❡s♦s ❛s♦❝✐❛❞♦s ❛ ρ ❡stá♥ ❝❛r❛❝t❡r✐③❛❞♦s
♣♦r ❧❛ ❛❝♦t❛❝✐ó♥ ❡♥ Lp(w) ❞❡ ❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ♦♣❡r❛❞♦r❡s ♠❛①✐♠❛❧❡s✳

❚❡♦r❡♠❛ ✶✳✷✳✷✵✳ ❙❡❛ 1 < p < ∞✳ ❯♥ ♣❡s♦ w ♣❡rt❡♥❡❝❡ ❛ Aρp s✐ ② só❧♦ s✐ ❡①✐st❡ θ ≥ 0
t❛❧ q✉❡ Mρ,θ ❡stá ❛❝♦t❛❞♦ ❡♥ Lp(w)✳ ❉❡❧ ♠✐s♠♦ ♠♦❞♦✱ ✉♥ ♣❡s♦ w ♣❡rt❡♥❡❝❡ ❛ Aρ,❧♦❝p s✐ ②
só❧♦ s✐ Mρ,❧♦❝ ❡stá ❛❝♦t❛❞♦ ❡♥ Lp(w)✳

✶✳✷✳✻✳ ❊s♣❛❝✐♦s ❞❡ s✉❛✈✐❞❛❞ ② BMO ❛s♦❝✐❛❞♦s ❛ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡

r❛❞✐♦ ❝rít✐❝♦

❉❡❞✐❝❛r❡♠♦s ❧❛ ú❧t✐♠❛ s❡❝❝✐ó♥ ❞❡ ❡st❡ ❝❛♣ít✉❧♦ ❛ ❞❡✜♥✐r ❝✐❡rt♦s ❡s♣❛❝✐♦s BMO ②
❞❡ s✉❛✈✐❞❛❞ ❛♥á❧♦❣♦s ❛ ❧♦s ❞❡ ❧❛ ❙❡❝❝✐ó♥ ✶✳✶✳✷ ♣❡r♦ ❛❞❛♣t❛❞♦s ❛❧ ❝♦♥t❡①t♦ ❙❝❤rö❞✐♥❣❡r✳
❚r❛❜❛❥❛r❡♠♦s s♦❜r❡ ♦♣❡r❛❞♦r❡s ❛s♦❝✐❛❞♦s ❛ L ❛❝t✉❛♥❞♦ s♦❜r❡ ❡st❡ t✐♣♦ ❞❡ ❡s♣❛❝✐♦s ❡♥ ❧♦s
❈❛♣ít✉❧♦s ✸ ② ✹✳

❊♥ ✉♥ tr❛❜❛❥♦ ❞❡❧ ❛ñ♦ ✷✵✵✺ ✭❬✶✸❪✮✱ ❉③s✐✉❜❛➠s❦✐✱ ●❛rr✐❣ós✱ ▼❛rtí♥❡③✱ ❚♦rr❡❛ ② ❩✐❡♥❦✐❡✲
✇✐❝③ ❞❛♥ ❧❛ ♣r✐♠❡r❛ ❞❡✜♥✐❝✐ó♥ ❞❡❧ ❡s♣❛❝✐♦ BMOρ ❞❡ ❢✉♥❝✐♦♥❡s ❞❡ ✈❛r✐❛❝✐ó♥ ♠❡❞✐❛ ❛❝♦t❛❞❛
❛s♦❝✐❛❞♦ ❛ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦ ρ✳ ❇✉s❝❛♥❞♦ ❡❧ ❡s♣❛❝✐♦ ❞✉❛❧ ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❍❛r❞②
♥❛t✉r❛❧ ❡♥ ❡❧ ❝♦♥t❡①t♦ ❙❝❤rö❞✐♥❣❡r✱ q✉❡ ❤❛❜í❛ s✐❞♦ ♣r❡✈✐❛♠❡♥t❡ ❞❡✜♥✐❞♦ ♣♦r ❉③s✐✉❜❛♥s❦✐
② ❩✐❡♥❦✐❡✇✐❝③ ❡♥ ❬✶✺❪✱ ❞❡✜♥❡♥ ❡❧ ❡s♣❛❝✐♦ BMOρ ❝♦♠♦ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s f ∈ L1

loc

t❛❧❡s q✉❡
1

|B|

ˆ

B

|f − fB| ≤ C, ♣❛r❛ t♦❞❛ ❜♦❧❛ B ✭✶✳✷✳✷✹✮

②
1

|B|

ˆ

B

|f | ≤ C, ♣❛r❛ t♦❞❛ ❜♦❧❛ B = B(x,R), ❝♦♥ R ≥ ρ(x). ✭✶✳✷✳✷✺✮

◆♦t❡♠♦s q✉❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✶✳✷✳✷✹✮ ❡s ❧❛ q✉❡ ❞❡✜♥❡ ❡❧ ❡s♣❛❝✐♦ BMO ❝❧ás✐❝♦ ❞❡ ❏♦❤♥ ②
◆✐r❡♥❜❡r❣✱ ♣♦r ❧♦ t❛♥t♦✱ ❡❧ ❡s♣❛❝✐♦ BMOρ r❡s✉❧t❛ s❡r ✉♥ s✉❜❡s♣❛❝✐♦ ❞❡ BMO✳ ❆❞❡♠ás✱
♣✉❡❞❡ ❞❡✜♥✐rs❡ ✉♥❛ ♥♦r♠❛ ❡♥ ❡st❡ ❡s♣❛❝✐♦ ❝♦♠♦ ❡❧ í♥✜♠♦ s♦❜r❡ ❧❛s ❝♦♥st❛♥t❡s C q✉❡
s❛t✐s❢❛❝❡♥ ❛❧ ♠✐s♠♦ t✐❡♠♣♦ ✭✶✳✷✳✷✹✮ ② ✭✶✳✷✳✷✺✮✳



✶✳✷ ❈♦♥t❡①t♦ ❙❝❤rö❞✐♥❣❡r ✶✼

▲♦s ❡s♣❛❝✐♦s ❡♥ ❧♦s q✉❡ tr❛❜❛❥❛r❡♠♦s s♦♥ ❡①t❡♥s✐♦♥❡s ❞❡ BMOρ ❡♥ ❞♦s ❞✐r❡❝❝✐♦♥❡s✿
♣♦r ✉♥ ❧❛❞♦ ✐♥❝❧✉②❡♥ ✉♥ ♣❛rá♠❡tr♦ β q✉❡ ✐♥❞✐❝❛ ❡❧ ❣r❛❞♦ ❞❡ s✉❛✈✐❞❛❞ ✭β = 0 s❡rí❛ BMO✮
② ♣♦r ♦tr❛ ♣❛rt❡ ✐♥❝❧✉②❡♥ ✉♥ ♣❡s♦ q✉❡ ✐♥t❡r✈✐❡♥❡ t❛♥t♦ ❡♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ t❛♠❛ñ♦ ❝♦♠♦
❡♥ ❧❛s ❞❡ ♦s❝✐❧❛❝✐ó♥✴s✉❛✈✐❞❛❞✳ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱ ❞❛❞❛ ✉♥❛ ❢✉♥❝✐ó♥ ρ ❞❡ r❛❞✐♦ ❝rít✐❝♦✱ ♣❛r❛
0 ≤ β < 1 ② ✉♥ ♣❡s♦ w ∈ L1

loc s❡ ❞❡✜♥❡ ❧❛ s✐❣✉✐❡♥t❡ ❡①t❡♥s✐ó♥ ❞❡❧ ❡s♣❛❝✐♦ BMOρ✳ ❉❡❝✐♠♦s
q✉❡ ✉♥❛ ❢✉♥❝✐♦♥ f ∈ L1

loc ♣❡rt❡♥❡❝❡ ❛ BMOβ
ρ (w) s✐ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

1

w(B)

ˆ

B

|f − fB| ≤ C|B|β/d, ♣❛r❛ t♦❞❛ ❜♦❧❛ B ✭✶✳✷✳✷✻✮

②
1

w(B)

ˆ

B

|f | ≤ C|B|β/d, ♣❛r❛ t♦❞❛ ❜♦❧❛ B = B(x,R), ❝♦♥ R ≥ ρ(x). ✭✶✳✷✳✷✼✮

❊st❡ ❡s♣❛❝✐♦ ❛♣❛r❡❝❡ ♣♦r ♣r✐♠❡r❛ ✈❡③ ❡♥ ❬✺❪✳ ❉❡❧ ♠✐s♠♦ ♠♦❞♦ q✉❡ ❡♥ BMOρ✱ ❧❛ ♥♦r♠❛
‖f‖BMOβ

ρ (w)
♣✉❡❞❡ ❞❡✜♥✐rs❡ ❝♦♠♦ ❡❧ í♥✜♠♦ ❞❡ ❧❛s ❝♦♥st❛♥t❡s C q✉❡ s❛t✐s❢❛❝❡♥ ✭✶✳✷✳✷✻✮

② ✭✶✳✷✳✷✼✮✳

❆❧ ✐❣✉❛❧ q✉❡ ❡♥ ❡❧ ❝❛s♦ ❝❧ás✐❝♦✱ ❡s ♣♦s✐❜❧❡ ♣r♦❜❛r q✉❡✱ s✐ β > 0 ② ❜❛❥♦ ❝✐❡rt❛ ❤✐♣ót❡s✐s
❞❡ ❞✉♣❧✐❝❛❝✐ó♥ ♣❛r❛ ❡❧ ♣❡s♦ w✱ s❡ ♣✉❡❞❡ ❞❛r ✉♥❛ ❞❡s❝r✐♣❝✐ó♥ ♣✉♥t✉❛❧ ❞❡ t✐♣♦ ▲✐♣s❝❤✐t③ ❛
❡st♦s ❡s♣❛❝✐♦s✳ ❘❡❝♦r❞❡♠♦s q✉❡ ♣❛r❛ β > 0 ② w ∈ L1

loc✱ ❤❛❜í❛♠♦s ❞❡✜♥✐❞♦

Wβ(x, r) =

ˆ

B(x,r)

w(z)

|z − x|d−β dz,

♣❛r❛ t♦❞♦ x ∈ Rd ② r > 0✳ ❉✐r❡♠♦s q✉❡ f ❡stá ❡♥ ❡❧ ❡s♣❛❝✐♦ Λβρ(w) s✐ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡
C t❛❧ q✉❡

|f(x)− f(y)| ≤ C[Wβ(x, |x− y|) +Wβ(y, |x− y|)] ✭✶✳✷✳✷✽✮

②
|f(x)| ≤ CWβ(x, ρ(x)) ✭✶✳✷✳✷✾✮

♣❛r❛ ❝❛s✐ t♦❞♦ x✱ y ∈ Rd✳ ❉❡ ✐❣✉❛❧ ♠❛♥❡r❛✱ ♣✉❡❞❡ ❞❡✜♥✐rs❡ ✉♥❛ ♥♦r♠❛ ❡♥ ❡st❡ ❡s♣❛❝✐♦
t♦♠❛♥❞♦ ❡❧ í♥✜♠♦ ❞❡ ❧❛s ❝♦♥st❛♥t❡s C q✉❡ s❛t✐s❢❛❝❡♥ ✭✶✳✷✳✷✽✮ ② ✭✶✳✷✳✷✾✮✳

❈♦♠♦ r❡♠❛r❝❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ♣❛r❛ ❝❛s✐ t♦❞♦ x ∈ Rd✱ Wβ(x, r) ❡s ✜♥✐t♦ ♣❛r❛ t♦❞♦
r > 0 ② ❡s s✐❡♠♣r❡ ❝r❡❝✐❡♥t❡ ❝♦♠♦ ❢✉♥❝✐ó♥ ❞❡ r✳ ❆❞❡♠ás✱ s✐ w ∈ Dρ

µ t❡♥❡♠♦s ❡❧ s✐❣✉✐❡♥t❡
r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✷✶✳ ❙❡❛ ρ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦✳ ❙✐ 0 < β < 1 ② w ∈ Dρ
µ ♣❛r❛

❛❧❣ú♥ µ ≥ 1✱ ❡♥t♦♥❝❡s
Λβρ(w) = BMOβ

ρ (w)

② ❧❛s ♥♦r♠❛s s♦♥ ❡q✉✐✈❛❧❡♥t❡s✳

❘❡s❡r✈❛♠♦s ❧❛ ♣r✉❡❜❛ ❞❡ ❡st❛ ♣r♦♣♦s✐❝✐ó♥ ♣❛r❛ ❧❛ ❙❡❝❝✐ó♥ ✸✳✶✱ ❞♦♥❞❡ ❞❛r❡♠♦s t❛♠❜✐é♥
♦tr❛s ♣r♦♣✐❡❞❛❞❡s s♦❜r❡ ❧♦s ❡s♣❛❝✐♦s BMOβ

ρ (w)✳



✶✽ Pr❡❧✐♠✐♥❛r❡s



❈❛♣ít✉❧♦ ✷

■♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❛s♦❝✐❛❞❛s ❛❧
♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r

❊❧ ❡st✉❞✐♦ ❞❡ ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❛s♦❝✐❛❞❛s ❛ L = −∆ + V ♣❛r❛ V ❡♥ ❝✐❡rt❛ ❝❧❛s❡
r❡✈❡rs❡✲❍ö❧❞❡r ❢✉❡ ✐♥✐❝✐❛❞♦ ♣♦r ❙❤❡♥ ❡♥ ❡❧ ❛ñ♦ ✶✾✾✺ ✭✈❡r ❬✸✶❪✮✳ ❊♥ ❡s❡ tr❛❜❛❥♦ s❡ ♣r✉❡❜❛
❧❛ ❝♦♥t✐♥✉✐❞❛❞ ❡♥ Lp ❞❡ ❝✐❡rt♦s ♦♣❡r❛❞♦r❡s ❛s♦❝✐❛❞♦s ❛ L t❛❧❡s ❝♦♠♦ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡
❘✐❡s③✲❙❝❤rö❞✐♥❣❡r ❞❡ ♦r❞❡♥ ✉♥♦✱ R1 = ∇L−1/2✱ ② ❞❡ ♦r❞❡♥ ❞♦s✱ R2 = ∇2L−1✳

P❛r❛ ♦❜t❡♥❡r ❧❛ ❝♦♥t✐♥✉✐❞❛❞ ❡♥ Lp(Rd) ❞❡ R1✱ ❙❤❡♥ ❧❛ ❝♦♠♣❛r❛ ❝♦♥ ❧❛ tr❛♥s❢♦r♠❛❞❛
❞❡ ❘✐❡s③ ❝❧ás✐❝❛ R1 = ∇(−∆)−1/2✳ ❊st❛ ❞✐❢❡r❡♥❝✐❛ t✐❡♥❡ ✉♥ ♥ú❝❧❡♦ q✉❡ ②❛ ❞❡❥❛ ❞❡ s❡r
s✐♥❣✉❧❛r ❡♥ ✉♥ ❡♥t♦♥r♥♦ ❞❡ ❧❛ ❞✐❛❣♦♥❛❧ q✉❡ ❞❡♣❡♥❞❡ ❞❡❧ ♣♦t❡♥❝✐❛❧ V ❛ tr❛✈és ❞❡ ❧❛ ❢✉♥❝✐ó♥
❞❡ r❛❞✐♦ ❝rít✐❝♦ ρ✳ P♦r ♦tr❛ ♣❛rt❡✱ ❙❤❡♥ ♠✉❡str❛ q✉❡ ❧❛ s♦❧✉❝✐ó♥ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥
Lu = f t✐❡♥❡ ✉♥ ❞❡❝❛✐♠✐❡♥t♦ ❡♥ ❡❧ ✐♥✜♥✐t♦✱ ❡♥ ✉♥❛ ❡s❝❛❧❛ ❞❛❞❛ ♣♦r ρ✱ ♠❛②♦r q✉❡ ❝✉❛❧q✉✐❡r
♣♦t❡♥❝✐❛ ✐♥✈❡rs❛ ② ❡st❡ ❝♦♠♣♦rt❛♠✐❡♥t♦ s❡ tr❛s❧❛❞❛ t❛♠❜✐é♥ ❛❧ ♥ú❝❧❡♦ ❞❡ R1✳

❊❧ ♦♣❡r❛❞♦rR1 r❡s✉❧t❛ s❡r ✉♥ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ s✐ ❡❧ ♣♦t❡♥❝✐❛❧ V ∈ RHq

❝♦♥ q > d✱ ❝♦♥s❡❝✉❡♥t❡♠❡♥t❡ ✈❛❧❡ ❧❛ ❝♦♥t✐♥✉✐❞❛❞ ❡♥ Lp ♣❛r❛ t♦❞♦ 1 < p <∞✳ ❙✐♥ ❡♠❜❛r❣♦✱
s✐ V ∈ RHq ❝♦♥ d/2 < q < d t❡♥❡♠♦s q✉❡ R1 ❡s ❛❝♦t❛❞♦ ❡♥ Lp ♣❛r❛ 1 < p < p0✱ ❞♦♥❞❡ p0
❡s t❛❧ q✉❡ 1/p0 = 1/q−1/d✳ ▼❛s ❛ú♥✱ ❙❤❡♥ ♣r♦❜ó q✉❡ ❡st❡ r❛♥❣♦ ❡s ó♣t✐♠♦ ✭✈❡r s❡❝❝✐ó♥ ✼
❡♥ ❬✸✶❪✮✳

❊❧ ❝❛s♦ ❞❡❧ ♦♣❡r❛❞♦r ❞❡ ♦r❞❡♥ ❞♦s R2 ❡s ❞✐❢❡r❡♥t❡✳ ❙✐ V ∈ RHq ❝♦♥ d/2 < q < ∞✱
♣✉❡❞❡ ♦❜t❡♥❡rs❡ ❧❛ ❛❝♦t❛❝✐ó♥ ❡♥ Lp ♣❛r❛ ❡❧ r❛♥❣♦ 1 < p < q ②✱ ❛❧ ✐❣✉❛❧ q✉❡ ❡♥ ❡❧ ❝❛s♦
❛♥t❡r✐♦r✱ ❡st❡ r❛♥❣♦ ❡s ó♣t✐♠♦✳ ❈♦♠♦ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❡st❛ ú❧t✐♠❛ ♦❜s❡r✈❛❝✐ó♥ ✈❡♠♦s q✉❡✱
❜❛❥♦ ❡st❛s ♠í♥✐♠❛s ❤✐♣ót❡s✐s✱ R2 ♥♦ ♣✉❡❞❡ s❡r ✉♥ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞✱ ♥♦
✐♠♣♦rt❛ ❝✉❛❧ s❡❛ ❡❧ ✈❛❧♦r ❞❡ q✳

❉❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣❛r❛ R1 ② R2✱ ✈í❛ ❞✉❛❧✐❞❛❞✱ s❡ ❞❡❞✉❝❡ q✉❡ R⋆
1 ❝♦♥ q > d

r❡s✉❧t❛ ❛❝♦t❛❞♦ ❡♥ Lp ♣❛r❛ t♦❞♦ p✱ ♠✐❡♥tr❛s q✉❡ R⋆
1 ❝♦♥ d/2 < q < d ② R⋆

2 r❡s✉❧t❛♥
❛❝♦t❛❞♦s ❡♥ ✉♥ r❛♥❣♦ ❞❡ t✐♣♦ (r,∞) ❝♦♥ r > 1✳

❙✐❣✉✐❡♥❞♦ ❛❧❣✉♥❛s ✐❞❡❛s ❞❡ ❬✸✶❪✱ ❬✷❪ ② ❬✷✸❪✱ ❡❧ ♣r♦♣ós✐t♦ ❞❡ ❡st❡ ❝❛♣ít✉❧♦ ❡s ❞❡✜♥✐r
❞♦s ❢❛♠✐❧✐❛s ❞❡ ♦♣❡r❛❞♦r❡s ❛s♦❝✐❛❞♦s ❛ L ❛✐s❧❛♥❞♦ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❢✉♥❞❛♠❡♥t❛❧❡s ❞❡ ❧♦s



✷✵ ■♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❛s♦❝✐❛❞❛s ❛❧ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r

♥ú❝❧❡♦s ❞❡ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r q✉❡ ♥♦s ♣❡r♠✐t❛♥ r❡❝✉♣❡r❛r r❡s✉❧t❛❞♦s
❞❡ ❝♦♥t✐♥✉✐❞❛❞ s♦❜r❡ ❡s♣❛❝✐♦s ❞❡ t❛♠❛ñ♦ ② s✉❛✈✐❞❛❞✳

P❛r❛ ❞❡✜♥✐r ❧❛ ♣r✐♠❡r ❢❛♠✐❧✐❛✱ ❡♥ ❧❛ ❙❡❝❝✐ó♥ ✷✳✶✱ ❝♦♥s✐❞❡r❛♠♦s ♦♣❡r❛❞♦r❡s ✐♥t❡❣r❛❧❡s✱
❛❝♦t❛❞♦s ❡♥ Lp ♣❛r❛ ❛❧❣ú♥ p ② ❞❡✜♥✐❞♦s ❛ tr❛✈és ❞❡ ✉♥ ♥ú❝❧❡♦ K q✉❡ ♣r❡s❡♥t❛ ❝✐❡rt❛s
s❡♠❡❥❛♥③❛s ❝♦♥ ✉♥ ♥ú❝❧❡♦ ❡stá♥❞❛r✳ ❆q✉í✱ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ t❛♠❛ñ♦ ② s✉❛✈✐❞❛❞ r❡q✉❡r✐❞❛s
❡♥ ❡❧ ♥ú❝❧❡♦ ❡stá♥ ❛❞❛♣t❛❞❛s ♣❛r❛ ❡♥❣❧♦❜❛r ❛ ❧♦s ❡❥❡♠♣❧♦s ❞❡ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲
❙❝❤rö❞✐♥❣❡r q✉❡ ♠❡♥❝✐♦♥❛♠♦s ❛♥t❡s✳ P♦st❡r✐♦r♠❡♥t❡✱ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧♦s ❝❛♣ít✉❧♦s ✸ ② ✻
❡st❛rá♥ t❛♠❜✐é♥ ❡♥✉♥❝✐❛❞♦s ❡♥ ❡st❡ ♠❛r❝♦ ♠ás ❣❡♥❡r❛❧ ② ❡♥ ❡❧ ❝✉❛❧ s❡ ❡♥❝✉❛❞r❛♥ ❛❧❣✉♥♦s
❞❡ ❧♦s ♦♣❡r❛❞♦r❡s q✉❡ ♥♦s ✐♥t❡r❡s❛♥✳

▲❛ s❡❣✉♥❞❛ ❢❛♠✐❧✐❛ ❝♦♥s✐❞❡r❛ ♦♣❡r❛❞♦r❡s q✉❡ ♣✉❡❞❛♥ s❡r ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛r❛❞♦s ❝♦♥
✉♥ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❝❧ás✐❝♦ ② ❝✉②♦ ♥ú❝❧❡♦ s❛t✐s❢❛❣❛ ✉♥❛ ❝♦♥❞✐❝✐ó♥ ❞❡ t❛✲
♠❛ñ♦ s✐♠✐❧❛r ❛ ❧❛ q✉❡ ✉s❛♠♦s ♣❛r❛ ❞❡✜♥✐r ❧❛ ♣r✐♠❡r ❢❛♠✐❧✐❛✳ ❊stá ❢❛♠✐❧✐❛ s❡rá ❞❡✜♥✐❞❛
❡♥ ❧❛ ❙❡❝❝✐ó♥ ✷✳✷ ② ❧♦s r❡s✉❧t❛❞♦s ❞❡❧ ❈❛♣ít✉❧♦ ✺ ❡st❛rá♥ ❡♥✉♥❝✐❛❞♦s ♣❛r❛ ❡st❡ t✐♣♦ ❞❡
♦♣❡r❛❞♦r❡s✳

▲✉❡❣♦ ❞❡ ❞❡✜♥✐r ❛♠❜❛s ❢❛♠✐❧✐❛s ♥♦s ❞❡❞✐❝❛r❡♠♦s ❛ ♠♦str❛r ❝✉á❧❡s ❞❡ ❧❛s tr❛♥s❢♦r♠❛❞❛s
❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r ② s✉s ❛❞❥✉♥t❛s ♣❡rt❡♥❡❝❡♥ ❛ ✉♥❛ ✉ ♦tr❛ ❢❛♠✐❧✐❛ ② s❛❝❛r ❛❧❣✉♥❛s
❝♦♥❝❧✉s✐♦♥❡s✱ ❧❛ ♠❛②♦rí❛ ❝♦♥♦❝✐❞❛s✱ s♦❜r❡ ❡st✐♠❛❝✐♦♥❡s ❡♥ Lp ❝♦♥ ♣❡s♦s✳

❈r❡❡♠♦s ❝♦♥✈❡♥✐❡♥t❡ ✜♥❛❧✐③❛r ❡st❛ ✐♥tr♦❞✉❝❝✐ó♥ ❝♦♥ ✉♥❛ t❛❜❧❛ ❛ ♠♦❞♦ ❞❡ r❡s✉♠❡♥
q✉❡ ♠✉❡str❡ ❧♦s ❡❥❡♠♣❧♦s ❞❡ ♦♣❡r❛❞♦r❡s q✉❡ ❝♦♥s✐❞❡r❛r❡♠♦s ❛ ❧♦ ❧❛r❣♦ ❞❡ ❡st❛ t❡s✐s ② ❧❛s
♣❡rt❡♥❡♥❝✐❛s ❛ ❧❛s ❢❛♠✐❧✐❛s F1 ② F2 q✉❡ ❞❡✜♥✐r❡♠♦s ❡♥ ❧❛s s❡❝❝✐♦♥❡s s✐❣✉✐❡♥t❡s✳ ❆❞❥✉♥t❛♠♦s
❛❞❡♠ás ❧❛s r❡❢❡r❡♥❝✐❛s ❞♦♥❞❡ ❡♥❝♦♥tr❛r ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s r❡s✉❧t❛❞♦s✳ ❈❛❜❡ ❞❡st❛❝❛r q✉❡ ❧❛
t❛❜❧❛ ❡stá ❤❡❝❤❛ ❜❛❥♦ ❧❛s ❤✐♣ót❡s✐s ♠í♥✐♠❛s✱ ❡st♦ ❡s✱ V ∈ RHq ♣❛r❛ ❛❧❣ú♥ d/2 < q <∞✳

❊♥ ❧❛ ❧✐st❛ ❤❡♠♦s ✐♥❝❧✉✐❞♦ t♦❞♦s ❧♦s ♦♣❡r❛❞♦r❡s q✉❡ ❤❡♠♦s ❞❡♥♦♠✐♥❛❞♦ tr❛♥s❢♦r♠❛❞❛s
❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r ② s✉s ❛❞❥✉♥t♦s✳ ▲❛ t❛❜❧❛ ♠✉❡str❛ q✉❡ s❛❧✈♦ ❡❧ ❝❛s♦ ❞❡ R1 ❝✉❛♥❞♦
q > d✱ ❡❧ r❡st♦ ❞❡ ❧❛s tr❛♥s❢♦r❛♠❛❞❛s ❡stá♥ ❡♥ ❧❛ ❢❛♠✐❧✐❛ F2 ② ♥♦ ❡♥ ❧❛ F1 ♠✐❡♥tr❛s q✉❡ s✉s
❛❞❥✉♥t♦s ♣❡rt❡♥❡❝❡♥ ❛ F1 ② ♥♦ ❛ F2✳ ❈♦♠♦ ❞✐❥✐♠♦s✱ ❧♦s r❡s✉❧t❛❞♦s ❞❡ s✉❛✈✐❞❛❞ ♥♦ ♣✉❡❞❡♥
✈❛❧❡r ♣❛r❛ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r ✭s❛❧✈♦ ❡❧ ❝❛s♦ ❡①❝❡♣❝✐♦♥❛❧ ♠❡♥❝✐♦♥❛❞♦✮
②❛ q✉❡ ❡stá♥ ❛❝♦t❛❞s ❡♥ Lp só❧♦ ♣❛r❛ p ❡♥ ✉♥ ✐♥t❡r✈❛❧♦ ✜♥✐t♦ ❞❡ t✐♣♦ (1, r)✱ ♣♦r ❧♦ q✉❡ ❛❧❧í
❞❡❜❡♠♦s tr❛❜❛❥❛r ❝♦♥ ❧❛ ❢❛♠✐❧✐❛ F1✳

P❛r❛ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧♦s ❝❛♣ít✉❧♦s ✺ ② ✻ q✉❡ ❝♦♥t✐❡♥❡♥ ❞❡s✐❣✉❛❧❞❛❞❡s ❡♥ Lp ❝♦♥
❞♦s ♣❡s♦s✱ tr❛❜❛❥❛r❡♠♦s ❝♦♥ F1 ② F2 r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ ✉♥
♦♣❡r❛❞♦r ❡sté ❡♥ ❧❛ ❝❧❛s❡ ② ♥♦ ❧♦ ❡sté s✉ ❛❞❥✉♥t♦ ♥♦ ❡s ❡s❡♥❝✐❛❧ ②❛ q✉❡ ❡♥ ❧♦s ❞♦s ❝❛s♦s
♦❜t❡♥❞r❡♠♦s ❝♦♥❝❧✉s✐♦♥❡s ♣❛r❛ ❛♠❜♦s✳



✶✾ ✷✶

❖♣❡r❛❞♦r V ∈ RHq F1(s, δ) F2(s, ε)

R1

q > d
s = ∞✱ δ = 1− d

q

✈❡r Pr♦♣♦s✐❝✐ó♥ ✷✳✸✳✶

s = ∞✱ ε = 2− d
q

✈❡r Pr♦♣♦s✐❝✐ó♥ ✷✳✸✳✼

d
2
< q < d ♥♦ ♣❡rt❡♥❡❝❡

s = p0✱ ε = 2− d
q

✈❡r Pr♦♣♦s✐❝✐ó♥ ✷✳✸✳✼

R⋆
1

q > d
s = ∞✱ δ = 1

✈❡r Pr♦♣♦s✐❝✐ó♥ ✷✳✸✳✶

s = ∞✱ ε = 2− d
q

✈❡r Pr♦♣♦s✐❝✐ó♥ ✷✳✸✳✼

d
2
< q < d

s = p0✱ δ = 2− d
q

✈❡r Pr♦♣♦s✐❝✐ó♥ ✷✳✸✳✺
♥♦ ♣❡rt❡♥❡❝❡

R2 q > d
2

♥♦ ♣❡rt❡♥❡❝❡
s = q✱ ε = 2− d

q

✈❡r Pr♦♣♦s✐❝✐ó♥ ✷✳✸✳✶✷

R⋆
2 q > d

2

s = q✱ δ = mı́n
{

1, 2− d
q

}

✈❡r Pr♦♣♦s✐❝✐ó♥ ✷✳✸✳✾
♥♦ ♣❡rt❡♥❡❝❡

V γL−γ q > d
2

♥♦ ♣❡rt❡♥❡❝❡
s = q/γ✱ ε = γ

(

2− d
q

)

✈❡r ❖❜s❡r✈❛❝✐ó♥ ✺✳✸✳✹

L−γV γ q > d
2

s = q/γ✱ δ = mı́n
{

1, 2− d
q

}

✈❡r Pr♦♣♦s✐❝✐ó♥ ✷✳✹✳✻
♥♦ ♣❡rt❡♥❡❝❡

V γ−1/2∇L−γ q > d
2

♥♦ ♣❡rt❡♥❡❝❡

s = pγ✱

ε =
(

γ − 1
2

)

(

2− d
q

)

✈❡r ❖❜s❡r✈❛❝✐ó♥ ✺✳✸✳✼

L−γ∇V γ−1/2 q > d
2

s = pγ✱ δ = mı́n
{

1, 2− d
q

}

✈❡r Pr♦♣♦s✐❝✐ó♥ ✷✳✹✳✸
♥♦ ♣❡rt❡♥❡❝❡

❚❛❜❧❛ ✷✳✶✿ ❊❥❡♠♣❧♦s ❞❡ ♦♣❡r❛❞♦r❡s



✷✷ ■♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❛s♦❝✐❛❞❛s ❛❧ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r

✷✳✶✳ ❖♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞

❊♥ ❡st❛ s❡❝❝✐ó♥ ❞❡✜♥✐r❡♠♦s ✉♥❛ ♣r✐♠❡r ❢❛♠✐❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s ❛s♦❝✐❛❞♦s ❛❧ ♦♣❡r❛❞♦r
❞❡ ❙❝❤rö❞✐♥❣❡r ❝♦♥ ❝✐❡rt❛s s❡♠❡❥❛♥③❛s ❛ ❧♦s ❞❡ ❈❛❧❞❡ró♥ ② ❩②❣♠✉♥❞✳ ▲❛s ✐❞❡❛s q✉❡
❞❛♥ ❧✉❣❛r ❛ ❧❛s ❞❡✜♥✐❝✐♦♥❡s ♣r♦♣✉❡st❛s ✈✐❡♥❡♥ ❞❡ ✐♥t❡♥t❛r ❣❡♥❡r❛❧✐③❛r ❛❧❣✉♥❛s ❝❧❛s❡s ❞❡
♦♣❡r❛❞♦r❡s ❝♦♥s✐❞❡r❛❞♦s ♣♦r ▼❛✱ ❙t✐♥❣❛✱ ❚♦rr❡❛ ② ❩❤❛♥❣ ❡♥ ❬✷✸❪ ② ❝✐❡rt♦s t✐♣♦s ❞❡ ♥ú❝❧❡♦s
❡st✉❞✐❛❞♦s ♣♦r ❈❛❜r❛❧✱ ❇♦♥❣✐♦❛♥♥✐ ② ❍❛r❜♦✉r❡ ❡♥ ❬✷❪✳ P❛r❛ ❝♦♠❡♥③❛r✱ ❝❛❜❡ s❡ñ❛❧❛r q✉❡
❧❛ ❢❛♠✐❧✐❛ q✉❡ ♣r❡s❡♥t❛r❡♠♦s ❡stá ❞✐s❡ñ❛❞❛ ♣❛r❛ ❡♥❣❧♦❜❛r ❧♦s ♦♣❡r❛❞♦r❡s ❛❞❥✉♥t♦s ❞❡
❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ❧♦s ❡❥❡♠♣❧♦s ♥❛t✉r❛❧❡s s❡rí❛♥
R⋆

1 = L−1/2∇✱ R⋆
2 = L−1∇2✱ ② ♦♣❡r❛❞♦r❡s q✉❡ ✐♥✈♦❧✉❝r❛♥ ❡❧ ♣♦t❡♥❝✐❛❧ ❝♦♠♦ L−1/2V 1/2✱

L−1V ✱ ∇L−1V 1/2✱ ❧♦s ❝✉❛❧❡s✱ ❝♦♠♦ ❙❤❡♥ ❤❛ ♠♦str❛❞♦✱ s♦♥ ❛❝♦t❛❞♦s ❡♥ Lp(Rd) ♣❛r❛ p ❡♥
✉♥ r❛♥❣♦ ❞❡ t✐♣♦ (r,∞)✱ ❝♦♥ r ≥ 1 ❞❡♣❡♥❞✐❡♥❞♦ ❞❡ q✳

P♦r ❝✐❡rt♦✱ ❡s ♣♦s✐❜❧❡ ❞✉❛❧✐③❛r ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ② ❛sí ❡st❛rí❛♠♦s ✐♥❝❧✉②❡♥❞♦
❛ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r R1 ② R2✳ ❉❡ t♦❞♦s ♠♦❞♦s ❛ ❡❢❡❝t♦s ❞❡ ❧❛ ❝♦♥t✐✲
♥✉✐❞❛❞ ❡♥ Lp ❝✉❛❧q✉✐❡r❛ ❞❡ ❧♦s ❞♦s ❡♥❢♦q✉❡s r❡s✉❧t❛ ✐♥❞✐❢❡r❡♥t❡ ♣✉❡s✱ ♠❡❞✐❛♥t❡ ❞✉❛❧✐❞❛❞✱
❛ ♣❛rt✐r ❞❡ ❧❛ ❛❝♦t❛❝✐ó♥ ❞❡ ✉♥♦s s❡ ♦❜t✐❡♥❡♥ ❧❛ ❛❝♦t❛❝✐ó♥ ❞❡ ❧♦s ♦tr♦s ② r❡❝í♣r♦❝❛♠❡♥t❡ ②❛
q✉❡ T ⋆⋆ = T ✳ ▲❛ ❝♦♥✈❡♥✐❡♥❝✐❛ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ q✉❡ ❞❛♠♦s s❡ ✈❡rá ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✸ ❞♦♥❞❡
❡st❛❜❧❡❝❡♠♦s r❡s✉❧t❛❞♦s ❞❡ s✉❛✈✐❞❛❞ t✐♣♦ BMO ② ▲✐♣s❝❤✐t③✱ ❧❛ ❝✉❛❧ r❡q✉✐❡r❡ q✉❡ ❧♦s ♦♣❡✲
r❛❞♦r❡s s❡❛♥ ❝♦♥t✐♥✉♦s ❡♥ Lp ♣❛r❛ p ❝❡r❝❛ ❞❡ ✐♥✜♥✐t♦✱ q✉❡ ❡s ❡❧ ❝❛s♦ ❞❡ ❧♦s ❛❞❥✉♥t♦s ❞❡ ❧❛s
tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r✳ ❉❡ ❤❡❝❤♦✱ ❡s s❛❜✐❞♦ q✉❡ s✐ ✉♥ ♦♣❡r❛❞♦r ♣r❡s❡r✈❛ Lp0

♣❛r❛ ❛❧❣ú♥ p0 ② t❛♠❜✐é♥ ❡❧ ❡s♣❛❝✐♦ BMO ❡♥t♦♥❝❡s✱ ♣♦r ✐♥t❡r♣♦❧❛❝✐ó♥✱ t❛♠❜✐é♥ ❡s ❛❝♦t❛❞♦
❡♥ Lp✱ p ≥ p0✳

❊♥ ❬✷❪✱ ❇♦♥❣✐♦❛♥♥✐✱ ❈❛❜r❛❧ ② ❍❛r❜♦✉r❡ ❞❡✜♥❡♥ ✉♥❛ ❝❧❛s❡ ❞❡ ♦♣❡r❛❞♦r❡s ♣❛r❛ ❧♦s ❝✉❛❧❡s
♠✉❡str❛♥ ❞❡s✐❣✉❛❧❞❛❞❡s ♣❡s❛❞❛s ❡♥ Lp✱ ❞♦♥❞❡ p ❡stá ❡♥ ✉♥ r❛♥❣♦ (r,∞) ❝♦♥ r ≥ 1✳ ❆q✉í
❞❛r❡♠♦s ✉♥❛ ❢❛♠✐❧✐❛ ❝♦♥ ✉♥❛ ❝♦♥❞✐❝✐ó♥ ❞✐❢❡r❡♥t❡ ❡♥ ❧❛ s✉❛✈✐❞❛❞ q✉❡✱ ❝♦♠♦ ✈❡r❡♠♦s✱ r❡s✉❧t❛
s❡r ♠ás ❢✉❡rt❡✳ ▲❛ r❛③ó♥ ❞❡ ❡st❛ ❡❧❡❝❝✐ó♥ ❡s q✉❡ ❜❛❥♦ ❡st❛s ❤✐♣ót❡s✐s ♣♦❞❡♠♦s t❛♠❜✐é♥
❛❝♦t❛r ❡st♦s ♦♣❡r❛❞♦r❡s ❡♥ ❡s♣❛❝✐♦s ❞❡ t✐♣♦ BMOβ

ρ (w)✳ ❉❡ t♦❞♦s ♠♦❞♦s✱ ❧♦s ❡❥❡♠♣❧♦s q✉❡
♥♦s ✐♥t❡r❡s❛♥ ❝❛❡♥ ❡♥ ❡st❡ ❡♥❢♦q✉❡ ♠ás r❡str✐❝t✐✈♦✳

❉❡✜♥✐❝✐ó♥ ✷✳✶✳✶✳ P❛r❛ 1 < s < ∞ ② 0 < δ ≤ 1 ❞❡❝✐♠♦s q✉❡ ✉♥ ♦♣❡r❛❞♦r T ❡s ✉♥
♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ) s✐

(Is) T ❡stá ❛❝♦t❛❞♦ ❞❡ Ls
′

❡♥ Ls
′,∞✳

(IIs) T t✐❡♥❡ ✉♥ ♥ú❝❧❡♦ ❛s♦❝✐❛❞♦ K : Rd × Rd → R✱ ❡♥ ❡❧ s✐❣✉✐❡♥t❡ s❡♥t✐❞♦

Tf(x) =

ˆ

Rd

K(x, y)f(y)dy, f ∈ Ls
′

❝♦♥ s♦♣♦rt❡ ❝♦♠♣❛❝t♦ ② x /∈ s♦♣f. ✭✷✳✶✳✶✮

▼ás ❛ú♥✱ ❡❧ ♥ú❝❧❡♦ K ✈❡r✐✜❝❛✿ P❛r❛ ❝❛❞❛ N > 0 ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ CN t❛❧ q✉❡
(

1

Rd

ˆ

R<|x0−y|<2R

|K(x, y)|sdy
)1/s

≤ CNR
−d
(

1 +
R

ρ(x)

)−N
, ✭✷✳✶✳✷✮

♣❛r❛ |x− x0| < R/2✳ ❊①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡
(

1

Rd

ˆ

R<|x0−y|<2R

|K(x, y)−K(x0, y)|sdy
)1/s

≤ CR−d
( r

R

)δ

, ✭✷✳✶✳✸✮



✷✳✶ ❖♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ✷✸

♣❛r❛ |x− x0| < r ≤ ρ(x0)✱ r < R/2✳

P❛r❛ s ② δ ❞❛❞♦s✱ ❞❡♥♦t❛r❡♠♦s F1(s, δ) ❛ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r✲
❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ)✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✶✳✷✳ ❊s ❢á❝✐❧ ✈❡r q✉❡ s✐ K s❛t✐s❢❛❝❡ ✭✷✳✶✳✷✮ só❧♦ ♣❛r❛ x = x0✱ ❡♥t♦♥❝❡s
t❛♠❜✐é♥ ✈❛❧❡ ♣❛r❛ x t❛❧ q✉❡ |x − x0| < R/2✳ ❆s✐♠✐s♠♦✱ q✉❡ K s❛ts✐❢❛❣❛ ✭✷✳✶✳✸✮ ♣❛r❛
r < R/2 ❡q✉✐✈❛❧❡ ❛ q✉❡ ✈❛❧❣❛ ♣❛r❛ r < cR ♣❛r❛ ❛❧❣ú♥ 0 < c < 1✳

▲❛ ❝♦♥❞✐❝✐ó♥ ✭✷✳✶✳✷✮ ❡s ✉♥❛ ❝♦♥❞✐❝✐ó♥ ❞❡ t❛♠❛ñ♦ ✐♥t❡❣r❛❧ ❝♦♥ ❞❡❝❛✐♠✐❡♥t♦ ❡①tr❛ ❡♥
❡❧ ✐♥✜♥✐t♦ ♠✐❡♥tr❛s q✉❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✷✳✶✳✸✮ ✐♠♣♦♥❡ ✉♥❛ ❝♦♥❞✐❝✐ó♥ ❞❡ s✉❛✈✐❞❛❞ ❡♥ ❧❛
♣r✐♠❡r❛ ✈❛r✐❛❜❧❡✳ ◆♦t❛r q✉❡ s✐ ✉♥ ♥ú❝❧❡♦ K s❛t✐s❢❛❝❡ ✭✷✳✶✳✷✮ ② ✭✷✳✶✳✸✮ ♣❛r❛ ❛❧❣ú♥ s > 1✱
❡♥t♦♥❝❡s t❛♠❜✐é♥ s❛t✐s❢❛❝❡ ❡s❛s ❝♦♥❞✐❝✐♦♥❡s ♣❛r❛ ❝✉❛❧q✉✐❡r 1 ≤ t < s✳ P❛r❛ ❡❧ ❝❛s♦ s = ∞
✐♥tr♦❞✉❝✐♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❞❡✜♥✐❝✐ó♥ ❞♦♥❞❡ ❝♦♥s✐❞❡r❛♠♦s ❡st✐♠❛❝✐♦♥❡s ❛♥á❧♦❣❛s ❛❧ ❝❛s♦
s <∞ ♣❡r♦ ♣✉♥t✉❛❧❡s ❡♥ ❧✉❣❛r ❞❡ ✐♥t❡❣r❛❧❡s✳

❉❡✜♥✐❝✐ó♥ ✷✳✶✳✸✳ P❛r❛ 0 < δ ≤ 1 ❞❡❝✐♠♦s q✉❡ ✉♥ ♦♣❡r❛❞♦r T ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡
❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (∞, δ) s✐

(I∞) T ❡stá ❛❝♦t❛❞♦ ❞❡ L1 ❡♥ L1,∞✳

(II∞) T t✐❡♥❡ ✉♥ ♥ú❝❧❡♦ ❛s♦❝✐❛❞♦ K : Rd × Rd → R✱ ❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ ✭✷✳✶✳✶✮ q✉❡ ✈❡r✐✜❝❛✿
P❛r❛ ❝❛❞❛ N > 0 ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ CN t❛❧ q✉❡

|K(x, y)| ≤ CN
|x− y|d

(

1 +
|x− y|
ρ(x)

)−N
, ♣❛r❛ x 6= y. ✭✷✳✶✳✹✮

❊①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

|K(x, y)−K(x0, y)| ≤
C

|x− y|d
( |x− x0|

|x− y|

)δ

, ❝✉❛♥❞♦ |x− y| > 2|x− x0|. ✭✷✳✶✳✺✮

P❛r❛ s ② δ ❞❛❞♦s✱ ❧❧❛♠❛r❡♠♦s F1(∞, δ) ❛ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r✲
❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (∞, δ)✳

❊s ❢á❝✐❧ ✈❡r q✉❡ s✐ ✉♥ ♥ú❝❧❡♦ s❛t✐s❢❛❝❡ ✭✷✳✶✳✹✮ ② ✭✷✳✶✳✺✮ ❡♥t♦♥❝❡s s❛t✐s❢❛❝❡ ✭✷✳✶✳✷✮ ② ✭✷✳✶✳✸✮
♣❛r❛ t♦❞♦ 1 < s <∞✳

❊♥ ❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛ ♠♦str❛♠♦s q✉❡ s✐ ✉♥ ♥ú❝❧❡♦ s❛t✐s❢❛❝❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✭✷✳✶✳✷✮
② ✭✷✳✶✳✸✮ ❡♥t♦♥❝❡s✱ ❡♥ ❝✐❡rt♦ s❡♥t✐❞♦✱ t❛♠❜✐é♥ ♣♦❞❡♠♦s ♦❜t❡♥❡r ✉♥ ❞❡❝❛✐♠✐❡♥t♦ ❡①tr❛
♣❛r❛ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ s✉❛✈✐❞❛❞✳

▲❡♠❛ ✷✳✶✳✹✳ ❙❡❛ T ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ′) ♣❛r❛
❛❧❣ú♥ 1 < s ≤ ∞ ② ♣❛r❛ t♦❞♦ δ′ ∈ (0, δ)✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ ❝❛❞❛ N ∈ N✱ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡
CN t❛❧ q✉❡ ❡❧ ♥ú❝❧❡♦ ❛s♦❝✐❛❞♦ K s❛t✐s❢❛❝❡

(

1

Rd

ˆ

R<|x0−y|<2R

|K(x, y)−K(x0, y)|sdy
)1/s

≤ CNR
−d
( r

R

)δ′
(

1 +
R

ρ(x)

)−N
, ✭✷✳✶✳✻✮



✷✹ ■♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❛s♦❝✐❛❞❛s ❛❧ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r

♣❛r❛ |x− x0| < r ≤ ρ(x0)✱ r < R/2 s✐ s <∞ ♦ ❜✐❡♥ s❛t✐s❢❛❝❡

|K(x, y)−K(x0, y)| ≤
C

|x− y|d
(

1 +
|x− y|
ρ(x)

)−N ( |x− x0|
|x− y|

)δ′

, ❝✉❛♥❞♦ |x−y| > 2|x−x0|.
✭✷✳✶✳✼✮

s✐ s = ∞✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❡st♦ ♣✉❡❞❡ ❛♣❧✐❝❛rs❡ ❛ ❝✉❛❧q✉✐❡r ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲
❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ)✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ δ′ ∈ (0, δ)✱ ❡❧❡❣✐♠♦s δ̃ ∈ (0, δ) ② σ ∈ (0, 1) t❛❧❡s q✉❡ (1 − σ)δ̃ = δ′✳
❙❡❛♥ x0✱ x ∈ Rd ② r✱ R > 0✱ t❛❧❡s q✉❡ |x− x0| < r < ρ(x0) ② r < R/2✳ ◆♦t❛r q✉❡ ❡♥ ❡st❛
s✐t✉❛❝✐ó♥✱ t❡♥❡♠♦s q✉❡ ❡①✐st❡♥ C1 ② C2 t❛❧❡s q✉❡ C1ρ(x) ≤ ρ(x0) ≤ C2ρ(x)✳

❙✐ ❧❧❛♠❛♠♦s A ❛❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✷✳✶✳✻✮✱ ✉s❛♥❞♦ ✭✷✳✶✳✷✮ t❡♥❡♠♦s q✉❡

Aσ ≤
(

1

Rd

ˆ

|K(x, y)|+ |K(x0, y)|
)σ/s

≤ CNR
−dσ
(

1 +
R

ρ(x)

)−Nσ
.

❊♥t♦♥❝❡s✱ ✉s❛♥❞♦ ✭✷✳✶✳✸✮ ❝♦♥ δ̃ ♣❛r❛ ❛❝♦t❛r A1−σ ♦❜t❡♥❡♠♦s✱ ♣❛r❛ ♥✉❡str❛ ❡❧❡❝❝✐ó♥ ❞❡ σ✱

A ≤ CNR
−d
( r

R

)δ′
(

1 +
R

ρ(x)

)−Nσ
.

❈♦♠♦ N ❡stá ❛ ♥✉❡str❛ ❞✐s♣♦s✐❝✐ó♥ ♦❜t❡♥❡♠♦s ✭✷✳✶✳✻✮✳

❊st❛♠♦s ❛❤♦r❛ ❡♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❡♥✉♥❝✐❛r ❧♦s s✐❣✉✐❡♥t❡s r❡s✉❧t❛❞♦s ❞❡ ❝♦♥t✐♥✉✐❞❛❞
❡♥ ❡s♣❛❝✐♦s Lp(w) ♣❛r❛ ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❛s♦❝✐❛❞❛s ❛ L✳ ❊❧ ♣r✐♠❡r♦ ❡s ✉♥ r❡s✉❧t❛❞♦
❞❡ t✐♣♦ ❢✉❡rt❡ ❡♥ Lp(w) ② ❡s ✉♥❛ ❝♦♥s❡❝✉❡♥❝✐❛ ❞✐r❡❝t❛ ❞❡❧ ❚❡♦r❡♠❛ ✺ ② ❧❛ Pr♦♣♦s✐❝✐ó♥ ✻
❡♥ ❬✷❪✳ ❊❧ s❡❣✉♥❞♦ r❡s✉❧t❛❞♦ ♥♦s ❞❛ ❡❧ t✐♣♦ ❞é❜✐❧ ❡♥ ❡❧ ❡①tr❡♠♦ p = 1 ♣❛r❛ ❡❧ ♦♣❡r❛❞♦r
❛❞❥✉♥t♦ ② ♣✉❡❞❡ ❡♥❝♦♥tr❛rs❡ ❝♦♠♦ ❚❡♦r❡♠❛ ✸✳✻ ❡♥ ❬✾❪✳

❚❡♦r❡♠❛ ✷✳✶✳✺✳ ❙❡❛ 1 < s <∞ ② T ✉♥ ♦♣❡r❛❞♦r ❛❝♦t❛❞♦ ❞❡ Ls
′

❡♥ Ls
′,∞ ❝♦♥ ♥ú❝❧❡♦ K

q✉❡ s❛t✐s❢❛❝❡ ✭✷✳✶✳✷✮ ② ♣❛r❛ ❡❧ ❝✉❛❧ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

∑

k≥1

(2kr)d/s
′

(
ˆ

2k+1B\2kB
|K(x, y)−K(x0, y)|sdy

)1/s

≤ C, ✭✷✳✶✳✽✮

♣❛r❛ t♦❞❛ ❜♦❧❛ B = B(x0, r) ② ♣❛r❛ t♦❞♦ x ∈ B ❝♦♥ r ≤ ρ(x0)✳ ❊♥t♦♥❝❡s✱ T ❡s ❛❝♦t❛❞♦ ❡♥
Lp(w) ♣❛r❛ s′ < p <∞ ② ♣❛r❛ t♦❞♦ w ∈ Aρp/s′✳ ❈♦♥s❡❝✉❡♥t❡♠❡♥t❡✱ ❡❧ ♦♣❡r❛❞♦r ❛❞❥✉♥t♦ T̃

❡stá ❛❝♦t❛❞♦ ❡♥ Lp(w) ♣❛r❛ 1 < p < s ② ♣❛r❛ t♦❞♦ w t❛❧ q✉❡ w1−p ∈ Aρp′/s′✳

❚❡♦r❡♠❛ ✷✳✶✳✻✳ ❙❡❛ 1 < s <∞ ② T ✉♥ ♦♣❡r❛❞♦r ❛❝♦t❛❞♦ ❞❡ Ls
′

❡♥ Ls
′,∞ ❝♦♥ ♥ú❝❧❡♦ K

q✉❡ s❛t✐s❢❛❝❡ ✭✷✳✶✳✷✮ ② q✉❡ ♣❛r❛ ❝❛❞❛ N > 0 ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ CN t❛❧ q✉❡

∑

k≥1

(2kr)d/s
′

(

1 +
2kr

ρ(x0)

)N
(

ˆ

Bk+1\Bk

|K(x, y)−K(x0, y)|sdy
)1/s

≤ CN , ✭✷✳✶✳✾✮



✷✳✶ ❖♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ✷✺

♣❛r❛ t♦❞❛ ❜♦❧❛ B = B(x0, r) ② ♣❛r❛ t♦❞♦ x ∈ B ❝♦♥ r ≤ ρ(x0)✳ ❊♥t♦♥❝❡s✱ s✐ w
s′ ∈ Aρ1✱ ❡❧

♦♣❡r❛❞♦r ❛❞❥✉♥t♦ T̃ ❡s ❞❡ t✐♣♦ ❞é❜✐❧ (1, 1) r❡s♣❡❝t♦ ❛ w✳

❈♦♠♦ ✈❡r❡♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❛♠❜♦s t❡♦r❡♠❛s ♣✉❡❞❡♥ ❛♣❧✐❝❛rs❡ ❛ ❧❛ ❝❧❛s❡ ❞❡ ♦♣❡r❛✲
❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ)✳

❈♦r♦❧❛r✐♦ ✷✳✶✳✼✳ ❙❡❛ T ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ)
♣❛r❛ ❛❧❣ú♥ 1 < s <∞ ② 0 < δ ≤ 1✳ ❊♥t♦♥❝❡s

(a) T ❡s ❛❝♦t❛❞♦ ❡♥ ❡♥ Lp(w) ♣❛r❛ s′ < p <∞ ② ♣❛r❛ t♦❞♦ w ∈ Aρp/s′✱

(b) ❡❧ ♦♣❡r❛❞♦r ❛❞❥✉♥t♦ T̃ ❡stá ❛❝♦t❛❞♦ ❡♥ Lp(w) ♣❛r❛ 1 < p < s ② ♣❛r❛ t♦❞♦ w t❛❧ q✉❡
w1−p ∈ Aρp′/s′✱

(c) T̃ ❡s ❞❡ t✐♣♦ ❞é❜✐❧ (1, 1) r❡s♣❡❝t♦ ❛ w ♣❛r❛ t♦❞♦ ♣❡s♦ w t❛❧ q✉❡ ws
′ ∈ Aρ1✳

▼ás ❛ú♥✱ s✐ T ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ) ♣❛r❛
t♦❞♦ s > 1✱ ❡♥t♦♥❝❡s

(d) T ② T̃ s♦♥ ❛❝♦t❛❞♦s ❡♥ Lp(w) ♣❛r❛ 1 < p <∞ ② ♣❛r❛ t♦❞♦ w ∈ Aρp✱

(e) T̃ ❡s ❞❡ t✐♣♦ ❞é❜✐❧ (1, 1) r❡s♣❡❝t♦ ❛ w ♣❛r❛ t♦❞♦ w ∈ Aρ1✳

❊♥ ♣❛rt✐❝✉❧❛r✱ (d) ② (e) ✈❛❧❡♥ ♣❛r❛ ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐❣♥❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡
t✐♣♦ (∞, δ)✳

❉❡♠♦str❛❝✐ó♥✳ P❛r❛ ❛♣❧✐❝❛r ❧♦s ❚❡♦r❡♠❛s ✷✳✶✳✺ ② ✷✳✶✳✻ ❜❛st❛ ✈❡r✐✜❝❛r q✉❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✷✳✶✳✻✮
✐♠♣❧✐❝❛ ✭✷✳✶✳✾✮ q✉❡ ❛ s✉ ✈❡③ ❡s ♠ás ❢✉❡rt❡ q✉❡ ✭✷✳✶✳✽✮✳ ❙✐ T ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲
❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ) ♣❛r❛ ❛❧❣ú♥ 1 < s <∞ ② 0 < δ ≤ 1 t❡♥❡♠♦s q✉❡✱ ✉s❛♥❞♦
❡❧ ▲❡♠❛ ✷✳✶✳✹✱ ♣❛r❛ t♦❞♦ N > 0

∑

k≥1

(

2kr
)d/s′

(

1 +
2kr

ρ(x0)

)N
(

ˆ

Bk+1\Bk

|K(x, y)−K(x0, y)|sdy
)1/s

≤ CN
∑

k≥1

(

2kr
)d/s′+d/s−d

2−kδ
′

≤ CN
∑

k≥1

2−kδ
′ ≤ CN .

❙✐ T ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ) ♣❛r❛ t♦❞♦ s > 1✱
❡❧ r❡s✉❧t❛❞♦ s✐❣✉❡ ❞❡ q✉❡

⋃

s>1A
ρ
(p/s′) = Aρp ②

⋃

s′>1{w : ws
′ ∈ Aρ1} = Aρ1✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✶✳✽✳ ❈♦♠♦ ✉♥❛ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❡st❡ r❡s✉❧t❛❞♦✱ t❡♥❡♠♦s q✉❡ ❧❛s ❝❧❛s❡s
F1(s, δ) s♦♥✱ ♣❛r❛ ✉♥ δ ✜❥♦✱ ❞❡❝r❡❝✐❡♥t❡s ❝♦♥ s✱ ♣❛r❛ 1 < s ≤ ∞✳



✷✻ ■♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❛s♦❝✐❛❞❛s ❛❧ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r

P❛r❛ ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❛s♦❝✐❛❞❛s ❛ L t❛♠❜✐é♥ s❡ ❝♦♥♦❝❡♥ ❛❧❣✉♥♦s r❡s✉❧t❛❞♦s ❞❡
❝♦♥t✐♥✉✐❞❛❞ ❡♥ ❡s♣❛❝✐♦s ❞❡ r❡❣✉❧❛r✐❞❛❞ t✐♣♦ BMOβ

ρ (w) ❞❡✜♥✐❞♦s ❡♥ ❧❛ ❙❡❝❝✐ó♥ ✶✳✷✳✻✳
❘❡❝♦r❞❡♠♦s q✉❡✱ ❞❛❞❛ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦ ρ✱ ✉♥ ♣❡s♦ w ② 0 ≤ β < 1 ❞❡❝✐♠♦s
q✉❡ ✉♥❛ ❢✉♥❝✐ó♥ ❧♦❝❛❧♠❡♥t❡ ✐♥t❡❣r❛❜❧❡ f ♣❡rt❡♥❡❝❡ ❛ BMOβ

ρ (w) s✐ s❛t✐s❢❛❝❡

ˆ

B

|f − fB| ≤ C w(B) |B|β/d✱ ♣❛r❛ t♦❞❛ ❜♦❧❛ B, ✭✷✳✶✳✶✵✮

②
ˆ

B

|f | ≤ C w(B) |B|β/d✱ ♣❛r❛ t♦❞❛ ❜♦❧❛ B = B(x,R)✱ ❝♦♥ R ≥ ρ(x). ✭✷✳✶✳✶✶✮

❊♥ ❬✷✸❪ s❡ ♦❜t✐❡♥❡ ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦ ♣❛r❛ ♦♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲
❩②❣♠✉♥❞ ❞❡ t✐♣♦ (∞, δ)✳ ❊♥ r❡❛❧✐❞❛❞ ❡❧ ❡♥✉♥❝✐❛❞♦ q✉❡ ❛❧❧í ✜❣✉r❛ r❡q✉✐❡r❡ ❞❡ ✉♥❛ ❤✐♣ót❡s✐s
♠ás ❢✉❡rt❡ ♣✉❡st♦ q✉❡ ♣✐❞❡ ✉♥❛ ❝♦♥❞✐❝✐ó♥ ❞❡ s✉❛✈✐❞❛❞ ❡♥ ❛♠❜❛s ✈❛r✐❛❜❧❡s ❞❡❧ ♥ú❝❧❡♦✳
❖♠✐t✐♠♦s ❛q✉í ❡s❛ ❝♦♥❞✐❝✐ó♥ ♣✉❡st♦ q✉❡ ♥♦ ❡s ♥❡❝❡s❛r✐❛ ♣❛r❛ ♦❜t❡♥❡r ❡❧ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✷✳✶✳✾✳ ❙❡❛ T ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (∞, δ)✱
♣❛r❛ ❛❧❣ú♥ 0 < δ ≤ 1✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ t♦❞♦ 0 < β < δ✱ T ❡stá ❛❝♦t❛❞♦ ❡♥ BMOβ

ρ s✐ ② só❧♦
s✐ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

(

ρ(x)

r

)β
1

|B|

ˆ

B

|T1(y)− (T1)B|dy ≤ C ✭✷✳✶✳✶✷✮

♣❛r❛ t♦❞❛ ❜♦❧❛ B = B(x, r) ❝♦♥ r ≤ ρ(x)/2 s✐ β > 0 ♦

log

(

ρ(x)

r

)

1

|B|

ˆ

B

|T1(y)− (T1)B|dy ≤ C ✭✷✳✶✳✶✸✮

♣❛r❛ t♦❞❛ ❜♦❧❛ B = B(x, r) ❝♦♥ r ≤ ρ(x)/2 s✐ β = 0✳

◆♦t❛r q✉❡ ❡st❡ r❡s✉❧t❛❞♦ ♥♦ ♣✉❡❞❡ ❛♣❧✐❝❛rs❡ ❛ ♦♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲
❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ)✱ ♣❛r❛ s < ∞ ♣✉❡st♦ q✉❡ r❡q✉✐❡r❡ ❝♦♥❞✐❝✐♦♥❡s ♠ás ❢✉❡rt❡s ❡♥ ❡❧
♥ú❝❧❡♦✳ ❯♥ ❡❥❡♠♣❧♦ ❡♥ ❡❧ q✉❡ ✈❛❧❡♥ ❧❛s ❤✐♣ót❡s✐s ❞❡ ❡st❡ t❡♦r❡♠❛ ❡s ❡❧ ♦♣❡r❛❞♦r R1 ❝♦♥
q > d✱ ❝♦♠♦ ❢✉❡ ♠♦str❛❞♦ ❡♥ ❬✷✸❪✳ ❙✐♥ ❡♠❜❛r❣♦✱ s❡ ❤❛❜í❛♥ ♦❜t❡♥✐❞♦ ♣r❡✈✐❛♠❡♥t❡✱ ❡♥ ❬✻❪✱
❞❡s✐❣✉❛❧❞❛❞❡s ❡♥ BMOβ

ρ (w) ♣❛r❛ ❡❧ ♦♣❡r❛❞♦r R⋆
1 q✉❡✱ ♣❛r❛ V ∈ RHq ❝♦♥ q < d✱ ♥♦

s❛t✐s❢❛❝❡♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ♣✉♥t✉❛❧❡s ✭✷✳✶✳✹✮ ② ✭✷✳✶✳✺✮✳ ❊♥ ❡❧ ❈❛♣ít✉❧♦ ✸ ❞❛r❡♠♦s r❡s✉❧t❛❞♦s
❡♥ ❡s♣❛❝✐♦s ❞❡ s✉❛✈✐❞❛❞ ♣❡s❛❞♦s ♣❛r❛ ❖♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ q✉❡
❣❡♥❡r❛❧✐③❛♥ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❬✷✸❪ ② ❬✻❪✳

✷✳✷✳ ❖♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛r❛✲

❜❧❡s ❝♦♥ ♦♣❡r❛❞♦r❡s ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞

❊♥ ❡st❛ s❡❝❝✐ó♥ ❞❡s❝r✐❜✐r❡♠♦s ♦tr❛ ❢❛♠✐❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s r❡❧❛❝✐♦♥❛❞❛s ❛ L ✐♥✢✉❡♥❝✐❛✲
❞❛ ♣♦r ❡❧ ♠ét♦❞♦ ❞❡ ❝♦♠♣❛r❛❝✐ó♥ ✉s❛❞♦ ♣♦r ❙❤❡♥ ❡♥ ❬✸✶❪✳ ▲❛ ❝❛r❛❝t❡ríst✐❝❛ q✉❡ ❞❡✜♥❡ ❛



✷✳✷ ❖♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛r❛❜❧❡s ❝♦♥ ♦♣❡r❛❞♦r❡s ❞❡
❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ✷✼
❡st♦s ♦♣❡r❛❞♦r❡s ❡s ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❝❧ás✐❝♦ ✭✈❡r ❙❡❝✲
❝✐ó♥ ✶✳✶✳✹✮ q✉❡ ❛♣r♦①✐♠❛ ❧♦❝❛❧♠❡♥t❡ ❛ ❡st♦s ♦♣❡r❛❞♦r❡s✳ ❆q✉í✱ ❝♦♠♦ ❡s ✉s✉❛❧✱ ❧❛ ♥♦❝✐ó♥
❞❡ ❧♦❝❛❧✐❞❛❞ ✈✐❡♥❡ ❞❛❞❛ ❛ tr❛✈és ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦ ρ✳

❉❡✜♥✐❝✐ó♥ ✷✳✷✳✶✳ ❙❡❛ T ✉♥ ♦♣❡r❛❞♦r ❧✐♥❡❛❧ ❝♦♥ ♥ú❝❧❡♦ ❛s♦❝✐❛❞♦K ❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ ✭✷✳✶✳✶✮✳
P❛r❛ 1 < s < ∞ ② 0 < ε ≤ 1✱ ❞✐r❡♠♦s q✉❡ T ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r
❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛r❛❜❧❡ ❝♦♥ ✉♥ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, ε)
s✐ ❡❧ ♥ú❝❧❡♦ K s❛t✐s❢❛❝❡ ❧❛s s✐❣✉✐❡♥t❡s ♣r♦♣✐❡❞❛❞❡s✳

(as) P❛r❛ ❝❛❞❛ N > 0 ❡①✐st❡ CN t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ x0 ∈ Rd ② R > 0✱

(

1

Rd

ˆ

R<|x0−x|<2R

|K(x, y)|sdx
)1/s

≤ CNR
−d
(

1 +
R

ρ(x0)

)−N
,

s✐❡♠♣r❡ q✉❡ |y − x0| < R/2✳

(bs) ❊①✐st❡ ✉♥ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ T0 ❝♦♥ ♥ú❝❧❡♦ K0 t❛❧ q✉❡✱ ♣❛r❛ ❛❧❣✉♥❛s
❝♦♥st❛♥t❡s C ② ε > 0

(

1

Rd

ˆ

R<|x0−x|<2R

|K(x, y)−K0(x, y)|sdx
)1/s

≤ CR−d
(

R

ρ(x0)

)ε

❝✉❛❧❡sq✉✐❡r❛ s❡❛♥ x0 ∈ Rd✱ 0 < R ≤ ρ(x0)✱ y ∈ Rd t❛❧ q✉❡ |y − x0| < R/2✳

P❛r❛ s ② ε ❞❛❞♦s ❧❧❛♠❛r❡♠♦s F2(s, ε) ❛ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r ❧♦❝❛❧♠❡♥t❡
❝♦♠♣❛r❛❜❧❡s ❝♦♥ ✉♥ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, ε)✳

▲❛ ❝♦♥❞✐❝✐ó♥ (as) ♣✉❡❞❡ ✈❡rs❡ ❝♦♠♦ ✉♥❛ ❝♦♥❞✐❝✐ó♥ ❞❡ t❛♠❛ñ♦ ❝♦♥ ✉♥ ❝✐❡rt♦ ✑❞❡❝❛✐✲
♠✐❡♥t♦ ❡♥ ❡❧ ✐♥✜♥✐t♦✑ ♣❛r❛ ❡❧ ♥ú❝❧❡♦✱ ♠✐❡♥tr❛s q✉❡ ❧❛ ❝♦♥❞✐❝✐ó♥ (bs) ♥♦s ❞✐❝❡ q✉❡ K t✐❡♥❡
❧❛ ♠✐s♠❛ s✐♥❣✉❧❛r✐❞❛❞ ❡♥ ❡❧ ♦r✐❣❡♥ q✉❡ ✉♥ ♥ú❝❧❡♦ ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞✳ ❙✐♥ ❡♠❜❛r❣♦✱
♥✐♥❣✉♥❛ ❞❡ ❡st❛s ❝♦♥❞✐❝✐♦♥❡s ❡s s✐♠étr✐❝❛ ②❛ q✉❡ ❧❛ ✐♥t❡❣r❛❝✐ó♥ ❡s s✐❡♠♣r❡ ❡♥ ❧❛ ♣r✐♠❡r
✈❛r✐❛❜❧❡✳ ❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ ♥♦ ♦❜t❡♥❞r❡♠♦s ❧❛s ♠✐s♠❛s ❡st✐♠❛❝✐♦♥❡s ♣❛r❛ T ② ♣❛r❛ T ⋆✳

❙❡ s✐❣✉❡ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ q✉❡ ❧❛s ❢❛♠✐❧✐❛s F2(s, ε) s♦♥✱ ♣❛r❛ ✉♥ ε > 0 ✜❥♦✱ ❞❡❝r❡❝✐❡♥✲
t❡s ❝♦♥ s✳ P❛r❛ s = ∞ ✐♥tr♦❞✉❝✐♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❞❡✜♥✐❝✐ó♥ ❝♦♥s✐❞❡r❛♥❞♦ ❡st✐♠❛❝✐♦♥❡s
♣✉♥t✉❛❧❡s ❡♥ ❧✉❣❛r ❞❡ ✐♥t❡❣r❛❧❡s✳

❉❡✜♥✐❝✐ó♥ ✷✳✷✳✷✳ ❙❡❛ T ✉♥ ♦♣❡r❛❞♦r ❧✐♥❡❛❧ ❝♦♥ ♥ú❝❧❡♦ ❛s♦❝✐❛❞♦K ❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ ✭✷✳✶✳✶✮✳
P❛r❛ 0 < ε ≤ 1✱ ❞✐r❡♠♦s q✉❡ T ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r ❧♦❝❛❧♠❡♥t❡ ❝♦♠✲
♣❛r❛❜❧❡ ❝♦♥ ✉♥ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (∞, ε) s✐ ❡❧ ♥ú❝❧❡♦ K
s❛t✐s❢❛❝❡ ❧❛s s✐❣✉✐❡♥t❡s ♣r♦♣✐❡❞❛❞❡s✳ s✐❣✉✐❡♥t❡s ❝♦♥❞✐❝✐♦♥❡s✳

(a∞) P❛r❛ ❝❛❞❛ N > 0 ❡①✐st❡ CN t❛❧ q✉❡

|K(x, y)| ≤ CN
|x− y|d

(

1 +
|x− y|
ρ(x)

)−N
,



✷✽ ■♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❛s♦❝✐❛❞❛s ❛❧ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r

(b∞) ❊①✐st❡ ✉♥ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ T0 ❝♦♥ ♥ú❝❧❡♦ K0 t❛❧ q✉❡✱ ♣❛r❛ ❛❧❣✉♥❛s
❝♦♥st❛♥t❡s C ② ε > 0

|K(x, y)−K0(x, y)| ≤
C

|x− y|d
( |x− y|

ρ(x)

)ε

.

P❛r❛ s ② ε ❞❛❞♦s ❧❧❛♠❛r❡♠♦s F2(s, ε) ❛ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r ❧♦❝❛❧♠❡♥t❡
❝♦♠♣❛r❛❜❧❡s ❝♦♥ ✉♥ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, ε)✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✸✳ ▲❛ ❝♦♥❞✐❝✐ó♥ (as) ❡s s✐♠✐❧❛r ❛ ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✷✳✶✳✷✮ ❝♦♥ ❧❛ ❞✐❢❡r❡♥❝✐❛
❡♥ ❧❛ ✈❛r✐❛❜❧❡ q✉❡ ❡st❛♠♦s ✐♥t❡❣r❛♥❞♦ ❡♥ ❝❛❞❛ ❝❛s♦✳ ❊st♦ s❡ ❞❡❜❡ ❛ q✉❡ ❧♦s ♠♦❞❡❧♦s ❞❡
♦♣❡r❛❞♦r❡s q✉❡ t✉✈✐♠♦s ❡♥ ❝✉❡♥t❛ ♣❛r❛ ❞❡✜♥✐r F1(s, δ) s♦♥ ❧♦s ♦♣❡r❛❞♦r❡s ❛❞❥✉♥t♦s ❞❡ ❧♦s
♠♦❞❡❧♦s ♣❛r❛ F2(s, ε)✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ s✐ T ⋆ ❡s ❡❧ ♦♣❡r❛❞♦r ❛❞❥✉♥t♦ ❞❡ T ② ❡❧ ♥ú❝❧❡♦ ❞❡
T ⋆ s❛t✐s❢❛❝❡ ✭✷✳✶✳✷✮ ❡♥t♦♥❝❡s ❡❧ ♥ú❝❧❡♦ ❞❡ T s❛t✐s❢❛❝❡ ❧❛ ❝♦♥❞✐❝✐ó♥ (as) ② r❡❝í♣r♦❝❛♠❡♥t❡✳
▲❛ ❝♦♥❞✐❝✐ó♥ (a∞) ❡s ✐❣✉❛❧ ❛ ✭✷✳✶✳✹✮✳

P❛r❛ ♦♣❡r❛❞♦r❡s ❡♥ ❡st❛ ❢❛♠✐❧✐❛ ♣♦❞❡♠♦s ♦❜t❡♥❡r ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦ ❞❡ ❛❝♦t❛❝✐ó♥
❡♥ Lp q✉❡ s❡ s✐❣✉❡ ❞❡ ❣❡♥❡r❛❧✐③❛r ❧❛s té❝♥✐❝❛s ❡♠♣❧❡❛❞❛s ❡♥ ❬✸✶❪✳

❚❡♦r❡♠❛ ✷✳✷✳✹✳ ❙❡❛ T ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛r❛❜❧❡ ❝♦♥ ✉♥ ♦♣❡✲
r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, ε) ♣❛r❛ ❛❧❣ú♥ s > 1 ② 0 < ε ≤ 1✳ ❊♥t♦♥❝❡s T ❡s
❛❝♦t❛❞♦ ❡♥ Lp ♣❛r❛ t♦❞♦ 1 < p < s✳

❉❡♠♦str❛❝✐ó♥✳ ❈♦♥s✐❞❡r❡♠♦s T ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛r❛❜❧❡ ❝♦♥
✉♥ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, ε) ♣❛r❛ ❛❧❣ú♥ s > 1 ② 0 < ε ≤ 1✳ ❙❡❛♥ T0
❡❧ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ q✉❡ ❛♣r♦①✐♠❛ ❧♦❝❛❧♠❡♥t❡ ❛ T ② K0 s✉ ♥ú❝❧❡♦ ❛s♦❝✐❛❞♦✳
❱❛♠♦s ❛ ❡st✐♠❛r ♣✉♥t✉❛❧♠❡♥t❡ ❡❧ ♦♣❡r❛❞♦r ❛❞❥✉♥t♦ T ⋆✳ P❛r❛ x ∈ Rd ② ✉♥❛ ❢✉♥❝✐ó♥ f
❧♦❝❛❧♠❡♥t❡ ✐♥t❡❣r❛❜❧❡ t❡♥❡♠♦s q✉❡

T ⋆f(x) =

ˆ

Rd

K⋆(x, y)f(y)dy

=

ˆ

B(x,ρ(x))

[K⋆(x, y)−K⋆
0(x, y)] f(y)dy +

ˆ

B(x,ρ(x))

K⋆
0(x, y)f(y)dy

+

ˆ

B(x,ρ(x))c
K⋆(x, y)f(y)dy = I + II + III.

✭✷✳✷✳✶✮

❊♥ ❡❧ ♣r✐♠❡r tér♠✐♥♦ ✈❛♠♦s ❛ ✉s❛r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r ② ❧❛ ❝♦♥❞✐❝✐ó♥ (bs) ♣❛r❛
♦❜t❡♥❡r

|I| ≤
∞
∑

j=0

(
ˆ

2−j−1ρ(x)≤|x−y|<2−jρ(x)

|K⋆(x, y)−K⋆
0(x, y)|sdy

)1/s(ˆ

B(x,2−jρ(x))

|f |s′
)1/s′

≤ C

∞
∑

j=0

2−jε
(

1

|B(x, 2−jρ(x))|

ˆ

B(x,2−jρ(x))

|f |s′
)1/s′

≤ CMs′f(x).

❊♥ ❡❧ s❡❣✉♥❞♦ s✉♠❛♥❞♦ ❜❛st❛ ♦❜s❡r✈❛r q✉❡

|II| =
∣

∣

∣

∣

ˆ

B(x,ρ(x))

K⋆
0(x, y)f(y)dy

∣

∣

∣

∣

≤ 2 sup
r>0

∣

∣

∣

∣

ˆ

|x−y|>r
K⋆

0(x, y)f(y)dy

∣

∣

∣

∣



✷✳✸ ❚r❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r s✐♥❣✉❧❛r❡s ✷✾

❋✐♥❛❧♠❡♥t❡ ❡♥ III✱ ✉s❛♠♦s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r ② ❧❛ ❝♦♥❞✐❝✐ó♥ (as) ♣❛r❛ ♦❜t❡♥❡r

|III| ≤
∞
∑

j=0

(
ˆ

2jρ(x)≤|x−y|<2j+1ρ(x)

|K⋆(x, y)|sdy
)1/s(ˆ

B(x,2jρ(x))

|f |s′
)1/s′

≤ CN

∞
∑

j=0

2−jN
(

1

|B(x, 2jρ(x))|

ˆ

B(x,2jρ(x))

|f |s′
)1/s′

≤ CMs′f(x).

❝♦♥ t❛❧ ❞❡ ❡❧❡❣✐r N > 0✳ ❊♥t♦♥❝❡s✱ s❡ s✐❣✉❡ q✉❡✱

|T ⋆f(x)| ≤ CMs′f(x) + C sup
r>0

∣

∣

∣

∣

ˆ

|x−y|>r
K⋆

0(x, y)f(y)dy

∣

∣

∣

∣

. ✭✷✳✷✳✷✮

▲✉❡❣♦✱ T ⋆ r❡s✉❧t❛ ❛❝♦t❛❞♦ ❡♥ Lp ♣❛r❛ p > s′ ② ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛ T r❡s✉❧t❛ ❛❝♦t❛❞♦ ❡♥ Lp

♣❛r❛ p < s✳

✷✳✸✳ ❚r❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r s✐♥❣✉❧❛r❡s

❊♥ ❡st❛ s❡❝❝✐ó♥ ❝♦♥s✐❞❡r❛♠♦s ❧❛s ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s R1 = ∇L−1/2 ② R2 = ∇2L−1✱
❥✉♥t♦ ❝♦♥ s✉s ♦♣❡r❛❞♦r❡s ❛❞❥✉♥t♦s R⋆

1 = L−1/2∇ ❛♥❞ R⋆
2 = L−1∇2✳ ❆ ❡str♦s ♦♣❡r❛❞♦r❡s✱

R1 ② R2 ❧♦s ❧❧❛♠❛r❡♠♦s ❢r❡❝✉❡♥t❡♠❡♥t❡ tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r ❞❡ ♦r❞❡♥
✉♥♦ ② ❞♦s r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❊❧ ♣r♦♣ós✐t♦ ❞❡ ❡st❛ s❡❝❝✐ó♥ s❡rá ❛♥❛❧✐③❛r ❝✉❛❧❡s ❞❡ ❡st♦s ♦♣❡r❛❞♦r❡s ❡stá♥ ❡♥ ❧❛s
❢❛♠✐❧✐❛s F1 ② F2 ❞❡✜♥✐❞❛s ♣r❡✈✐❛♠❡♥t❡✳ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱ ♣r♦❜❛r❡♠♦s q✉❡ R⋆

1 ② R⋆
2

s♦♥ ♦♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ)✱ ♣❛r❛ ❛❧❣ú♥ s > 1 ②
0 < δ ≤ 1✳ ❯♥❛ ✈❡③ ♣r♦❜❛❞♦ ❡st♦✱ ♣♦❞r❡♠♦s ❛♣❧✐❝❛r ❡❧ ❈♦r♦❧♦❛r✐♦ ✷✳✶✳✼ ♣❛r❛ ♦❜t❡♥❡r
❞❡s✐❣✉❛❧❞❛❞❡s ❡♥ Lp(w) ♣❛r❛ R1✱ R⋆

1✱ R2 ② R⋆
2✳ ❆❞❡♠ás✱ ❝♦♥t❛r❡♠♦s ❝♦♥ ❡❥❡♠♣❧♦s ♣❛r❛

❛♣❧✐❝❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧♦s ❈❛♣ít✉❧♦s ✸ ② ✻ q✉❡ ❡stá♥ ❡♥✉♥❝✐❛❞♦s ♣❛r❛ ❡st❛ ❢❛♠✐❧✐❛ ❞❡
♦♣❡r❛❞♦r❡s✳

P♦st❡r✐♦r♠❡♥t❡✱ ♣❛s❛r❡♠♦s ❛ ♣r♦❜❛r q✉❡ R1 ② R2 s♦♥ ♦♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r
❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛r❛❜❧❡s ❝♦♥ ♦♣❡r❛❞♦r❡s ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, ε) ♣❛r❛ ❝✐❡rt♦s
✈❛❧♦r❡s ❞❡ s > 1 ② ε > 0✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ t❡♥❞r❡♠♦s ❡❥❡♠♣❧♦s ♣❛r❛ ❛♣❧✐❝❛r ♠ás ❛❞❡❧❛♥t❡
❧♦s r❡s✉❧t❛❞♦s ❞❡❧ ❈❛♣ít✉❧♦ ✺✳

P❛r❛ R1 ❧❛s ❡st✐♠❛❝✐♦♥❡s ♥❡❝❡s❛r✐❛s ♣❛r❛ ♣r♦❜❛r q✉❡ ♣❡rt❡♥❡❝❡ ❛ ❛❧❣✉♥❛ ❞❡ ❧❛s ❢❛♠✐❧✐❛s
s♦♥ ❝♦♥♦❝✐❞❛s✳ P♦r ♦tr♦ ❧❛❞♦✱ ❡❧ ❝❛s♦ ❞❡ R2 ❡s ❞✐❢❡r❡♥t❡ ②❛ q✉❡ ♥♦ s❡ ❝♦♥♦❝❡♥ ❡st✐♠❛❝✐♦♥❡s
s♦❜r❡ ❡❧ ♥ú❝❧❡♦✳ ❊♥ ❬✸✶❪✱ ❙❤❡♥ ♣r✉❡❜❛ ❧❛ ❛❝♦t❛❝✐ó♥ ❡♥ Lp ❞❡ R2 ♣❛r❛ 1 < p < q s✐❡♠♣r❡
q✉❡ V ∈ RHq✱ q > d/2✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❡❧ ♠ét♦❞♦ q✉❡ ✉t✐❧✐③❛ ♥♦ r❡q✉✐❡r❡ ❡st✐♠❛❝✐♦♥❡s ♣❛r❛
❡❧ ♥ú❝❧❡♦ ❛s♦❝✐❛❞♦ ♣❡r♦✱ ❛ ❧❛ ✈❡③✱ ♥♦ ♣✉❡❞❡ s❡r ❛♣❧✐❝❛❞♦ ♣❛r❛ ♦❜t❡♥❡r r❡s✉❧t❛❞♦s ❝♦♥ ♣❡s♦s
❡♥ Aρp✳ ❆q✉í ❡♥ ❧❛ ❙❡❝❝✐ó♥ ✷✳✸✳✷ ❞❛r❡♠♦s ✉♥❛ ❡①♣r❡s✐ó♥ ♣r❡❝✐s❛ ✭❛✉♥q✉❡ ❧♦❝❛❧✮ ♣❛r❛ ❡❧
♥ú❝❧❡♦ ❞❡ R2 q✉❡ ♥♦s ♣❡r♠✐t✐rá ♣r♦❜❛r q✉❡ R⋆

2 ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲
❩②❣♠✉♥❞ ❞❡ t✐♣♦ (q, δ) ② ✉♥❛ ❡st✐♠❛❝✐ó♥ ♣❛r❛ ❧❛ ❝♦♠♣❛r❛❝✐ó♥ ❝♦♥ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❘✐❡s③
❝❧ás✐❝❛ R2 = ∇2(−∆)−1 q✉❡ s❡r✈✐rá ♣❛r❛ ♣r♦❜❛r q✉❡ R2 ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r
❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛r❛❜❧❡ ❝♦♥ ✉♥♦ ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (q, ε)✳



✸✵ ■♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❛s♦❝✐❛❞❛s ❛❧ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r

✷✳✸✳✶✳ ▲❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r ❞❡ ♣r✐♠❡r ♦r❞❡♥

❙❡❛ V ✉♥ ♣♦t❡♥❝✐❛❧ ❡♥ ❧❛ ❝❧❛s❡ r❡✈❡rs❡✲❍ö❧❞❡r ❞❡ ♦r❞❡♥ q ♣❛r❛ ❛❧❣ú♥ q > d/2✳ ❊❧
❛♥á❧✐s✐s ♣❛r❛ ❧♦s ♦♣❡r❛❞♦r❡s R1 ② R⋆

1 ❡s ❞✐❢❡r❡♥t❡ ❡♥ ❧♦s ❝❛s♦s q > d ② d/2 < q < d✳

❊❧ ❚❡♦r❡♠❛ ✵✳✽ ❡♥ ❬✸✶❪ ❛s❡❣✉r❛ q✉❡ R1 ② R⋆
1 s♦♥ ♦♣❡r❛❞♦r❡s ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ s✐

q > d✳ ❊♥t♦♥❝❡s✱ ❡♥ ❡st❡ ❝❛s♦ ❛♠❜♦s ♦♣❡r❛❞♦r❡s ❡stá♥ ❛❝♦t❛❞♦s ❡♥ Lp ♣❛r❛ 1 < p <∞ ②
s♦♥ ❞❡ t✐♣♦ ❞é❜✐❧ ♣❛r❛ p = 1✳ ▼ás ❛ú♥✱ ❡♥ ❡❧ ♠✐s♠♦ t❡♦r❡♠❛ s❡ ♠✉❡str❛ q✉❡ s✉s ♥ú❝❧❡♦s
❛s♦❝✐❛❞♦s s❛t✐s❢❛❝❡♥ ❧❛s s✐❣✉✐❡♥t❡s ❝♦♥❞✐❝✐♦♥❡s ❞❡ t❛♠❛ñ♦ ② s✉❛✈✐❞❛❞ ♣✉♥t✉❛❧❡s ✭✷✳✶✳✹✮
② ✭✷✳✶✳✺✮ ❝♦♥ δ = 1− d/q ♣❛r❛ R1 ② δ = 1 ♣❛r❛ R⋆

1✳ ❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ t❛♥t♦ R1 ❝♦♠♦ s✉
❛❞❥✉♥t♦ r❡s✉❧t❛♥ s❡r ♦♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (∞, δ) ❝♦♥ ❡❧
✈❛❧♦r ❞❡ δ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❡♥ ❝❛❞❛ ❝❛s♦✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✸✳✶✳ ❙❡❛ V ∈ RHq ❝♦♥ q > d✳ ❊♥t♦♥❝❡s R1 ② R⋆
1 s♦♥ ♦♣❡r❛❞♦r❡s ❞❡

❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (∞, δ) ❝♦♥ δ = 1− d/q ② δ = 1 r❡s♣❡❝t✐✈❛♠❡♥t❡✳

▲❛s ❝♦♥❝❧✉s✐♦♥❡s ❞❡❧ ❈♦r♦❧❛r✐♦ ✷✳✶✳✼ ♣❛r❛ R1 ② s✉ ❛❞❥✉♥t♦ ♣❛r❛ q > d ②❛ s♦♥ ❝♦♥♦❝✐❞❛s
✭✈❡r ❚❡♦r❡♠❛ ✾ ❡♥ ❬✷❪ ② ❚❡♦r❡♠❛ ✼✳✷ ❡♥ ❬✾❪✮✳ ▲❛s ❡♥✉♥❝✐❛♠♦s ❡♥ ❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✷✳✸✳✷✳ ❙❡❛ V ∈ RHq ♣❛r❛ q > d✱ ❡♥t♦♥❝❡s ❧♦s ♦♣❡r❛❞♦r❡s R1 ② R⋆
1 ❡stá♥

❛❝♦t❛❞♦s ❡♥ Lp(w) ♣❛r❛ 1 < p < ∞ ② ♣❛r❛ t♦❞♦ w ∈ Aρp✳ ▼ás ❛ú♥✱ s✐ w ∈ Aρ1✱ ❛♠❜♦s
♦♣❡r❛❞♦r❡s s♦♥ ❞❡ t✐♣♦ ❞é❜✐❧ (1, 1) r❡s♣❡❝t♦ ❛ w✳

❉❛❞♦ q✉❡ ❡❧ ♥ú❝❧❡♦ ❞❡ ❡st♦s ♦♣❡r❛❞♦r❡s s❛t✐s❢❛❝❡ ❡st✐♠❛❝✐♦♥❡s ♣✉♥t✉❛❧❡s✱ ♣✉❡❞❡♥ ♦❜✲
t❡♥❡rs❡ r❡s✉❧t❛❞♦s ❡♥ ❡s♣❛❝✐♦s ❞❡ s✉❛✈✐❞❛❞ s✐♥ ♣❡s♦s BMOβ

ρ ❛♣❧✐❝❛♥❞♦ ❡❧ ❚❡♦r❡♠❛ ✷✳✶✳✾
♣r♦❜❛❞♦ ❡♥ ❬✷✸❪✳ ▲❛ ❝♦♥❞✐❝✐ó♥ T1 ♣❛r❛ R⋆

1 ❡s ✐♥♠❡❞✐❛t❛ ②❛ q✉❡ R⋆
11 = 0✳ P♦r ♦tr♦ ❧❛❞♦✱

✉♥❛ ♣r✉❡❜❛ ❞❡ ❧❛ ❝♦♥❞✐❝✐ó♥ T1 ♣❛r❛ R1 ♣✉❡❞❡ ❡♥❝♦♥tr❛rs❡ ❡♥ ❬✷✸❪✱ ➓ ✹✳✻✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱
✈❛❧❡ ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✷✳✸✳✸✳ ❙❡❛ V ∈ RHq ❝♦♥ q > d✱ ❡♥t♦♥❝❡s R1 ❡stá ❛❝♦t❛❞♦ ❡♥ BMOβ
ρ ♣❛r❛

t♦❞♦ 0 ≤ β < 1− d/q ② R⋆
1 ❡stá ❛❝♦t❛❞♦ ❡♥ BMOβ

ρ ♣❛r❛ t♦❞♦ 0 ≤ β < 1✳

❈❛❜❡ ❞❡st❛❝❛r q✉❡ ❡st♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❡❧ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ R1 ② R⋆
1 ❤❛❜í❛♥ s✐❞♦

♣r♦❜❛❞♦s ♣r❡✈✐❛♠❡♥t❡ ❡♥ ❬✻❪✱ ❚❡♦r❡♠❛ ✶✳

P❛r❛ ❡❧ ❝❛s♦ d/2 < q < d✱ ❡❧ ❚❡♦r❡♠❛ ✵✳✺ ❡♥ ❬✸✶❪ ♥♦s ❞✐❝❡ q✉❡ R⋆
1 ❡s ❛❝♦t❛❞♦ ❡♥ Lp

♣❛r❛ p′0 ≤ p < ∞ ❝♦♥ p0 t❛❧ q✉❡ 1/p0 = 1/q − 1/d✳ ▼ás ❛ú♥✱ s✉ ♥ú❝❧❡♦ ❛s♦❝✐❛❞♦✱ K⋆
1✱

s❛t✐s❢❛❝❡ ❧❛s s✐❣✉✐❡♥t❡s ❡st✐♠❛❝✐♦♥❡s✳

▲❡♠❛ ✷✳✸✳✹✳ ❙❡❛ V ∈ RHq ♣❛r❛ d/2 < q < d✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ δ = 2 − d/q ② ♣❛r❛
❝✉❛❧q✉✐❡r N > 0 ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ CN t❛❧ q✉❡

|K⋆
1(x, y)| ≤

CN
(

1 + |x−y|
ρ(x)

)N

(

1

|x− y|d−1
G(x, y) +

1

|x− y|d
)

, ✭✷✳✸✳✶✮

|K⋆
1(x, y)−K⋆

1(x0, y)| ≤
CN

(

1 + |x−y|
ρ(x)

)N

( |x− x0|
|x− y|

)δ (
1

|x− y|d−1
G(x, y) +

1

|x− y|d
)

,

✭✷✳✸✳✷✮



✷✳✸ ❚r❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r s✐♥❣✉❧❛r❡s ✸✶

s✐ |x− x0| ≤ |x− y|/16✱ ❞♦♥❞❡

G(x, y) =

ˆ

B(y,|x−y|/4)

V (z)

|z − y|d−1
dz. ✭✷✳✸✳✸✮

▲❛ ❞❡s✐❣✉❛❧❞❛❞❡s ✭✷✳✸✳✶✮ ② ✭✷✳✸✳✷✮ ♣✉❡❞❡♥ ❡♥❝♦♥tr❛rs❡ ❡♥ ❧❛ ❙❡❝❝✐ó♥ 5 ❞❡ ❬✸✶❪✳

❙❡❛♥ x0✱ x ∈ Rd ② R > 0 t❛❧❡s q✉❡ |x− x0| < R/2✳ ❯s❛♥❞♦ ❧❛ ❛❝♦t❛❝✐ó♥ ❞❡ ❧❛ ✐♥t❡❣r❛❧
❢r❛❝❝✐♦♥❛r✐❛ ❝❧ás✐❝❛ I1 ❞❡ Lq ❡♥ Lp0 ❝♦♥ 1/p0 = 1/q−1/d ✭✈❡r ❙❡❝❝✐ó♥ ✶✳✶✳✺✮ ② ❧❛ ♣r♦♣✐❡❞❛❞
❞❡ r❡✈❡rs❡✲❍ö❧❞❡r ❞❡❧ ♣♦t❡♥❝✐❛❧ V ♦❜t❡♥❡♠♦s

(
ˆ

R<|x0−y|<2R

|G(x, y)|p0dy
)1/p0

≤ C

(
ˆ

R<|x0−y|<2R

(
ˆ

B(x,cR)

V (z)

|z − y|dz
)p0

dy

)1/p0

≤ C

(
ˆ

Rd

|I1(χB(x,cR)V )|p0
)1/p0

≤ C

(
ˆ

B(x0,c̃R)

V q

)1/q

≤ CRd/q−d
ˆ

B(x0,c̃R)

V

≤ CRd/p0−1

(

1 +
R

ρ(x)

)N2

,

✭✷✳✸✳✹✮

❞♦♥❞❡✱ ❡♥ ❧❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞✱ ✉s❛♠♦s ❡❧ ▲❡♠❛ ✶✳✷✳✼✳ ❊st❛ ❡st✐♠❛❝✐ó♥✱ ❝♦♠❜✐♥❛❞❛
❝♦♥ ✭✷✳✸✳✶✮ ♥♦s ❞❛ ✭✷✳✶✳✷✮ ♣❛r❛ K⋆

1✱ ❡st♦ ❡s✱ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ t❛♠❛ñ♦ ♣❛r❛ s❡r ✉♥ ♦♣❡r❛❞♦r
❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❝♦♥ s = p0✳ ❉❡❧ ♠✐s♠♦ ♠♦❞♦✱ ✭✷✳✸✳✷✮ ② ✭✷✳✸✳✹✮ ♥♦s
❞❛♥ ✭✷✳✶✳✸✮ ♣❛r❛ K⋆

1✱ ♦❜t❡♥✐❡♥❞♦ ❛sí ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✸✳✺✳ ❙✐ V ∈ RHq ❝♦♥ d/2 < q < d✱ R⋆
1 ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲

❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (p0, δ) ♣❛r❛ p0 t❛❧ q✉❡ 1/p0 = 1/q − 1/d ② δ = 2− d/q✳

◆✉❡✈❛♠❡♥t❡✱ ❧❛s ❡st✐♠❛❝✐♦♥❡s ♦❜t❡♥✐❞❛s ❡♥ Lp(w) ❛❧ ❛♣❧✐❝❛r ❡❧ ❈♦r♦❧❛r✐♦ ✷✳✶✳✼ s♦♥
❝♦♥♦❝✐❞❛s ✭✈❡r ❚❡♦r❡♠❛ ✶✶ ❡♥ ❬✷❪ ② ❚❡♦r❡♠❛ ✼✳✸ ❡♥ ❬✾❪✮✳ ▲❛s ❡♥✉♥❝✐❛♠♦s ❡♥ ❡❧ s✐❣✉✐❡♥t❡
t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✷✳✸✳✻✳ ❙❡❛ V ∈ RHq ♣❛r❛ d/2 < q < d ② p0 t❛❧ q✉❡ 1/p0 = 1/q − 1/d✱
❡♥t♦♥❝❡s ❡❧ ♦♣❡r❛❞♦r R⋆

1 ❡stá ❛❝♦t❛❞♦ ❡♥ Lp(w) ♣❛r❛ p′0 < p < ∞ ② ♣❛r❛ t♦❞♦ w ∈ Aρp/p′0
✳

❈♦♥s❡❝✉❡♥t❡♠❡♥t❡ ❡❧ ♦♣❡r❛❞♦r R1 ❡s ❛❝♦t❛❞♦ ❡♥ Lp(w) ♣❛r❛ 1 < p < p0 ② ♣❛r❛ t♦❞♦ w t❛❧
q✉❡ w1−p ∈ Aρp′/p′0

✳ ▼ás ❛ú♥✱ s✐ wp
′

0 ∈ Aρ1✱ R1 ❡s ❞❡ t✐♣♦ ❞é❜✐❧ (1, 1) r❡s♣❡❝t♦ ❛ w✳

❊♥ ❡st❡ ❝❛s♦ ♥♦ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❡❧ ❚❡♦r❡♠❛ ✷✳✶✳✾ ♣❛r❛ ♦❜t❡♥❡r ❡st✐♠❛❝✐♦♥❡s ❡♥ ❡s♣❛✲
❝✐♦s ❞❡ s✉❛✈✐❞❛❞✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❡♥ ❬✻❪ s❡ ♣r✉❡❜❛♥ ❞❡s✐❣✉❛❧❞❛❞❡s ❡♥ BMOβ

ρ (w) ♣❛r❛ ❡st♦s
♦♣❡r❛❞♦r❡s ❡♥ ❡❧ ❝❛s♦ d/2 < q < d✱ ✉s❛♥❞♦ ♠ét♦❞♦s ❞✐❢❡r❡♥t❡s ✭✈❡r ❚❡♦r❡♠❛ ✷✮✳

P❛s❛r❡♠♦s ❛❤♦r❛ ❛ ♣r♦❜❛r q✉❡R1 ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛r❛✲
❜❧❡ ❝♦♥ ✉♥ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, ε) ♣❛r❛ ❝✐❡rt♦s ✈❛❧♦r❡s ❞❡ s ② ε q✉❡
❞❡♣❡♥❞❡♥ ❞❡ q✳ ❉❡ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✸ ② ❧❛s ❡st✐♠❛❝✐♦♥❡s ❞❛❞❛s ❛rr✐❜❛ ♣❛r❛ R⋆

1 s❡ s✐❣✉❡



✸✷ ■♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❛s♦❝✐❛❞❛s ❛❧ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r

q✉❡ K1✱ ❡❧ ♥ú❝❧❡♦ ❛s♦❝✐❛❞♦ ❛ R1 s❛t✐s❢❛❝❡ (as) ❝♦♥ s = p0 s✐ d/2 < q < d ② s❛t✐s❢❛❝❡ (a∞)
s✐ q > d✳

❘❡st❛ ♣r♦❜❛r ❧❛ ❝♦♥❞✐❝✐ó♥ (bs)✳ P❛r❛ ❡st♦✱ ❝♦♥s✐❞❡r❛♠♦s ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❘✐❡s③
❝❧ás✐❝❛ R1 = ∇(−∆)−1/2✳ P❛r❛ ❡❧ ❝❛s♦ q > d✱ ❧❛ ❝♦♥❞✐❝✐ó♥ (b∞) ❢✉❡ ❡♥✉♥❝✐❛❞❛ ② ♣r♦❜❛❞❛
❝♦♥ ε = 2−d/q ❡♥ ❬✻❪✱ ▲❡♠❛ ✸✳ P❛r❛ ❡❧ ❝❛s♦ d/2 < q < d t❡♥❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❞❡s✐❣✉❛❧❞❛❞
q✉❡ ♣✉❡❞❡ ❡♥❝♦♥tr❛rs❡ ❡♥ ❬✸✶❪ ❝♦♠♦ ✭✺✳✾✮✳

❙✐ V ∈ RHq ❝♦♥ d/2 < q < d✱ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

|K1(x, y)−K1(x, y)| ≤
C

|x− y|d−1

(

G̃(x, y) +
1

|x− y|

( |x− y|
ρ(x)

)2−d/q
)

,

❞♦♥❞❡ G̃(x, y) = G(y, x) ❝♦♥ G ❞❡✜♥✐❞❛ ❡♥ ✭✷✳✸✳✸✮ ② K1 ❡❧ ♥ú❝❧❡♦ ❞❡ R1✳ ❙❡❛♥ x0 ∈ Rd✱
0 < R ≤ ρ(x0)✱ y ∈ Rd t❛❧ q✉❡ |y−x0| < R/2✳ P♦❞❡♠♦s s❡❣✉✐r ❧♦s ♣❛s♦s ❞❡ ✭✷✳✸✳✹✮ ✉s❛♥❞♦
♥✉❡✈❛♠❡♥t❡ ❡❧ ▲❡♠❛ ✶✳✷✳✼ ♣❡r♦ t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❛❤♦r❛ q✉❡ R < ρ(x0)

(
ˆ

R<|x0−y|<2R

|G̃(x, y)|p0dx
)1/p0

≤ CRd/p0−1

(

R

ρ(x0)

)2−d/q
, ✭✷✳✸✳✺✮

❝♦♥ p0 t❛❧ q✉❡ 1/p0 = 1/q−1/d✳ ❆♣❧✐❝❛♥❞♦ ❧❛s ú❧t✐♠❛s ❞♦s ❡st✐♠❛❝✐♦♥❡s ♦❜t❡♥❡♠♦s (bs) ❞❡
❧❛ ❉❡✜♥✐❝✐ó♥ ✷✳✷✳✶ ♣❛r❛ R1 ❝♦♥ s = p0 ② ε = 2− d/q✱ ♣r♦❜❛♥❞♦ ❛sí ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✸✳✼✳ ❙❡❛ V ∈ RHq ❝♦♥ q > d/2✳ ❊♥t♦♥❝❡s R1 ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö✲
❞✐♥❣❡r ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛r❛❜❧❡ ❛ ✉♥ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (p0, 2 − d/q)
❝♦♥ p0 t❛❧ q✉❡ 1/p0 = (1/q − 1/d)+✳

✷✳✸✳✷✳ ▲❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥

❙❡❛ V ∈ RHq ♣❛r❛ q > d/2✳ ❉❛r❡♠♦s✱ ❡♥ ♣r✐♠❡r ❧✉❣❛r✱ ✉♥❛ ❡①♣r❡s✐ó♥ ♣❛r❛ ♥ú❝❧❡♦
K⋆

2 ❞❡ R⋆
2 q✉❡ ♥♦s s❡r✈✐rá ♣❛r❛ ♣r♦❜❛r q✉❡ R⋆

2 ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲
❩②❣♠✉♥❞ ❞❡ t✐♣♦ (q, δ) ❝♦♥ δ = mı́n{1, 2 − d/q}✳ P♦st❡r✐♦r♠❡♥t❡✱ ❡st❛❜❧❡❝❡r❡♠♦s ✉♥
r❡s✉❧t❛❞♦ ❞❡ ❝♦♠♣❛r❛❝✐ó♥ ❡♥tr❡ R2 ② R2 q✉❡ ♥♦s ♣❡r♠✐t✐rá ♣r♦❜❛r q✉❡ R2 ❡s ✉♥ ♦♣❡✲
r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛r❛❜❧❡ ❝♦♥ ✉♥ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡
t✐♣♦ (q, 2− d/q)✳

❈♦♥s✐❞❡r❛♠♦s R⋆
2 ♣❛r❛ ✉♥ ♣♦t❡♥❝✐❛❧ V ∈ RHq✱ q > d/2✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r✱ ❞❡❧ ❚❡♦r❡✲

♠❛ ✵✳✸ ❡♥ ❬✸✶❪ s❛❜❡♠♦s q✉❡R⋆
2 ❡stá ❛❝♦t❛❞♦ ❡♥ Lp ♣❛r❛ q′ ≤ p <∞✳ ❊♥t♦♥❝❡s✱ ❡❧ s✐❣✉✐❡♥t❡

♣❛s♦ ❡s ❡♥❝♦♥tr❛r ✉♥❛ ❡①♣r❡s✐ó♥ ♣❛r❛ s✉ ♥ú❝❧❡♦ K⋆
2 ② ♣r♦❜❛r q✉❡ s❛t✐s❢❛❝❡ ✭✷✳✶✳✷✮ ② ✭✷✳✶✳✸✮

♣❛r❛ s = q✳ ❈♦♠♦ ❡s♣❡r❛♠♦s q✉❡ ❡st❡ ♦♣❡r❛❞♦r s❡❛ ✉♥❛ ✐♥t❡❣r❛❧ s✐♥❣✉❧❛r✱ ❞❡❜❡♠♦s s❡r
♠✉② ♣r❡❝✐s♦s ❛❧ ❡s❝r✐❜✐r s✉ ♥ú❝❧❡♦✳

❙❡❛ Γ(x, y) ❧❛ s♦❧✉❝✐ó♥ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ L✳ ❯s❛r❡♠♦s q✉❡✱ ♣❛r❛ ✉♥ y ✜❥♦✱ u(x) = Γ(x, y)
s❛t✐s❢❛❝❡ Lu = 0 ❡♥ ✉♥❛ ❜♦❧❛ B t❛❧ q✉❡ d(y, B) > 0✳

❙❡❛ ❡♥t♦♥❝❡s u ✉♥❛ s♦❧✉❝✐ó♥ ❞❡ Lu = 0✳ P❛r❛ ❧♦❝❛❧✐③❛r ❧❛ ❢✉♥❝✐ó♥ u ✜❥❛♠♦s ❞♦s ♣✉♥t♦s
❞✐❢❡r❡♥t❡s a✱ b ∈ Rd ② t♦♠❛♠♦s 0 < R ≤ |a − b|✳ ❙❡❛ ❛❤♦r❛ ϕ ✉♥❛ ❢✉♥❝✐♦♥ r❛❞✐❛❧ C∞✱



✷✳✸ ❚r❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r s✐♥❣✉❧❛r❡s ✸✸

0 ≤ ϕ ≤ 1✱ s♦♣♦rt❛❞❛ ❡♥ B(0, 3/8) ② t❛❧ q✉❡ ϕ(x) = 1 ♣❛r❛ t♦❞♦ x ∈ B(0, 1/4)✳ ❈♦♥
❡st❛ ❢✉♥❝✐ó♥ ϕ ❧♦❝❛❧✐③❛♠♦s ❧❛ s♦❧✉❝✐ó♥ u ❛ ❧❛ ❜♦❧❛ B1 = B(a,R/4) ♠✉❧t✐♣❧✐❝❛♥❞♦ u ♣♦r

ηB1 = ϕ

( · − a

R

)

✳ ❉❡ ❡st❛ ♠❛♥❡r❛ ♥♦s ❛s❡❣✉r❛♠♦s t❛♠❜✐é♥ q✉❡ s✉s ♣r✐♠❡r❛s ② s❡❣✉♥❞❛s

❞❡r✐✈❛❞❛s ❡stá♥ ❛❝♦t❛❞❛s ♣♦r CR−1 ② CR−2 ♣❛r❛ ❛❧❣✉♥❛ ❝♦♥st❛♥t❡ C ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡❧
❝❡♥tr♦ ② ❞❡❧ r❛❞✐♦ ❞❡ ❧❛ ❜♦❧❛✳

❈♦♠♦ ❡♥ ❧❛ ♣á❣✐♥❛ ✺✸✷ ❞❡ ❬✸✶❪✱ ♣❛r❛ ✉♥❛ s♦❧✉❝✐ó♥ u ❞❡ Lu = 0 ❡♥ B(a,R)✱ t❡♥❡♠♦s
q✉❡

∆(uηB1) = ηB1∆(u) + u∆(ηB1) + 2∇u · ∇ηB1

= ηB1V u+ u∆(ηB1) + 2∇u · ∇ηB1 .
✭✷✳✸✳✻✮

❙✐ Γ0 ❡s ❧❛ s♦❧✉❝✐ó♥ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ −∆✱ t❡♥❡♠♦s ❡♥t♦♥❝❡s q✉❡ s✐ x ∈ B(a, 3R/8)

u(x)ηB1(x) =

ˆ

Rd

Γ0(x, ξ)(−∆(u ηB1)(ξ))dξ

= −
ˆ

Rd

Γ0(x, ξ)ηB1(ξ)V (ξ)u(ξ)dξ −
ˆ

Rd

Γ0(x, ξ)u(ξ)∆ηB1(ξ)dξ

+ 2

ˆ

Rd

∇2Γ0(x, ξ) · ∇ηB1(ξ)u(ξ)dξ.

❆❤♦r❛✱ ♣♦❞❡♠♦s r❡❡♠♣❧❛③❛r u ♣♦r Γ(·, y) s✐❡♥❞♦ y ❝✉❛❧q✉✐❡r ♣✉♥t♦ ✜❥♦ ❡♥ B(b, R/8)✳
❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ♣❛r❛ x ∈ B(a,R/8) s✐❡♥❞♦ ηB1(x) = 1✱ t♦♠❛♠♦s ❞❡r✐✈❛❞❛s s❡❣✉♥❞❛s ❛
❛♠❜♦s ❧❛❞♦s ♣❛r❛ ♦❜t❡♥❡r ✉♥❛ ❡①♣r❡s✐ó♥ ❞❡❧ ♥ú❝❧❡♦ ❞❡ R2 ♣❛r❛ t❛❧❡s x ❡ y✱

K2(x, y) = ∇2
1Γ(x, y) = −∇2

1

ˆ

Rd

Γ0(x, ξ)ηB1(ξ)V (ξ)Γ(ξ, y)dξ

−
ˆ

Rd

∇2
1Γ0(x, ξ)Γ(ξ, y)∆ηB1(ξ)dξ + 2

ˆ

Rd

∇2
1∇2Γ0(x, ξ) · ∇ηB1(ξ)Γ(ξ, y)dξ,

❞♦♥❞❡ ∇1 ② ∇2 ❞❡♥♦t❛♥ ❧❛s ❞❡r✐✈❛❞❛s r❡s♣❡❝t♦ ❞❡ ❧❛ ♣r✐♠❡r ② s❡❣✉♥❞❛ ✈❛r✐❛❜❧❡ r❡s♣❡❝t✐✲
✈❛♠❡♥t❡✳ ◆♦t❛r q✉❡ ♣❛r❛ x✱ y ❝♦♠♦ ❛rr✐❜❛✱ ❧❛ s❡❣✉♥❞❛ ② t❡r❝❡r ✐♥t❡❣r❛❧ ❝♦♥✈❡r❣❡♥ ❛❜s♦✲
❧✉t❛♠❡♥t❡✱ ❞❛❞♦ q✉❡ ∆ηB1 ② ∇ηB1 ❡stá♥ s♦♣♦rt❛❞❛s ❡♥ ❧❛ ❝♦r♦♥❛ R/4 ≤ |a− ξ| ≤ 3R/8✱
❝♦♥ ❧♦ ❝✉❛❧ |x − ξ| ≥ R/8 ② |y − ξ| ≥ R/4✳ ▲✉❡❣♦✱ ❡♥ ❛♠❜♦s ❝❛s♦s ❡st❛♠♦s ✐♥t❡❣r❛♥❞♦
❡♥ ✉♥ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ② ❛❧❡❥❛❞♦ ❞❡ ❧❛s s✐♥❣✉❧❛r✐❞❛❞❡s✳ ❊❧ ♣r✐♠❡r tér♠✐♥♦ ❡s✱ s❛❧✈♦ ✉♥
s✐❣♥♦✱ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❘✐❡s③ ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ❛s♦❝✐❛❞❛ ❛❧ ▲❛♣❧❛❝✐❛♥♦ ❛♣❧✐❝❛❞❛ ❛ ✉♥❛
❢✉♥❝✐ó♥ ❡♥ Lq ❝♦♥ s♦♣♦rt❡ ❝♦♠♣❛❝t♦✳ ❊♥t♦♥❝❡s✱ ❡❧ ♣r✐♠❡r tér♠✐♥♦ ♣✉❡❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦
−R2(ηB1V Γ(·, y))(x)✳

❊♥t♦♥❝❡s✱ ♣❛r❛ ♦❜t❡♥❡r ✉♥❛ ❡①♣r❡s✐ó♥ ♣❛r❛ ❡❧ ♥ú❝❧❡♦ K⋆
2 ❞❡ R⋆

2✱ ✐♥t❡r❝❛♠❜✐❛♠♦s x ❡ y
❡♥ ❧❛ ❡①♣r❡s✐ó♥ ❞❡ ❛rr✐❜❛✳ ❉❡ ❡st❛ ♠❛♥❡r❛ ♦❜t❡♥❡♠♦s

K⋆
2(x, y) =−R2(ηB1V Γ(x, ·))(y)−

ˆ

Rd

∇2
1Γ0(y, ξ)Γ(x, ξ)∆ηB1(ξ)dξ

+ 2

ˆ

Rd

∇2
1∇2Γ0(y, ξ) · ∇ηB1(ξ)Γ(x, ξ)dξ,



✸✹ ■♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❛s♦❝✐❛❞❛s ❛❧ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r

♣❛r❛ x ∈ B(b, R/8) ❡ y ∈ B(a,R/8)✱ ❞♦♥❞❡ ❤❡♠♦s ✉s❛❞♦ ❧❛ s✐♠❡trí❛ ❞❡ ❧❛ ❢✉♥❝✐ó♥ Γ✳ P❛r❛
❤❛❝❡r ❧❛ ♥♦t❛❝✐ó♥ ♠ás ❛♠✐❣❛❜❧❡ ✈❛♠♦s ❛ r❡♥♦♠❜r❛r ❧♦s ❝❡♥tr♦s ❞❡ ❧❛s ❜♦❧❛s ❤❛❝✐❡♥❞♦

a = y0 ② b = x0 ② ❡s❝r✐❜✐❡♥❞♦ η0 = ϕ

( · − y0
R

)

❡♥ ❧✉❣❛r ❞❡ ηB1 ✳ ❈♦♥ ❡st❛ ♥♦t❛❝✐ó♥

t❡♥❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❡①♣r❡s✐ó♥

K⋆
2(x, y) =−R2 (Γ(x, ·)V η0) (y)−

ˆ

Rd

∇2
1Γ0(y, ξ)Γ(x, ξ)∆η0(ξ)dξ

+ 2

ˆ

Rd

∇2
1∇2Γ0(y, ξ) · ∇η0(ξ)Γ(x, ξ)dξ,

✭✷✳✸✳✼✮

♣❛r❛ x ∈ B(x0, R/8)✱ y ∈ B(y0, R/8)✱ R ≤ |x0 − y0|✳

❆❤♦r❛✱ ✈❛♠♦s ❛ ✉s❛r ❡st❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡❧ ♥ú❝❧❡♦ ♣❛r❛ ✈❡r✐✜❝❛r ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✭✷✳✶✳✷✮
② ✭✷✳✶✳✸✮ ② ♣r♦❜❛r ❛sí q✉❡ K⋆

2 ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞✳ P❛r❛
❧♦❣r❛r ❡st♦ ♥❡❝❡s✐t❛♠♦s ❤❛❝❡r ❧❛ s✐❣✉✐❡♥t❡ ♦❜s❡r✈❛❝✐ó♥✳
❖❜s❡r✈❛❝✐ó♥ ✷✳✸✳✽✳ P❛r❛ ✈❡r✐✜❝❛r ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✭✷✳✶✳✷✮ ❛♥❞ ✭✷✳✶✳✸✮ t❡♥❡♠♦s x0✱ x ∈ Rd✱
r✱ R > 0 ❞❛❞♦s✱ ❝♦♥ |x− x0| < r < R/2 ② ❞❡❜❡♠♦s ✐♥t❡❣r❛r ❡♥ ❧❛ ❝♦r♦♥❛ CR = {y ∈ Rd :
R < |x0− y| < 2R}✳ P♦r ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✷✳✶✳✷ ♣♦❞❡♠♦s s✉♣♦♥❡r q✉❡ r < R/8✳ P❛r❛ ♣♦❞❡r
✉s❛r ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ✭✷✳✸✳✼✮ ❡❧❡❣✐♠♦s ✉♥❛ ❝❛♥t✐❞❛❞ ✜♥✐t❛ ❞❡ ♣✉♥t♦s {yi}Mi=1 ❝♦♥ yi ∈ CR
② t❛❧❡s q✉❡ {B(yi, R/8)}Mi=1 s❡❛ ✉♥ ❝✉❜r✐♠✐❡♥t♦ ❞❡ CR✳ ❘❡♠❛r❝❛♠♦s q✉❡ M ♣✉❡❞❡ s❡r
❡❧❡❣✐❞♦ ❞❡♣❡♥❞✐❡♥❞♦ só❧♦ ❞❡ ❧❛ ❞✐♠❡♥s✐♦♥ d✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ♣♦❞❡♠♦s ✉s❛r ✭✷✳✸✳✼✮ ♣❛r❛
x ∈ B(x0, R/8)✱ y ∈ B(yi, R/8) ❝♦♥ ηi = ϕ

( ·−yi
R

)

✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✸✳✾✳ ❙❡❛ V ∈ RHq ❝♦♥ q > d/2✳ ❊♥t♦♥❝❡s R⋆
2 = L−1∇2 ❡s ✉♥ ♦♣❡r❛❞♦r

❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (q, δ)✱ ❝♦♥ δ = mı́n{1, 2− d/q}✳

❉❡♠♦str❛❝✐ó♥✳ ❈♦♠♦ R⋆
2 ❡s ❛❝♦t❛❞♦ ❡♥ Lq

′

só❧♦ r❡st❛ ✈❡r✐✜❝❛r q✉❡ s✉ ♥ú❝❧❡♦ K⋆
2 s❛t✐s❢❛❝❡

❧❛s ❝♦♥❞✐❝✐♦♥❡s ✭✷✳✶✳✷✮ ② ✭✷✳✶✳✸✮✳ ❙❡❛♥ ❡♥t♦♥❝❡s x✱ x0 ∈ Rd ② R > 0 ❝♦♥ |x − x0| < R/8✳
❆♣❧✐❝❛♥❞♦ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✷✳✸✳✽ ② ❧❧❛♠❛♥❞♦ CR = {y ∈ Rd : R < |x0 − y| < 2R} ♣♦❞❡♠♦s
❡s❝r✐❜✐r

(
ˆ

CR

|K⋆
2(x, y)|qdy

)1/q

≤
M
∑

i=1

(
ˆ

Bi

|K⋆
2(x, y)|qdy

)1/q

.

❊♥ ❝❛❞❛ ❜♦❧❛ Bi = B(yi, R/8) ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ✭✷✳✸✳✼✮✱ ❧✉❡❣♦
(
ˆ

CR

|K⋆
2(x, y)|qdy

)1/q

≤
3
∑

j=1

M
∑

i=1

(
ˆ

Bi

|K⋆
2,j(x, y)|qdy

)1/q

,

❞♦♥❞❡ ♣❛r❛ y ∈ Bi

K⋆
2,1(x, y) = R2 (Γ(x, ·)V ηi) (y),

K⋆
2,2(x, y) =

ˆ

Rd

∇2
1Γ0(y, ξ)Γ(x, ξ)∆η0(ξ)dξ,

K⋆
2,3(x, y) =

ˆ

Rd

∇2
1∇2Γ0(y, ξ) · ∇η0(ξ)Γ(x, ξ)dξ.



✷✳✸ ❚r❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r s✐♥❣✉❧❛r❡s ✸✺

P❛r❛ K⋆
2,1✱ ❝♦♠♦ R2 ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ t❡♥❡♠♦s q✉❡✱ ♣❛r❛ ❝❛❞❛ Bi

(
ˆ

Bi

|K⋆
2,1(x, y)|qdy

)1/q

=

(
ˆ

Bi

|R2 (Γ(x, ·)V ηi) (y)|qdy
)1/q

≤ C

(
ˆ

B̃i

|Γ(x, ξ)V (ξ)|qdξ
)1/q

,

❞♦♥❞❡ B̃i = B(yi, 3R/8)✳ ❯s❛♥❞♦ ❧❛ ❡st✐♠❛❝✐ó♥ ✭✶✳✷✳✾✮✱ ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ r❡✈❡rs❡✲❍ö❧❞❡r ❞❡
V ② ❡❧ ▲❡♠❛ ✶✳✷✳✼ ♦❜t❡♥❡♠♦s

(
ˆ

Bi

|K⋆
2,1(x, y)|qdy

)1/q

≤ CN
1

Rd−2

(
ˆ

B̃i

V q(ξ)dξ

)1/q (

1 +
R

ρ(x)

)−N

≤ CN
1

Rd−2

Rd/q

Rd

ˆ

B̃i

V (ξ)dξ

(

1 +
R

ρ(x)

)−N

≤ CÑR
−d/q′

(

1 +
R

ρ(x)

)−Ñ
.

P❛r❛ K⋆
2,2 ❡ y ∈ Bi✱ ♣❛r❛ i = 1, 2, . . . ,M

|K⋆
2,2(x, y)| ≤

ˆ

B̃i\Bi

|Γ(x, ξ)||∇2
1Γ0(y, ξ)||∆ηi(ξ)|dξ

≤ 1

Rd
CN

(

1 +
R

ρ(x)

)−N
,

❞♦♥❞❡ ❤❡♠♦s ✉s❛❞♦ ❡❧ s♦♣♦rt❡ ② ❡❧ t❛♠❛ñ♦ ❞❡ ∆ηi✱ ❥✉♥t♦ ❝♦♥ ❧❛s ❡st✐♠❛❝✐♦♥❡s ❞❡ t❛♠❛ñ♦
♣❛r❛ Γ ② Γ0 ❧❡❥♦s ❞❡ s✉s s✐♥❣✉❧❛r✐❞❛❞❡s✳ ❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ t❡♥❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ Bi

(
ˆ

Bi

|K⋆
2,2(x, y)|qdy

)1/q

≤ Rd/q

Rd
CN

(

1 +
R

ρ(x)

)−N
= R−d/q′CN

(

1 +
R

ρ(x)

)−N
. ✭✷✳✸✳✽✮

❋✐♥❛❧♠❡♥t❡✱ ✉s❛♥❞♦ ✉♥ ❛r❣✉♠❡♥t♦ s✐♠✐❧❛r✱ ♣♦❞❡♠♦s ♦❜t❡♥❡r ❧❛ ♠✐s♠❛ ❡st✐♠❛❝✐ó♥ ♣❛r❛
K⋆

2,3✳ ❈♦♠♦ ❡❧ ♥ú♠❡r♦ M ❞❡♣❡♥❞❡ só❧♦ ❞❡ ❧❛ ❞✐♠❡♥s✐ó♥✱ ✭✷✳✶✳✷✮ q✉❡❞❛ ♣r♦❜❛❞❛ ♣❛r❛ K⋆
2✳

❆❤♦r❛✱ ❞❡❜❡♠♦s ✈❡r✐✜❝❛r ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✷✳✶✳✸✮✳ ❈♦♠♦ ❛♥t❡s✱ ✉s❛♠♦s ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✷✳✸✳✽
♣❛r❛ ❡s❝r✐❜✐r
(
ˆ

CR

|K⋆
2(x, y)−K⋆

2(x0, y)|qdy
)1/q

≤
3
∑

j=1

M
∑

i=1

(
ˆ

Bi

|K⋆
2,j(x, y)−K⋆

2,j(x0, y)|qdy
)1/q

.

P❛r❛ K⋆
2,1 t❡♥❡♠♦s q✉❡ ❡♥ ❝❛❞❛ ❜♦❧❛ Bi

(
ˆ

Bi

|K⋆
2,1(x, y)−K⋆

2,1(x0, y)|qdy
)1/q

≤
(
ˆ

Bi

|T0 ([Γ(x, ·)− Γ(x0, ·)]V ηi) (y)|qdy
)1/q

≤ C

(
ˆ

B̃i

|[Γ(x, ξ)− Γ(x0, ξ)]V (ξ)|qdξ
)1/q

.



✸✻ ■♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❛s♦❝✐❛❞❛s ❛❧ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r

❯s❛♥❞♦ ❧❛ ❡st✐♠❛❝✐ó♥ ✭✶✳✷✳✶✵✮✱ ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ r❡✈❡rs❡✲❍ö❧❞❡r ❞❡❧ ♣♦t❡♥❝✐❛❧ ② ❡❧ ▲❡♠❛ ✶✳✷✳✼
♦❜t❡♥❡♠♦s

(

ˆ

Bi

|K⋆
2,1(x, y)−K⋆

2,1(x0, y)|qdy
)1/q

≤ CN

( r

R

)δ 1

Rd−2

(
ˆ

B̃i

V (ξ)qdξ

)1/q (

1 +
R

ρ(x)

)−N

≤ CN

( r

R

)δ Rd/q

Rd

1

Rd−2

ˆ

B̃i

V (ξ)dξ

(

1 +
R

ρ(x)

)−N

≤ C
( r

R

)δ

R−d/q′ .

❙✉♠❛♥❞♦ s♦❜r❡ i s❡ ♦❜t✐❡♥❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ r❡q✉❡r✐❞❛✳

❋✐♥❛❧♠❡♥t❡✱ ♣♦❞❡♠♦s ♦❜t❡♥❡r ❧❛s ❡st✐♠❛❝✐♦♥❡s ❞❡ s✉❛✈✐❞❛❞ ♣❛r❛ K⋆
2,2 ❛♥❞ K⋆

2,3 ❞❡
❧❛ ♠✐s♠❛ ♠❛♥❡r❛ ❡♥ q✉❡ ♦❜t✉✈✐♠♦s ❧❛s ❡st✐♠❛❝✐♦♥❡s ❞❡ t❛♠❛ñ♦✱ ✉s❛♥❞♦ ❧❛ ❞❡s✐❣✉❛❧✲
❞❛❞ ✭✶✳✷✳✶✵✮ ❡♥ ❧✉❣❛r ❞❡ ✭✶✳✷✳✾✮✳

❊❧ ❈♦r♦❧❛r✐♦ ✷✳✶✳✼ ❥✉♥t♦ ❝♦♥ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✷✳✸✳✾ ♥♦s ❞❛♥ ❞❡s✐❣✉❛❧❞❛❞❡s ❡♥ Lp ❝♦♥
♣❡s♦s ♣❛r❛ ❛♠❜♦s R2 ② R⋆

2✳

❚❡♦r❡♠❛ ✷✳✸✳✶✵✳ ❙❡❛ V ∈ RHq ❝♦♥ q > d/2✱ ❡♥t♦♥❝❡s✿

(a) R⋆
2 ❡stá ❛❝♦t❛❞♦ ❡♥ Lp(w) ♣❛r❛ q′ < p <∞ ② ♣❛r❛ t♦❞♦ ♣❡s♦ w ∈ Aρp/q′✱

(b) R2 ❡stá ❛❝♦t❛❞♦ ❡♥ Lp(w) ♣❛r❛ 1 < p < q ② ♣❛r❛ t♦❞♦ ♣❡s♦ w t❛❧ q✉❡ w1−p′ ∈ Aρp′/q′✱

(c) R2 ❡s ❞❡ t✐♣♦ ❞é❜✐❧ (1, 1) r❡s♣❡❝t♦ ❛ w s✐❡♠♣r❡ q✉❡ wq
′ ∈ Aρ1✳

▼ás ❛ú♥✱ s✐ V ∈ RHq ♣❛r❛ t♦❞♦ q ≥ 1✱ ❡♥t♦♥❝❡s✿

(d) R2 ❛♥❞ R⋆
2 ❡stá♥ ❝♦t❛❞♦s ❡♥ Lp(w) ♣❛r❛ t♦❞♦ 1 < p <∞ ② ♣❛r❛ t♦❞♦ w ∈ Aρp✱

(e) R2 ❡s ❞❡ t✐♣♦ ❞é❜✐❧ (1, 1) r❡s♣❡❝t♦ ❛ w s✐❡♠♣r❡ q✉❡ w ∈ Aρ1✳

❘❡❝✐❡♥t❡♠❡♥t❡✱ ❡♥ ❬✷✷❪✱ ❢✉❡r♦♥ ♦❜t❡♥✐❞❛s ❡st❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❡♥ Lp(w)✳ ▲❛s ❝❧❛s❡s
❞❡ ♣❡s♦s✱ ❛✉♥q✉❡ ♣❛r❡③❝❛♥ ❞✐❢❡r❡♥t❡s✱ ♣✉❡❞❡ ♣r♦❜❛rs❡ q✉❡ s♦♥ ❡①❛❝t❛♠❡♥t❡ ❧❛s ♠✐s♠❛s✳
❙✐♥ ❡♠❜❛r❣♦✱ ❡❧ ❛✉t♦r s✐❣✉❡ ✉♥ ❝❛♠✐♥♦ ❞✐❢❡r❡♥t❡✱ ♣r♦❜❛♥❞♦ ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ t✐♣♦ ❣♦♦❞✲λ
❛❞❡❝✉❛❞❛s✳ ▲❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ t✐♣♦ ❞é❜✐❧ (1, 1) ♣❛r❛ R2 s♦♥ ♥✉❡✈❛s✱ ❛ú♥ ❡♥ ❡❧ ❝❛s♦ ♥♦
♣❡s❛❞♦✳

◆✉❡✈❛♠❡♥t❡✱ ❛❧ ♥♦ ♣♦❞❡r ❝♦♥t❛r ❝♦♥ ❡st✐♠❛❝✐♦♥❡s ♣✉♥t✉❛❧❡s ♣❛r❛ ❡❧ ♥ú❝❧❡♦ K⋆
2✱ ❧♦s

r❡s✉❧t❛❞♦s ❞❡ s✉❛✈✐❞❛❞ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✶✳✾ ♥♦ ♣✉❡❞❡♥ ❛♣❧✐❝❛rs❡✳

P❛r❛ ✜♥❛❧✐③❛r ❡st❛ s❡❝❝✐ó♥ ♣r♦❜❛r❡♠♦s q✉❡ R2 ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r ❝♦♠✲
♣❛r❛❜❧❡ ❛ ✉♥ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞✳ ❈♦♠♦ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡



✷✳✸ ❚r❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r s✐♥❣✉❧❛r❡s ✸✼

♣r✐♠❡r ♦r❞❡♥✱ ❧❛s ❡st✐♠❛❝✐♦♥❡s q✉❡ ♣r♦❜❛♠♦s ♣❛r❛ K⋆
2 ✐♠♣❧✐❝❛♥ q✉❡ K2 s❛t✐s❢❛❝❡ (as) ♣❛r❛

s = q✳ ❘❡st❛ ♣r♦❜❛r (bs)✳ ❆♥t❡s✱ ❞❡❜❡♠♦s ❡♥✉♥❝✐❛r ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦ ❞❡ ❝♦♠♣❛r❛❝✐ó♥✱
❝♦♥s✐❞❡r❛♥❞♦ R2 = ∇2(−∆)−1 ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❘✐❡s③ ❝❧ás✐❝❛ ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ❝✉②♦
♥ú❝❧❡♦ ❧❧❛♠❛r❡♠♦s K2✳

▲❡♠❛ ✷✳✸✳✶✶✳ ❙✉♣♦♥❣❛♠♦s q✉❡ V ∈ RHq ❝♦♥ q > d/2✳ ❙❡❛♥ y✱ x0 ∈ Rd ② R > 0 t❛❧❡s
q✉❡ R ≤ |y − x0| ≤ ρ(x0)✳ ❙❡❛ x ∈ B(x0, R/8)✱ ❡♥t♦♥❝❡s ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

|K2(x, y)−K2(x, y)| ≤ C|R2(V Γ(y, ·)χB(x0,R/4))(x)|+
C

Rd

(

R

ρ(x0)

)δ

,

❝♦♥ ε = 2− d/q✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛♥ Γ ② Γ0 ❧❛s s♦❧✉❝✐♦♥❡s ❢✉♥❞❛♠❡♥t❛❧❡s ❞❡ L ② −∆ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
❈♦♠♦ ♣✉❡❞❡ ✈❡rs❡ ❡♥ ❧❛ ♣á❣✐♥❛ ✺✹✵ ❞❡ ❬✸✶❪✱

Γ(x, y)− Γ0(x, y) = −
ˆ

Rd

Γ0(x, ξ)V (ξ)Γ(y, ξ)dξ. ✭✷✳✸✳✾✮

❉❡ ❡st♦ ♣♦❞❡♠♦s ♦❜t❡♥❡r ❧❛ s✐❣✉✐❡♥t❡ ❡①♣r❡s✐ó♥

K2(x, y)−K2(x, y) = ∇2
1Γ(x, y)−∇2

1Γ0(x, y) = −∇2
1

ˆ

Rd

Γ0(x, ξ)V (ξ)Γ(y, ξ)dξ. ✭✷✳✸✳✶✵✮

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❞❡✜♥✐♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❞♦♠✐♥✐♦s ❞❡ ✐♥t❡❣r❛❝✐ó♥✿ J1 = B(x0, R/4)✱ J2 =
B(y, R/4) ② J3 = (J1∪J2)c✳ ❊❧ tér♠✐♥♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ ✐♥t❡❣r❛❧ s♦❜r❡ J1 ❡s✱ s❛❧✈♦ ✉♥
s✐❣♥♦✱ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❘✐❡s③ ❞❡ ♦r❞❡♥ ❞♦s ❛♣❧✐❝❛❞❛ ❛ ✉♥❛ ❢✉♥❝✐ó♥ ❡♥ Lq ❝♦♥ s♦♣♦rt❡
❝♦♠♣❛❝t♦✳

|∇2
1

ˆ

J1

Γ0(x, ξ)V (ξ)Γ(y, ξ)dξ| = |R2(V Γ(y, ·)χB(x0,R/4))(x)|. ✭✷✳✸✳✶✶✮

❊♥ J2✱ ❝♦♠♦ ❡st❛♠♦s ❧❡❥♦s ❞❡ ❧❛ s✐♥❣✉❧❛r✐❞❛❞ ❞❡ Γ0✱ ♣♦❞❡♠♦s ✉s❛r ❧❛s ❡st✐♠❛❝✐♦♥❡s ❞❡
t❛♠❛ñ♦ ❞❡ Γ ② Γ0 ❥✉♥t♦ ❝♦♥ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r ♣❛r❛ ♦❜t❡♥❡r

∣

∣

∣

∣

ˆ

J2

∇2
1Γ0(x, ξ)V (ξ)Γ(y, ξ)dξ

∣

∣

∣

∣

∣

≤ C

Rd

ˆ

B(y,R/4)

V (ξ)

|y − ξ|d−2
dξ

≤ C

Rd

(
ˆ

B(y,R/4)

V q(ξ)dξ

)

1
q
(
ˆ

B(y,R/4)

dξ

|y − ξ|(d−2)q′

)

1
q′

.

✭✷✳✸✳✶✷✮

❊♥ ❧❛ ♣r✐♠❡r❛ ✐♥t❡❣r❛❧ ♣♦❞❡♠♦s ✉s❛r ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ r❡✈❡rs❡✲❍ö❧❞❡r ♣❛r❛ V ❥✉♥t♦ ❝♦♥ ❡❧
▲❡♠❛ ✶✳✷✳✼✱ ♠✐❡♥tr❛s q✉❡ ❡♥ ❧❛ s❡❣✉♥❞❛ ✐♥t❡❣r❛❧ q > d/2 ✐♠♣❧✐❝❛ (d− 2)q′ < d✱ ❡♥t♦♥❝❡s

∣

∣

∣

∣

ˆ

J2

∇2
1Γ0(x, ξ)V (ξ)Γ(y, ξ)dξ

∣

∣

∣

∣

≤ C

Rd

1

ρ(y)2−d/q
R

d
q′
−(d−2) ≤ C

Rd

(

R

ρ(x0)

)2−d/q
, ✭✷✳✸✳✶✸✮



✸✽ ■♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❛s♦❝✐❛❞❛s ❛❧ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r

❞❛❞♦ q✉❡ y ∈ B(x0, ρ(x0))✳

P❛r❛ ❡st✐♠❛r ❧❛ ✐♥t❡❣r❛❧ ❡♥ J3 ❡s❝r✐❜✐♠♦s ❡❧ ❞♦♠✐♥✐♦ ❝♦♠♦ J31 ∪ J32 ❞♦♥❞❡ J31 = {ξ ∈
Rd : R/4 ≤ |y − ξ| < 2R ∧ |x0 − ξ| ≥ R/4} ② J32 = {ξ ∈ Rd : |y − ξ| ≥ 2R}. ❊♥ J31
❡st❛♠♦s ❧❡❥♦s ❞❡ ❧❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ Γ ② Γ0✱ ❡♥t♦♥❝❡s

∣

∣

∣

∣

ˆ

J31

∇2
1Γ0(x, ξ)V (ξ)Γ(y, ξ)dξ

∣

∣

∣

∣

≤ C

ˆ

J31

V (ξ)

|x− ξ|d|y − ξ|d−2
dξ

≤ C

R2d−2

ˆ

B(y,2R)

V (ξ)dξ ≤ C

Rd

(

R

ρ(x0)

)2−d/q
,

✭✷✳✸✳✶✹✮

❞♦♥❞❡ ❤❡♠♦s ✉s❛❞♦ ♥✉❡✈❛♠❡♥t❡ ❡❧ ▲❡♠❛ ✶✳✷✳✼ ❡♥ ❧❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞✳

❊♥ ❝✉❛♥t♦ ❛ J32 ❡s ❢á❝✐❧ ✈❡r q✉❡ |x− ξ| ≥ 3|y − ξ|/8✱ ❡♥t♦♥❝❡s

∣

∣

∣

∣

ˆ

J32

∇2
1Γ0(x, ξ)V (ξ)Γ(y, ξ)dξ

∣

∣

∣

∣

≤ CN

ˆ

J32

V (ξ)

|x− ξ|d|y − ξ|d−2

(

1 +
|y − ξ|
ρ(y)

)−N
dξ

≤ CN

ˆ

J32

V (ξ)

|y − ξ|2d−2

(

1 +
|y − ξ|
ρ(y)

)−N
dξ.

✭✷✳✸✳✶✺✮

❙✉♣♦♥❣❛♠♦s q✉❡ 2R < ρ(y)✳ ❊♥ ❡st❡ ❝❛s♦ ❞✐✈✐❞✐♠♦s ❡❧ ❞♦♠✐♥✐♦ ❞❡ ✐♥t❡❣r❛❝✐ó♥ ❡♥
J321 = {ξ ∈ Rd : 2R ≤ |y − ξ| < ρ(y)} ② J322 = {ξ ∈ Rd : |y − ξ| ≥ ρ(y)}✳ ❊♥ J321 ♣❛r❛
k0 ∈ N t❛❧ q✉❡ 2k0−1R ≤ ρ(x) ≤ 2k0R ♣♦❞❡♠♦s ❡s❝r✐❜✐r

ˆ

2R≤|y−ξ|<ρ(y)

V (ξ)

|y − ξ|2d−2
dξ ≤

k0
∑

k=2

ˆ

2k−1R≤|y−ξ|<2kR

V (ξ)

|y − ξ|2d−2

≤ C

k0
∑

k=1

1

(2kR)d
1

(2kR)d−2

ˆ

B(y,2kR)

V (ξ)dξ

≤ C

Rd

k0
∑

k=1

2−kd
(

2kR

ρ(y)

)2−d/q

≤ C

Rd

(

R

ρ(x0)

)2−d/q
,

✭✷✳✸✳✶✻✮

❞♦♥❞❡ ❤❡♠♦s ✉s❛❞♦ ❡❧ ▲❡♠❛ ✶✳✷✳✼ ② q✉❡ d > 2− d/q✳ ❊♥ J322✱ s❡❛ µ = log2C1✱ ❞♦♥❞❡ C1



✷✳✸ ❚r❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r s✐♥❣✉❧❛r❡s ✸✾

❡s ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❞✉♣❧✐❝❛❝✐ó♥ ❞❡❧ ♣♦t❡♥❝✐❛❧ V ✳ ❈♦♥ ❡st❛ ♥♦t❛❝✐ó♥

CN

ˆ

|x−ξ|≥ρ(y)

V (ξ)

|y − ξ|2d−2

(

ρ(y)

|y − ξ|

)N

dξ ≤
∞
∑

k=1

CN
2kN

ˆ

2k−1ρ(x)|y−ξ|<2k+ρ(y)

V (ξ)

|y − ξ|2d−2

≤
∞
∑

k=1

CN
2kN

1

(2kρ(yx))2d−2

ˆ

B(y,2kρ(y))

V (ξ)dξ

≤ CN
ρ(y)d

∞
∑

k=1

1

2k(2d−2+N−µ)
1

ρ(y)d−2

ˆ

B(y,ρ(y))

V (ξ)dξ

≤ C

ρ(y)d
≤ C

Rd

(

R

ρ(x0)

)2−d/q
,

✭✷✳✸✳✶✼✮

❡❧✐❣✐❡♥❞♦ N s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ② ✉s❛♥❞♦ q✉❡ ρ(y) ≃ ρ(x0)✱ R < Cρ(x0) ② 2−d/q < d✳

❋✐♥❛❧♠❡♥t❡✱ s✐ 2R > ρ(y)✱ ❡❧ ❝♦♥❥✉♥t♦ J321 ❡s ✈❛❝í♦ ② ❧❛ ❡st✐♠❛❝✐ó♥ s♦❜r❡ J32 s❡ s✐❣✉❡
❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✷✳✸✳✶✼✮✳

❈♦♥ ❡st❛s ❡st✐♠❛❝✐♦♥❡s ❡st❛♠♦s ❡♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ♣r♦❜❛r ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✸✳✶✷✳ ❙✐ V ∈ RHq ❝♦♥ q > d/2✱ R2 ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r
❝♦♠♣❛r❛❜❧❡ ❛ ✉♥ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (q, 2− d/q)✳

❉❡♠♦str❛❝✐ó♥✳ ❈♦♠♦ ❤❡♠♦s ❞✐❝❤♦✱ só❧♦ r❡st❛ ✈❡r✐✜❝❛r ❧❛ ❝♦♥❞✐❝✐ó♥ (bs) ♣❛r❛ ❡❧ ♥ú❝❧❡♦ K2✳
❙❡❛♥ x0✱ y ∈ Rd ② R > 0 t❛❧❡s q✉❡ |y − x0| < R/2 ② R ≤ ρ(x0)✳ ❱❛♠♦s ❛ ❝♦♠♣r♦❜❛r ❧❛
❝♦♥❞✐❝✐ó♥ (bs) ❝♦♥ s = q✳ ❯s❛♥❞♦ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✷✳✸✳✽ ② ❡❧ ▲❡♠❛ ✷✳✸✳✶✶✱

(

ˆ

R<|x0−x|<2R

|K2(x, y)−K0(x, y)|qdx
)1/q

≤
M
∑

i=1

(
ˆ

Bi

|K2(x, y)−K0(x, y)|qdx
)1/q

≤
M
∑

i=1

(

ˆ

Bi

(

|R2(V Γ(y, ·)χB(xi,R/4))(x)|+
C

Rd

(

R

ρ(x0)

)2−d/q
)q

dx

)1/q

,

❞♦♥❞❡ ❧❛s ❜♦❧❛s Bi s♦♥ ❞❡ ❧❛ ❢♦r♠❛ B(xi, R/8)✱ ♣❛r❛ ❝✐❡rt♦s ❝❡♥tr♦s xi t❛❧❡s q✉❡ R <
|x0−xi| < 2R✳ ❉✐✈✐❞✐❡♥❞♦ ❧❛ ✐♥t❡❣r❛❧ ❡♥ ❞♦s tér♠✐♥♦s ❡s ✐♥♠❡❞✐❛t♦ q✉❡ ❡❧ s❡❣✉♥❞♦ ♥♦s ❞❛ ❡❧
r❡s✉❧t❛❞♦ ❞❡s❡❛❞♦✳ P❛r❛ ❡❧ ♣r✐♠❡r tér♠✐♥♦✱ ✉s❛♥❞♦ q✉❡R2 ❡s ✉♥ ♦♣❡r❛❞♦r ❛❝♦t❛❞♦ ❡♥ Lq ②



✹✵ ■♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❛s♦❝✐❛❞❛s ❛❧ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r

❛♣❧✐❝❛♥❞♦ ❡❧ ▲❡♠❛ ✶✳✷✳✼ ② ❧❛ ❡st✐♠❛❝✐ó♥ ♣❛r❛ ❡❧ t❛♠❛ñ♦ ❞❡ ❧❛ s♦❧✉❝✐ó♥ ❢✉♥❞❛♠❡♥t❛❧ ✭✶✳✷✳✾✮✱

(

ˆ

Bi

|R2(V Γ(y, ·)χB(x0,R/4))(x)|qdx
)1/q

≤ C

(

ˆ

B(xi,R/4)

V q(x)|Γ(y, x)|qdx
)1/q

≤ C

Rd−2

(
ˆ

B(xi,R/4)

V q

)1/q

≤ CR−d/q′
(

R

ρ(x0)

)2−d/q
.

✭✷✳✸✳✶✽✮

✷✳✹✳ ❚r❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r q✉❡ ✐♥✈♦❧✉✲

❝r❛♥ ❡❧ ♣♦t❡♥❝✐❛❧

❊♥ ❡st❛ s❡❝❝✐ó♥ ❝♦♥s✐❞❡r❛r❡♠♦s ❧♦s ♦♣❡r❛❞♦r❡s L−γV γ ♣❛r❛ 0 < γ < d/2✱ ② L−γ∇V γ−1/2

♣❛r❛ 1/2 < γ ≤ 1✳ ❊st♦s ♦♣❡r❛❞♦r❡s ❢✉❡r♦♥ ❝♦♥s✐❞❡r❛❞♦s ♣♦r ♣r✐♠❡r❛ ✈❡③ ♣♦r ❙❤❡♥ ❡♥ ❬✸✶❪✱
❧♦s ♣r✐♠❡r♦s ♣❛r❛ ❡❧ ❝❛s♦ γ = 1/2 ② γ = 1 ② ❧♦s s❡❣✉♥❞♦s só❧♦ ♣❛r❛ ❡❧ ❝❛s♦ γ = 1✳ ❆❧❧í s❡
♣r✉❡❜❛ ❧❛ ❛❝♦t❛❝✐ó♥ ❡♥ Lp ♣❛r❛ p ❡♥ ✉♥ r❛♥❣♦ ❞❡ t✐♣♦ [s,∞)✱ 1 < s <∞✳

❆q✉í✱ ✈❛♠♦s ❛ ❡st❛❜❧❡❝❡r ❛❧❣✉♥♦s r❡s✉❧t❛❞♦s ❣❡♥❡r❛❧❡s q✉❡ ♥♦s ❧❧❡✈❛rá♥ ❛ ♠♦str❛r q✉❡
❡st♦s ♦♣❡r❛❞♦r❡s r❡s✉❧t❛♥ s❡r ♦♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ)
♣❛r❛ ❛❧❣ú♥ s ❛❞❡❝✉❛❞♦ ❡♥ ❝❛❞❛ ❝❛s♦ ②✱ ♣♦st❡r✐♦r♠❡♥t❡✱ ♦❜t❡♥❡r ❞❡s✐❣✉❛❧❞❛❞❡s ❡♥ Lp(w)
♠❡❞✐❛♥t❡ ❡❧ ❝♦r♦❧❛r✐♦ ✷✳✶✳✼✳ ❙✐ ❜✐❡♥ ❡s ❝✐❡rt♦ q✉❡ ❡st♦s ♦♣❡r❛❞♦r❡s t❛♠❜✐é♥ r❡s✉❧t❛♥ s❡r
❡❥❡♠♣❧♦s ❞❡ ♦♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r ❝♦♠♣r❛❜❧❡s ❛ ✉♥♦ ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞✱ ❞❡❥❛✲
r❡♠♦s ❧❛ ♣r✉❡❜❛ ❞❡ ❡st♦ ♣❛r❛ ❡❧ ❈❛♣ít✉❧♦ ✺✳ ❊st♦ s❡ ❞❡❜❡ ❛ q✉❡ ❧❛s ❡st✐♠❛❝✐♦♥❡s q✉❡
♦❜t❡♥❞r❡♠♦s ♣❛r❛ ❡❧ t❛♠❛ñ♦ s❡rá♥ ✉♥ ♣♦❝♦ ♠❡❥♦r❡s q✉❡ ❧❛s r❡q✉❡r✐❞❛s ❛q✉í✱ ♣❡r♠✐t✐é♥✲
❞♦♥♦s ♣r♦❜❛r ✐♥♠❡❞✐❛t❛♠❡♥t❡ ❧❛ ❝♦♥❞✐❝✐ó♥ (bs) ♣❛r❛ T0 = 0✳

◆✉❡str♦ ♣✉♥t♦ ❞❡ ♣❛rt✐❞❛ s❡rá ✈❡r q✉❡ t♦❞♦s ❡st♦s ♦♣❡r❛❞♦r❡s ♣✉❡❞❡♥ ❡s❝r✐❜✐rs❡ ❝♦♠♦
✉♥ ♦♣❡r❛❞♦r ❢r❛❝❝✐♦♥❛r✐♦ ❝♦♠♣✉❡st♦ ❝♦♥ ❧❛ ♠✉❧t✐♣❧✐❝❛❝✐ó♥ ♣♦r ✉♥❛ ♣♦t❡♥❝✐❛ ❞❡❧ ♣♦t❡♥❝✐❛❧
V ✳ ❊st♦✱ q✉❡ ❡s ✐♥♠❡❞✐❛t♦ ♣❛r❛ ♦♣❡r❛❞♦r❡s ❞❡ ❧❛ ❢♦r♠❛ L−γV γ✱ r❡s✉❧t❛ ❝✐❡rt♦ t❛♠❜✐é♥ ♣❛r❛
❧♦s ❞❡ ❧❛ ❢♦r♠❛ L−γ∇V γ−1/2✳ P♦r ❡st❛ r❛③ó♥✱ ❝♦♠❡♥③❛♠♦s ❡st✉❞✐❛♥❞♦ ❛❧❣✉♥❛s ✐♥t❡❣r❛❧❡s
❢r❛❝❝✐♦♥❛r✐❛s ❣❡♥❡r❛❧❡s r❡❧❛❝✐♦♥❛❞❛s ❛ L✳ P♦st❡r✐♦r♠❡♥t❡✱ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✸✱ ❡st❡ ❡♥❢♦q✉❡
❛❜str❛❝t♦ ♥♦s s❡rá ❞❡ ✉t✐❧✐❞❛❞ ♣❛r❛ ♣r♦❜❛r ❝♦♥❞✐❝✐♦♥❡s t✐♣♦ T1 ♣❛r❛ ❡st♦s ♦♣❡r❛❞♦r❡s✳

❊♥ ❡st❛ s❡❝❝✐ó♥ s✉♣♦♥❞r❡♠♦s q✉❡ ❡❧ ♣♦t❡♥❝✐❛❧ s❛t✐s❢❛❝❡ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ r❡✈❡rs❡✲
❍ö❧❞❡r ❞❡ ♦r❞❡♥ q > d/2✳ ❆ ♠❡♥✉❞♦ ✉s❛r❡♠♦s té❝♥✐❝❛s ❞✐❢❡r❡♥t❡s ♣❛r❛ ❧♦s ❝❛s♦s d/2 < q <
d ② q ≥ d✳ ❊♥ ❡st❡ ú❧t✐♠♦ ❝❛s♦ ♣♦❞❡♠♦s s✉♣♦♥❡r q > d ♣✉❡st♦ q✉❡ ❧❛s ❝❧❛s❡s r❡✈❡rs❡✲❍ö❧❞❡r
s♦♥ ❛❜✐❡rt❛s✳



✷✳✹ ❚r❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r q✉❡ ✐♥✈♦❧✉❝r❛♥ ❡❧ ♣♦t❡♥❝✐❛❧ ✹✶

✷✳✹✳✶✳ ❯♥ ❝♦♥t❡①t♦ ❣❡♥❡r❛❧

❙❡❛ T ✉♥ ♦♣❡r❛❞♦r ✐♥t❡❣r❛❧ ❝♦♥ ♥ú❝❧❡♦ ❛s♦❝✐❛❞♦ K✱ ❡st♦ ❡s✱

Tf(x) =

ˆ

Rd

K(x, y)f(y), ❢♦r x ∈ Rd. ✭✷✳✹✳✶✮

❙❡❛ 0 < ν < d✱ 1 < σ < ∞ ② 0 < δ ≤ 1✳ ❉✐r❡♠♦s q✉❡ ✉♥ ♥ú❝❧❡♦ K ❡s ✉♥ ♥ú❝❧❡♦
ρ✲❢r❛❝❝✐♦♥❛r✐♦ ❞❡ t✐♣♦ (ν, σ, δ) s✐ ♣❛r❛ ❝❛❞❛ N > 0 ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ CN t❛❧ q✉❡

(

1

Rd

ˆ

R<|x0−y|<2R

|K(x, y)|σdy
)1/σ

≤ CNR
−d+ν

(

1 +
R

ρ(x)

)−N
, ✭✷✳✹✳✷✮

♣❛r❛ |x− x0| < R/2 ②

(

1

Rd

ˆ

R<|x0−y|<2R

|K(x, y)−K(x0, y)|σdy
)1/σ

≤ CNR
−d+ν

( r

R

)δ
(

1 +
R

ρ(x)

)−N
,

✭✷✳✹✳✸✮
♣❛r❛ |x − x0| < r < ρ(x0) ② r < R/2✳ ❊♥ ❡❧ ❝❛s♦ ❧í♠✐t❡ σ = ∞✱ ❞✐r❡♠♦s q✉❡ K ❡s ✉♥
♥ú❝❧❡♦ ρ✲❢r❛❝❝✐♦♥❛r✐♦ ❞❡ t✐♣♦ (ν,∞, δ) s✐ s❛t✐s❢❛❝❡ ❧❛s s✐❣✉✐❡♥t❡s ❡st✐♠❛❝✐♦♥❡s✿ P❛r❛
❝❛❞❛ N > 0 ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ CN t❛❧ q✉❡

|K(x, y)| ≤ CN
1

|x− y|d−ν
(

1 +
|x− y|
ρ(x)

)−N
, ♣❛r❛ x 6= y, ✭✷✳✹✳✹✮

②

|K(x, y)−K(x0, y)| ≤ CN
|x− x0|δ

|x− y|d−ν+δ
(

1 +
|x− y|
ρ(x)

)−N
, ❝✉❛♥❞♦ |x− y| > 2|x− x0|.

✭✷✳✹✳✺✮

❖❜s❡r✈❛❝✐ó♥ ✷✳✹✳✶✳ ◆♦t❛r q✉❡ s✐ K ❡s ✉♥ ♥ú❝❧❡♦ ρ✲❢r❛❝❝✐♦♥❛r✐♦ ❞❡ t✐♣♦ (ν,∞, δ)✱ ❡♥t♦♥❝❡s
❡s ❞❡ t✐♣♦ (ν, σ, δ) ♣❛r❛ t♦❞♦ σ > 1✳

❆❤♦r❛✱ s✉♣♦♥✐❡♥❞♦ q✉❡ Kν ❡s ✉♥ ♥ú❝❧❡♦ ρ✲❢r❛❝❝✐♦♥❛r✐♦✱ ✈❛♠♦s ❛ ♦❜t❡♥❡r ♣r♦♣✐❡❞❛❞❡s
❞❡ ✉♥ ♦♣❡r❛❞♦r T ❝♦♥ ♥ú❝❧❡♦ H(x, y) ❞❡✜♥✐❞♦ ❝♦♠♦

H(x, y) = Kν(x, y)V
ν/2(y). ✭✷✳✹✳✻✮

Pr♦♣♦s✐❝✐ó♥ ✷✳✹✳✷✳ ❙❡❛ T ✉♥ ♦♣❡r❛❞♦r ❝♦♥ ♥ú❝❧❡♦ H ❞❡✜♥✐❞♦ ❝♦♠♦ ❛rr✐❜❛✱ ❝♦♥ V ∈
RHq ♣❛r❛ q > d/2✳ ❙✉♣♦♥❣❛♠♦s q✉❡ Kν ❡s ✉♥ ♥ú❝❧❡♦ ρ✲❢r❛❝❝✐♦♥❛r✐♦ ❞❡ t✐♣♦ (ν, σ, δ) ❝♦♥
d/ν ≥ σ′✳ ❊♥t♦♥❝❡s✱ T ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ)
❝♦♥ s t❛❧ q✉❡ 1/s = 1/σ + ν/2q✳

❉❡♠♦str❛❝✐ó♥✳ ❉❛r❡♠♦s ✉♥❛ ♣r✉❡❜❛ ♣❛r❛ σ < ∞✱ s✐ σ = ∞ ❡❧ r❡s✉❧t❛❞♦ s✐❣✉❡ ♠❡❞✐❛♥t❡
❧♦s ♠✐s♠♦s ❛r❣✉♠❡♥t♦s✱ ✉s❛♥❞♦ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✷✳✹✳✹✮ ② ✭✷✳✹✳✺✮ ❡♥ ❧✉❣❛r ❞❡ ✭✷✳✹✳✷✮

② ✭✷✳✹✳✸✮✳ ❖❜s❡r✈❡♠♦s q✉❡ ❧❛ ❤✐♣ót❡s✐s d/ν ≥ σ′ ✐♠♣❧✐❝❛ q > σ′ν/2✱ ❧✉❡❣♦
1

s
=

1

σ
+
ν

2q
< 1✳



✹✷ ■♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❛s♦❝✐❛❞❛s ❛❧ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r

❊♥ ♣r✐♠❡r ❧✉❣❛r✱ ✈❛♠♦s ❛ ✈❡r✐✜❝❛r ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✭✷✳✶✳✷✮ ② ✭✷✳✶✳✸✮ ♣❛r❛ H✳ ❙❡❛♥
x0✱ x ∈ Rd R > 0 t❛❧❡s q✉❡ |x − x0| < R/2✳ ❯s❛♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r✱ ❧❛
❡st✐♠❛❝✐ó♥ ✭✷✳✹✳✷✮ ② ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ r❡✈❡rs❡✲❍ö❧❞❡r ❞❡❧ ♣♦t❡♥❝✐❛❧ t❡♥❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛
N > 0 ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ CN t❛❧ q✉❡

(

1

Rd

ˆ

B(x0,2R)\B(x0,R)

|Kν(x, y)V
ν/2(y)|sdy

)1/s

≤
(

1

Rd

ˆ

B(x0,2R)\B(x0,R)

|Kν(x, y)|σdy
)1/σ (

1

Rd

ˆ

B(x0,2R)

|V (y)|qdy
)ν/2q

≤ CNR
−d+ν

(

1

Rd

ˆ

B(x0,2R)

V (y)dy

)ν/2(

1 +
R

ρ(x0)

)−N

≤ R−dCN

(

1 +
R

ρ(x0)

)−N+N2ν/2

,

✭✷✳✹✳✼✮

❞♦♥❞❡ ❤❡♠♦s ✉s❛❞♦ ❡❧ ▲❡♠❛ ✶✳✷✳✼ ❡♥ ❧❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞✳ ❯s❛♥❞♦ ❧❛ ❡st✐♠❛❝✐ó♥ ✭✷✳✹✳✸✮
② ✉♥ ❛r❣✉♠❡♥t♦ s✐♠✐❧❛r ♦❜t❡♥❡♠♦s ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ s✉❛✈✐❞❛❞

(

1

Rd

ˆ

B(x0,2R)\B(x0,R)

|Kν(x, y)V
ν/2(y)−Kν(x0, y)V

ν/2(y)|sdy
)s

≤ CNR
−d
( r

R

)δ
(

1 +
R

ρ(x0)

)−N
,

✭✷✳✹✳✽✮

♣❛r❛ |x− x0| < r ≤ ρ(x0) ② r < R/2✳

P❛r❛ ✈❡r q✉❡ T ❡s ❛❝♦t❛❞♦ ❞❡ Ls
′

❡♥ Ls
′,∞ ✈❛♠♦s ❛ ♠♦str❛r q✉❡ Tf ❡stá ♣✉♥t✉❛❧♠❡♥t❡

❛❝♦t❛❞♦ ♣♦r ✉♥ ♦♣❡r❛❞♦r ♠❛①✐♠❛❧ ❞❡ ❍❛r❞②✲▲✐tt❧❡✇♦❞ ❛❞❡❝✉❛❞♦ ❛♣❧✐❝❛❞♦ ❛ f ✱ ❛ s❛❜❡r✱

Ms′f(x) = sup
B∋x

(

1

|B|

ˆ

B

|f(y)|s′dy
)1/s′

,

q✉❡ ❡s ❛❝♦t❛❞♦ ❞❡ Ls
′

❡♥ Ls
′,∞✳ ❉❡ ❤❡❝❤♦

|Tf(x)| =
∣

∣

∣

∣

ˆ

Rd

Kν(x, y)V
ν/2(y)f(y)dy

∣

∣

∣

∣

≤
ˆ

B(x,ρ(x))

|Kν(x, y)|V ν/2(y)|f(y)|dy +
ˆ

B(x,ρ(x))c
|Kν(x, y)|V ν/2(y)|f(y)|dy

= A1 + A2.

✭✷✳✹✳✾✮

P❛r❛ A1 ❞✐✈✐❞✐♠♦s ❧❛ ❜♦❧❛ |x− y| < ρ(x)✱ ❧❧❛♠❛♥❞♦ B−j = {|x− y| < 2−jρ(x)}✳ ❯s❛♥❞♦
❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r✱ ❧❛ ❡st✐♠❛❝✐ó♥ ✭✷✳✹✳✷✮✱ ② ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ r❡✈❡rs❡✲❍ö❧❞❡r ♣❛r❛ V



✷✳✹ ❚r❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r q✉❡ ✐♥✈♦❧✉❝r❛♥ ❡❧ ♣♦t❡♥❝✐❛❧ ✹✸

❥✉♥t♦ ❝♦♥ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ρ✱ t❡♥❡♠♦s q✉❡

A1 = C
∞
∑

j=0

ˆ

B−j\B−j−1

|Kν(x, y)|V ν/2(y)|f(y)|dy

≤ C

∞
∑

j=0

(

ˆ

B−j\B−j−1

|Kν(x, y)|σdy
)1/σ

×
(

ˆ

B−j

V (y)qdy

)ν/2q(
ˆ

B−j

|f(y)|s′dy
)1/s′

≤ C
∞
∑

j=0

(2−jρ(x))ν

(

1

|B−j|

ˆ

B−j

V (y)qdy

)ν/2q

×
(

1

|B−j|

ˆ

B−j

|f(y)|s′dy
)1/s′

≤ CMs′f(x)ρ(x)
ν

∞
∑

j=0

2
−j

(

ν−dν
2q

)

(

1

ρ(x)d

ˆ

B(x,ρ(x))

V q(y)dy

)ν/2q

≤ CMs′f(x)ρ(x)
ν

∞
∑

j=0

2
− jν

2

(

2−d
q

)

(

1

ρ(x)d

ˆ

B(x,ρ(x))

V (y)dy

)ν/2

≤ CMs′f(x),

✭✷✳✹✳✶✵✮

♣✉❡st♦ q✉❡ 2− d/q > 0✳ P❛r❛ A2 ✉s❛♠♦s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r ② ❧❛ ❡st✐♠❛❝✐ó♥ ✭✷✳✹✳✼✮
✳ ▲❧❛♠❛♥❞♦ Bj = {|x− y| < 2jρ(x)}✱ ♦❜t❡♥❡♠♦s

A2 ≤ C

∞
∑

j=0

(2jρ(x))d

(

1

|Bj|

ˆ

Bj\Bj−1

|H(x, y)|s
)1/s(

1

|Bj|

ˆ

Bj

|f(y)|s′(y)
)1/s′

≤ CNMs′f(x)
∞
∑

j=0

2−j(N−N2ν/2)

≤ CMs′f(x),

✭✷✳✹✳✶✶✮

❡❧✐❣✐❡♥❞♦ N s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

✷✳✹✳✷✳ ❖♣❡r❛❞♦r❡s ❞❡ t✐♣♦ L−γ∇V γ−1/2

P❛r❛ ✈❡r q✉❡ ❡st❡ t✐♣♦ ❞❡ ♦♣❡r❛❞♦r❡s r❡s✉❧t❛♥ s❡r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞
✈❛♠♦s ❛ ❡st✉❞✐❛r ❡❧ ♦♣❡r❛❞♦r ❢r❛❝❝✐♦♥❛r✐♦ L−γ∇ ② ❛♣❧✐❝❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧❛ s✉❜s❡❝❝✐ó♥
❛♥t❡r✐♦r ❡♥ ❡st❡ ❝❛s♦✳ ◆♦t❛r q✉❡ L−γ∇ ❞❡❜❡rí❛ s❡r ✉♥ ♦♣❡r❛❞♦r ❢r❛❝❝✐♦♥❛r✐♦ ❞❡ ♦r❞❡♥
2γ − 1✳ P❛r❛ ♠❛♥t❡♥❡r ❧❛ ♥♦t❛❝✐ó♥ ❞❡ ✷✳✹✳✶ ✈❛♠♦s ❛ ❧❧❛♠❛r Kν ❛ s✉ ♥ú❝❧❡♦ ❛s♦❝✐❛❞♦✱ ❝♦♥
ν = 2γ − 1✳ ❈✉❛♥❞♦ γ = ν = 1✱ ❡❧ ♦♣❡r❛❞♦r L−1∇ t✐❡♥❡ ♥ú❝❧❡♦ ❛s♦❝✐❛❞♦

K1(x, y) = ∇2Γ(x, y), ✭✷✳✹✳✶✷✮



✹✹ ■♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❛s♦❝✐❛❞❛s ❛❧ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r

❞♦♥❞❡∇2 ❡s ❡❧ ❣r❛❞✐❡♥t❡ r❡s♣❡❝t♦ ❛ ❧❛ s❡❣✉♥❞❛ ✈❛r✐❛❜❡ ② Γ(x, y) ❡s ❧❛ s♦❧✉❝✐ó♥ ❢✉♥❞❛♠❡♥t❛❧
❞❡ L✳ ❈✉❛♥❞♦ 1/2 < γ < 1✱ ② ❡♥t♦♥❝❡s 0 < ν < 1✱

Kν(x, y) = − 1

2πi

ˆ ∞

−∞
(−iτ)− ν+1

2 ∇2Γ(x, y, τ)dτ, ✭✷✳✹✳✶✸✮

❞♦♥❞❡ Γ(x, y, τ) ❡s ❧❛ s♦❧✉❝✐ó♥ ❢✉♥❞❛♠❡♥t❛❧ ❞❡❧ ♦♣❡r❛❞♦r L+ iτ ✳ P❛r❛ ♦❜t❡♥❡r ❡st♦ ✉t✐❧✐✲
③❛♠♦s ✭✷✳✹✳✶✷✮ ② ❧❛ s✐❣✉✐❡♥t❡ ❢ór♠✉❧❛ ❞❡❧ ❝á❧❝✉❧♦ ❢✉♥❝✐♦♥❛❧

L−γ = − 1

2π

ˆ

R

(−iτ)−γ(L+ iτ)−1dτ, 1/2 < γ < 1.

▲❛ s✐❣✉✐❡♥t❡ ❡st✐♠❛❝✐ó♥ ♣❛r❛ ❡❧ ♥ú❝❧❡♦ ∇2Γ(x, y, τ) ♣✉❡❞❡ ❡♥❝♦♥tr❛rs❡ ❡♥ ❧❛ ♣á❣✐♥❛ ✺✸✽
❞❡ ❬✸✶❪✳ P❛r❛ ❝❛❞❛ N > 0✱ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ CN t❛❧ q✉❡

|∇2Γ(x, y, τ)| ≤
CN

(1 + |τ |1/2|x− y|)N
(

1 + |x−y|
ρ(x)

)N

(

1

|x− y|d−2
A(x, y) +

1

|x− y|d−1

)

,

✭✷✳✹✳✶✹✮
❝♦♥ A ❞❡✜♥✐❞♦ ❝♦♠♦ ❡♥ ✭✷✳✸✳✸✮✳

❙✐ q > d t❡♥❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❡st✐♠❛❝✐ó♥ ✭✈❡r ❡❝✉❛❝✐ó♥ (6,1) ❡♥ ❬✸✶❪✮✳ P❛r❛ ❝❛❞❛ N > 0
❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ CN t❛❧ q✉❡

|∇2Γ(x, y, τ)| ≤
CN

(1 + |τ |1/2|x− y|)N
(

1 + |x−y|
ρ(x)

)N

1

|x− y|d−1
. ✭✷✳✹✳✶✺✮

❙✐ d/2 < q < d✱ s❡❛♥ R > 0 ② p0 t❛❧ q✉❡
1

p0
=

1

q
− 1

d
✳ ❯s❛♥❞♦ ✭✷✳✹✳✶✹✮ ❥✉♥t♦ ❝♦♥ ✭✷✳✸✳✸✮

t❡♥❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ N > 0 ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ CN t❛❧ q✉❡

(
ˆ

R<|x−y|<2R

|∇2Γ(x, y, τ)|p0dy
)1/p0

≤ CN

(1 + |τ |1/2R)N
(

1 + R
ρ(x)

)N
R−d/p′0+1. ✭✷✳✹✳✶✻✮

❚♦♠❛♥❞♦ τ = 0 ♦❜t❡♥❡♠♦s q✉❡ K1 s❛t✐s❢❛❝❡ ✭✷✳✹✳✹✮ s✐ q > d ② s❛t✐s❢❛❝❡ ✭✷✳✹✳✷✮ ❡♥ ❡❧ ❝❛s♦

d/2 < q < d✱ ❝♦♥ ν = 1 ② p0 t❛❧ q✉❡ 1
p0

=
(

1
q
− 1

d

)+

✳

P❛r❛ Kν ✱ ❝♦♥ 0 < ν < 1 ♦❜s❡r✈❛♠♦s q✉❡

ˆ ∞

0

τ−
ν+1
2

(1 + τ 1/2R)N
dτ =

CN
R1−ν , ✭✷✳✹✳✶✼✮

s✐ N > 1✳ ❱♦❧✈✐❡♥❞♦ ❛ ✭✷✳✹✳✶✸✮ ♥♦s q✉❡❞❛

|Kν(x, y)| ≤ CN
1

|x− y|d−ν
(

1 +
|x− y|
ρ(x)

)−N
, ✭✷✳✹✳✶✽✮



✷✳✹ ❚r❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r q✉❡ ✐♥✈♦❧✉❝r❛♥ ❡❧ ♣♦t❡♥❝✐❛❧ ✹✺

❝✉❛♥❞♦ q > d ②
(
ˆ

R<|x−y|<2R

|Kν(x, y)|p0dy
)1/p0

≤ CNR
−d/p′0+ν

(

1 +
|x− y|
ρ(x)

)−N
, ✭✷✳✹✳✶✾✮

♣❛r❛ d/2 < q < d✳ ❊st♦ ❡s✱ ♣❛r❛ 1/2 < γ < 1✱ ❡❧ ♥ú❝❧❡♦ ❞❡ L−γ∇ s❛t✐s❢❛❝❡ ✭✷✳✹✳✹✮ s✐ q > d

② s❛t✐s❢❛❝❡ ✭✷✳✹✳✷✮ s✐ d/2 < q < d✱ ❝♦♥ ν = 2γ − 1✱ ② σ = p0 ②❛❧ q✉❡ 1
p0

=
(

1
q
− 1

d

)+

✳

P❛r❛ ♦❜t❡♥❡r ✉♥❛ ❡st✐♠❛❝✐ó♥ ❞❡ s✉❛✈✐❞❛❞ s♦❜r❡ Kν ✉s❛r❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❞❡s✐❣✉❛❧❞❛❞
✭✈❡r ❡❝✉❛❝✐ó♥ (21) ✐♥ ❬✶✽❪✮✳ P❛r❛ ❝❛❞❛ N > 0 ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ CN t❛❧ q✉❡

|∇2Γ(x, y, τ)−∇2Γ(x0, y, τ)|

≤
( |x− x0|

|x− y|

)δ
CN

(1 + |τ |1/2|x− y|)N
(

1 + |x−y|
ρ(x)

)N

(

1

|x− y|d−2
A(x, y) +

1

|x− y|d−1

)

,

♣❛r❛ δ = mı́n{1, 2− d/q}✱ s✐❡♠♣r❡ q✉❡ |x− x0| < 2|x− y|✳ ❈♦♥ ✉♥ ❛r❣✉♠❡♥t♦ s✐♠✐❧❛r ❛❧
q✉❡ ✉t✐❧✐③❛♠♦s ♣❛r❛ ♦❜t❡♥❡r ❧❛s ❡st✐♠❛❝✐♦♥❡s ❞❡ t❛♠❛ñ♦ ♣♦❞❡♠♦s ✈❡r q✉❡✱ s✐ 0 < ν ≤ 1
② δ = mı́n{1, 2− d/q}✱ ♣❛r❛ ❝❛❞❛ N > 0 ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ CN t❛❧ q✉❡

|Kν(x, y)−Kν(x0, y)| ≤ CN
|x− x0|δ

|x− y|d−ν+δ
(

1 +
|x− y|
ρ(x)

)−N
, ❝✉❛♥❞♦ |x− y| > 2|x− x0|,

s✐ q > d ②
(

1

Rd

ˆ

R<|x0−y|<2R

|Kν(x, y)−Kν(x0, y)|p0dy
)1/p0

≤ CNR
−d+ν

( r

R

)δ
(

1 +
R

ρ(x)

)−N
,

✭✷✳✹✳✷✵✮

♣❛r❛ |x− x0| < r < ρ(x0) ② r < R/2✱ s✐ d/2 < q < d✳

◆♦t❛r q✉❡ ❧♦s ✈❛❧♦r❡s ❞❡ p0 ② ν ♣❛r❛ ❧♦s ❝✉❛❧❡s ✈❛❧❡♥ ❧❛s ❡st✐♠❛❝✐♦♥❡s ❝✉♠♣❧❡♥ d/ν ≥ p′0✳
❊♥t♦♥❝❡s✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✷✳✹✳✷ q✉❡ ♥♦s ❞❛ ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✹✳✸✳ ❙❡❛♥ 1/2 < γ ≤ 1 ② V ∈ RHq ♣❛r❛ ❛❧❣ú♥ q > d/2✳ ❊♥t♦♥❝❡s✱
L−γ∇V γ−1/2 ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (pγ, δ) ❝♦♥ δ =

mı́n{1, 2− d/q} ② pγ t❛❧ q✉❡
1

pγ
=

(

1

q
− 1

d

)+

+
2γ − 1

2q
✳

❈♦♠♦ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡❧ ❈♦r♦❧❛r✐♦ ✷✳✶✳✼ ♦❜t❡♥❡♠♦s ❧❛s s✐❣✉✐❡♥t❡s ❞❡s✐❣✉❛❧❞❛❞❡s ❡♥
❡s♣❛❝✐♦s Lp(w) ♣❛r❛ ❡st♦s ♦♣❡r❛❞♦r❡s✳

❚❡♦r❡♠❛ ✷✳✹✳✹✳ ❙❡❛ 1/2 < γ ≤ 1✱ V ∈ RHq ❝♦♥ q > d/2✱ 1/2 ≤ γ < 1 ② pγ t❛❧ q✉❡

1

pγ
=

(

1

q
− 1

d

)+

+
2γ − 1

2q
✳ ❊♥t♦♥❝❡s✿

(a) L−γ∇V γ−1/2 ❡stá ❛❝♦t❛❞♦ ❡♥ Lp(w) ♣❛r❛ p′γ < p <∞ ② w ∈ Aρp/p′γ ✱



✹✻ ■♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❛s♦❝✐❛❞❛s ❛❧ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r

(b) V γ−1/2∇L−γ ❡stá ❛❝♦t❛❞♦ ❡♥ Lp(w) ♣❛r❛ 1 < p < pγ ② w t❛❧ q✉❡ w1−p′ ∈ Ap′/p′γ ✱

(c) V γ−1/2∇L−γ ❡s ❞❡ t✐♣♦ ❞é❜✐❧ (1, 1) r❡s♣❡❝t♦ ❛ w s✐❡♠♣r❡ q✉❡ wp
′

γ ∈ Aρ1✳

▼ás ❛ú♥✱ s✐ V ∈ RHq ♣❛r❛ t♦❞♦ q ≥ 1✱ ❡♥t♦♥❝❡s✿

(d) L−γ∇V γ−1/2 ② V γ−1/2∇L−γ ❡stá♥ ❛❝♦t❛❞♦s ❡♥ Lp(w) ♣❛r❛ 1 < p <∞ ② w ∈ Aρp✱

(e) V γ−1/2∇L−γ ❡s ❞❡ t✐♣♦ ❞é❜✐❧ (1, 1) r❡s♣❡❝t♦ ❛ w s✐ w ∈ Aρ1✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✹✳✺✳ ❊❧ ❚❡♦r❡♠❛ ✹✳✸ ❡♥ ❬✸✶❪ ❣❛r❛♥t✐③❛ ❧❛ ❛❝♦t❛❝✐ó♥ ❡♥ L1(Rd) ♣❛r❛ ❡❧ ♦♣❡r❛✲
❞♦r V 1/2∇L−1✳ ❊s ❡s♣❡r❛❜❧❡ q✉❡ ❡st❡ r❡s✉❧t❛❞♦ ♣✉❡❞❛ ❡①t❡♥❞❡rs❡ ♣❛r❛ ❧♦s ❞❡♠ás ✈❛❧♦r❡s
❞❡ γ ❛q✉í ♣r♦♣✉❡st♦s ② ❡♥ ❡❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❡s♣❛❝✐♦ L1(w)✳ ❙✐♥ ❡♠❜❛r❣♦✱ ♥♦ ♣♦❞❡♠♦s
❣❛r❛♥t✐③❛r❧♦ ❛ tr❛✈és ❞❡❧ ❚❡♦r❡♠❛ ✷✳✶✳✺✳ ❊♥ ❡❧ ❈❛♣ít✉❧♦ ✺ ♦❜t❡♥❞r❡♠♦s ❡st❡ r❡s✉❧t❛❞♦
❡s♣❡r❛❞♦✱ ✉t✐❧✐③❛♥❞♦ ♦tr♦s ♠ét♦❞♦s✳

✷✳✹✳✸✳ ❖♣❡r❛❞♦r❡s ❞❡ t✐♣♦ L−γV γ

P❛r❛ ❡st✉❞✐❛r ❡st♦s ♦♣❡r❛❞♦r❡s ♣r♦❝❡❞❡r❡♠♦s ❝♦♠♦ ❡♥ ❧❛ s✉❜s❡❝❝✐ó♥ ❛♥t❡r✐♦r✳ ❈♦♥s✐✲
❞❡r❛♠♦s✱ ♣❛r❛ 0 < γ < d/2✱ ❡❧ ♦♣❡r❛❞♦r ❢r❛❝❝✐♦♥❛r✐♦ L−γ ② s✉ ♥ú❝❧❡♦ ❛s♦❝✐❛❞♦ Jγ t❛❧
q✉❡

L−γV γf(x) =

ˆ

Rd

Jγ(x, y)V
γ(y)f(y)dy. ✭✷✳✹✳✷✶✮

P❛r❛ Jγ t❡♥❡♠♦s ❧❛s s✐❣✉✐❡♥t❡s ❡st✐♠❛❝✐♦♥❡s q✉❡ ♣✉❡❞❡♥ ❡♥❝♦♥tr❛rs❡ ❡♥ ❬❄❪✱ ♣á❣✐♥❛ 587✳
P❛r❛ ❝❛❞❛ N > 0 ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ CN t❛❧ q✉❡

|Jγ(x, y)| ≤
1

|x− y|d−2γ
CN

(

1 +
|x− y|
ρ(x)

)−N
, ✭✷✳✹✳✷✷✮

② ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

|Jγ(x, y)− Jγ(z, y)| ≤ C
|x− z|δ

|x− y|d−2γ+δ
, ✐❢ 2|x− z| < |x− y|, ✭✷✳✹✳✷✸✮

♣❛r❛ δ < mı́n{1, 2 − d/q}✳ ❯♥ ❛r❣✉♠❡♥t♦ s✐♠✐❧❛r ❛❧ ❞❛❞♦ ❡♥ ❡❧ ▲❡♠❛ ✷✳✶✳✹ ♥♦s ❞✐❝❡ q✉❡
♣❛r❛ ❝❛❞❛ N > 0 ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ CN t❛❧ q✉❡

|Jγ(x, y)− Jγ(z, y)| ≤
|x− z|δ

|x− y|d−2γ+δ
CN

(

1 +
|x− y|
ρ(x)

)−N
, ✐❢ 2|x− z| < |x− y|, ✭✷✳✹✳✷✹✮

♣❛r❛ δ < mı́n{1, 2− d/q}✳

▲❛s ❞❡s✐❣✉❛❧❛❞❡s ✭✷✳✹✳✷✷✮ ② ✭✷✳✹✳✷✹✮✱ ❥✉♥t♦ ❝♦♥ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✷✳✹✳✷ ♥♦s ❞❛♥ ❡❧ s✐❣✉✐❡♥t❡
r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✹✳✻✳ ❙❡❛ 0 < γ < d2 ② V ∈ RHq ♣❛r❛ ❛❧❣ú♥ q > d/2✳ ❊♥t♦♥❝❡s✱ L−γV γ

❊s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ) ❝♦♥ δ = mı́n{1, 2− d/q}
② s = q/γ✳



✷✳✹ ❚r❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r q✉❡ ✐♥✈♦❧✉❝r❛♥ ❡❧ ♣♦t❡♥❝✐❛❧ ✹✼

❆♣❧✐❝❛♥❞♦ ❡❧ ❈♦r♦❧❛r✐♦ ✷✳✶✳✼ ♦❜t❡♥❡♠♦s ❧❛s s✐❣✉✐❡♥t❡s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❛❝♦t❛❝✐ó♥ ❡♥
Lp(w) ♣❛r❛ ❡st♦s ♦♣❡r❛❞♦r❡s

❚❡♦r❡♠❛ ✷✳✹✳✼✳ ❙❡❛ 0 < γ < d/2 ② V ∈ RHq ❝♦♥ q > d/2✳ ❊♥t♦♥❝❡s✿

(a) L−γV γ ❡stá ❛❝♦t❛❞♦ ❡♥ Lp(w) ♣❛r❛ (q/γ)′ < p <∞ ② w ∈ Aρp/(q/γ)′✱

(b) V γL−γ ❡stá ❛❝♦t❛❞♦ ❡♥ Lp(w) ♣❛r❛ 1 < p < q/γ ② w t❛❧ q✉❡ w1−p′ ∈ Ap′/(q/γ)′✱

(c) V γL−γ ❡s ❞❡ t✐♣♦ ❞é❜✐❧ (1, 1) r❡s♣❡❝t♦ ❛ w s✐❡♠♣r❡ q✉❡ w(q/γ)′ ∈ Aρ1✳

▼ás ❛ú♥✱ s✐ V ∈ RHq ♣❛r❛ t♦❞♦ q ≥ 1✱ ❡♥t♦♥❝❡s✿

(d) L−γV γ ② V γL−γ ❡stá♥ ❛❝♦t❛❞♦s ❡♥ Lp(w) ♣❛r❛ 1 < p <∞ ② w ∈ Aρp✱

(e) V γL−γ ❡s ❞❡ t✐♣♦ ❞é❜✐❧ (1, 1) s✐ w ∈ Aρ1✳

❊st❡ r❡s✉❧t❛❞♦ ❡r❛ ❝♦♥♦❝✐❞♦ só❧♦ ❡♥ ❧♦s ❝❛s♦s γ = 1/2 ② γ = 1 ✭✈❡r ❬✷❪ ② ❬✸✷❪✮✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✹✳✽✳ ❆❧ ✐❣✉❛❧ q✉❡ ♣❛r❛ ❡❧ ♦♣❡r❛❞♦r V 1/2∇L−1✱ s❡ ❝♦♥♦❝❡ ❛❝♦t❛❝✐ó♥ ❡♥
L1(Rd) ♣❛r❛ V L−1 ② V 1/2L−1/2 ✭✈❡r ❚❡♦r❡♠❛ 3,1 ② ❚❡♦r❡♠❛ 5,10 ❡♥ ❬✸✶❪✮✳ ❊s ❡s♣❡r❛❜❧❡
q✉❡ ❡st❡ r❡s✉❧t❛❞♦ t❛♠❜✐é♥ ♣✉❡❞❛ ❡①t❡♥❞❡rs❡ ♣❛r❛ ❧♦s ❞❡♠ás ✈❛❧♦r❡s ❞❡ γ ❛q✉í ♣r♦♣✉❡st♦s
② ❡♥ ❡❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❡s♣❛❝✐♦ L1(w)✳ ❙✐♥ ❡♠❜❛r❣♦✱ ♥♦ ♣♦❞❡♠♦s ❣❛r❛♥t✐③❛r❧♦ ❛ tr❛✈és ❞❡❧
❚❡♦r❡♠❛ ✷✳✶✳✺✳ ❊♥ ❡❧ ❈❛♣ít✉❧♦ ✺ ♦❜t❡♥❞r❡♠♦s ❡st❡ r❡s✉❧t❛❞♦ ❡s♣❡r❛❞♦✱ ✉t✐❧✐③❛♥❞♦ ♦tr♦s
♠ét♦❞♦s✳



✹✽ ■♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❛s♦❝✐❛❞❛s ❛❧ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r



❈❛♣ít✉❧♦ ✸

❈♦♥t✐♥✉✐❞❛❞ ❡♥ ❡s♣❛❝✐♦s ❞❡ s✉❛✈✐❞❛❞ ②
❇▼❖

❚r❛❜❛❥❛r❡♠♦s ❡♥ ❡st❡ ❝❛♣ít✉❧♦ ❡♥ ❧❛ ❝♦♥t✐♥✉✐❞❛❞ ❞❡ ♦♣❡r❛❞♦r❡s ❛s♦❝✐❛❞♦s ❛ L s♦❜r❡ ❧♦s
❡s♣❛❝✐♦s BMOβ

ρ (w) ❞❡✜♥✐❞♦s ❡♥ ❧❛ ❙❡❝❝✐ó♥ ✶✳✷✳✻✳ ▲♦s ♦♣❡r❛❞♦r❡s s♦❜r❡ ❧♦s ❝✉❛❧❡s ❞❛r❡♠♦s
r❡s✉❧t❛❞♦s s❡rá♥ ❧♦s ♣❡rt❡♥❡❝✐❡♥t❡s ❛ ❧❛ ♣r✐♠❡r ❢❛♠✐❧✐❛ ❞❡✜♥✐❞❛ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱
❡st♦ ❡s✱ ❧♦s ♦♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ✭✈❡r ❙❡❝❝✐ó♥ ✷✳✶✮✳ ❊st❛ ❢❛♠✐❧✐❛
r❡s✉❧t❛ s❡r ❛❞❡❝✉❛❞❛ ♣❛r❛ tr❛❜❛❥❛r ❡♥ ❡s♣❛❝✐♦s ❞❡ r❡❣✉❧❛r✐❞❛❞ ② BMO ♣✉❡st♦ q✉❡ ❧❛
❝♦♥❞✐❝✐ó♥ ✭✷✳✶✳✸✮ r❡q✉❡r✐❞❛ ❡s ✉♥❛ ❝♦♥❞✐❝✐ó♥ ❞❡ s✉❛✈✐❞❛❞ ♣❛r❛ ❡❧ ♥ú❝❧❡♦ ❛s♦❝✐❛❞♦✳

❊♥ ❡❧ ❚❡♦r❡♠❛ ✷✳✶✳✾✱ ♣r♦❜❛❞♦ ♣♦r ▼❛✱ ❙t✐♥❣❛✱ ❚♦rr❡❛ ② ❩❤❛♥❣ ❡♥ ❬✷✸❪✱ s❡ ❞❛ ✉♥❛
❝♦♥❞✐❝✐ó♥ ♥❡❝❡s❛r✐❛ ② s✉✜❝✐❡♥t❡ s♦❜r❡ ❧❛ ❢✉♥❝✐ó♥ T1 ♣❛r❛ ♦❜t❡♥❡r ❧❛ ❛❝♦t❛❝✐ó♥ ❞❡ ✉♥ ♦♣❡✲
r❛❞♦r T ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (∞, δ) ❡♥ BMOβ

ρ (w) ♣❛r❛ ❡❧ ♣❡s♦
w = 1✳ ❈♦♠♦ ❤❡♠♦s ✈✐st♦ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ❛❧❣✉♥♦s ❡❥❡♠♣❧♦s r❡❧❡✈❛♥t❡s ❞❡ ♦♣❡r❛✲
❞♦r❡s ❛s♦❝✐❛❞♦s ❛ L ♥♦ ♣❡rt❡♥❡❝❡♥ ❛ ❡st❛ ❢❛♠✐❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s✱ ❝♦♥ ❧❛ ❤✐♣ót❡s✐s ♠í♥✐♠❛
❞❡ V ∈ RHq✳

◆✉❡str♦ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❡♥ ❡st❡ ❝❛♣ít✉❧♦ s❡rá ❡①t❡♥❞❡r ❡❧ ❚❡♦r❡♠❛ ✷✳✶✳✾ ❡♥ ❞♦s ❞✐r❡❝✲
❝✐♦♥❡s✳ P♦r ✉♥ ❧❛❞♦✱ q✉❡r❡♠♦s ❛♠♣❧✐❛r s✉ ❛❧❝❛♥❝❡ ♣❛r❛ q✉❡ ✐♥❝❧✉②❛ ❛ ❧♦s ❞❡ ❙❝❤rö❞✐♥❣❡r✲
❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ) t❛♠❜✐é♥ ❡♥ ❧♦s ❝❛s♦s s < ∞✳ P♦r ♦tr♦ ❧❛❞♦ q✉❡r❡♠♦s
❡st❛❜❧❡❝❡r ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❛❝♦t❛❝✐ó♥ ❡♥ ❡s♣❛❝✐♦s BMOβ

ρ (w) ♣❛r❛ ♣❡s♦s w ❛s♦❝✐❛❞♦s ❛ ❧❛
❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦ ρ✱ ❞❡✜♥✐❞♦s ❡♥ ❧❛ ❙❡❝❝✐ó♥ ✶✳✷✳✹✳ ❆❧ ✐❣✉❛❧ q✉❡ ❡♥ ❡❧ ❝❛s♦ s = ∞
❞❡❜❡♠♦s ❛❣r❡❣❛r ✉♥❛ ❝♦♥❞✐❝✐ó♥ s♦❜r❡ ❧❛ ♦s❝✐❧❛❝✐ó♥ ❞❡ T1 ❛ ❧❛s ❡st✐♠❛❝✐♦♥❡s q✉❡ ❞❡✜♥❡♥
❧❛s ❝❧❛s❡s F1(s, δ)✱ q✉❡ r❡s✉❧t❛ t❛♠❜✐é♥ ♥❡❝❡s❛r✐❛✳

❋✐♥❛❧♠❡♥t❡✱ ❛♣❧✐❝❛r❡♠♦s ❡❧ r❡s✉❧t❛❞♦ ❞❡ ❝♦♥t✐♥✉✐❞❛❞ ❡♥ ❡s♣❛❝✐♦s BMOβ
ρ (w) ❛ ❧♦s ❡❥❡♠✲

♣❧♦s ❞❡ ♦♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ♣r❡s❡♥t❛❞♦s ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✷✳ P❛r❛
❡❧❧♦ ♥♦s q✉❡❞❛rá s♦❧❛♠❡♥t❡ ✈❡r✐✜❝❛r q✉❡ s❛t✐s❢❛❝❡♥ ❡❧ r❡q✉❡r✐♠✐❡♥t♦ s♦❜r❡ T1✱ ❧♦ ❝✉❛❧ s❡rá
♣♦s✐❜❧❡ ❞❡♠♦str❛r ❡♥ t♦❞♦s ❧♦s ❝❛s♦s✳

P❛r❛ ❧♦s ♦♣❡r❛❞♦r❡s q✉❡ ❤❛❜í❛♥ s✐❞♦ ❝♦♥s✐❞❡r❛❞♦s ♣♦r ▼❛ ❡t ❛❧✳ ✭❡st♦ ❡s✱ ♦♣❡r❛❞♦r❡s
❞❡ t✐♣♦ (∞, δ)✮✱ ♦❜t❡♥❡♠♦s ❞❡s✐❣✉❛❧❞❛❞❡s s✐♠✐❧❛r❡s ♣❡r♦ ♣❡s❛❞❛s✳ P❛r❛ ❧♦s ♦♣❡r❛❞♦r❡s q✉❡
s♦♥ ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ) ❝♦♥ s < ∞ q✉❡r❡♠♦s ❞❡st❛❝❛r ❧♦s



✺✵ ❈♦♥t✐♥✉✐❞❛❞ ❡♥ ❡s♣❛❝✐♦s ❞❡ s✉❛✈✐❞❛❞ ② ❇▼❖

❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞❡ R⋆
1 ❝✉❛♥❞♦ d/2 < q < d ② R⋆

2 ♣❛r❛ d/2 < q <∞✳

P❛r❛ R⋆
1 ♣♦❞❡♠♦s r❡❝✉♣❡r❛r r❡s✉❧t❛❞♦s q✉❡ ❤❛❜í❛♥ s✐❞♦ ♣r♦❜❛❞♦s ❡♥ ❬✻❪ ♣♦r ❞✐st✐♥t♦s

♠ét♦❞♦s✱ ♦❜t❡♥✐❡♥❞♦ ❛q✉í ✉♥❛ ❝❧❛s❡ ❞❡ ♣❡s♦s ♠ás ❣r❛♥❞❡✳ P❛r❛ R⋆
2 ❧♦s r❡s✉❧t❛❞♦s s♦♥

t♦t❛❧♠❡♥t❡ ♥✉❡✈♦s✱ ✐♥❝❧✉s♦ ❡♥ ❡❧ ❝❛s♦ w = 1✳ P♦r ú❧t✐♠♦✱ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡ L−γ∇V γ−1/2 ②
L−γV γ ♠♦str❛r❡♠♦s q✉❡ s❛ts✐❢❛❝❡♥ ❧❛ ❝♦♥❞✐❝✐ó♥ T1 ♠❡❞✐❛♥t❡ ✉♥ tr❛t❛♠✐❡♥t♦ ❣❡♥❡r❛❧ ❛❧
❡st✐❧♦ ❞❡❧ ❈❛♣ít✉❧♦ ✷✳

✸✳✶✳ ❆❧❣✉♥❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧♦s ❡s♣❛❝✐♦s BMOβ
ρ (w)

❘❡❝♦r❞❡♠♦s q✉❡✱ ♣❛r❛ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦ ρ✱ ✉♥ ♣❡s♦ w ② ✉♥ ♣❛rá♠❡tr♦
0 ≤ β < 1✱ ❡❧ ❡s♣❛❝✐♦ BMOβ

ρ (w) ❢✉❡ ❞❡✜♥✐❞♦ ❡♥ ❧❛ ❙❡❝❝✐ó♥ ✶✳✷✳✻ ❝♦♠♦ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❧❛s
❢✉♥❝✐♦♥❡s ❧♦❝❛❧♠❡♥t❡ ✐♥t❡❣r❛❜❧❡s t❛❧❡s q✉❡ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C q✉❡ ✈❡r✐✜❝❛

1

w(B)

ˆ

B

|f − fB| ≤ C|B|β/d, ♣❛r❛ t♦❞❛ ❜♦❧❛ B ✭✸✳✶✳✶✮

②
1

w(B)

ˆ

B

|f | ≤ C|B|β/d, ♣❛r❛ t♦❞❛ ❜♦❧❛ B = B(x,R), ❝♦♥ R ≥ ρ(x). ✭✸✳✶✳✷✮

❖❜s❡r✈❛❝✐ó♥ ✸✳✶✳✶✳ ❙✐ ✉♥❛ ❢✉♥❝✐ó♥ f s❛t✐s❢❛❝❡ ✭✸✳✶✳✷✮ ♣❛r❛ ❝✐❡rt❛ ❜♦❧❛ B✱ ❡♥t♦♥❝❡s t❛♠❜✐é♥
s❛t✐s❢❛❝❡ ✭✸✳✶✳✶✮ ♣❛r❛ ❧❛ ♠✐s♠❛ ❜♦❧❛✳ ▲✉❡❣♦✱ ❡s s✉✜❝✐❡♥t❡ ♣❡❞✐r ✭✸✳✶✳✶✮ ♣❛r❛ ❜♦❧❛s B(x, r)
❝♦♥ r < ρ(x)✳

▲❛s ❝❧❛s❡s ❞❡ ♣❡s♦s ♣❛r❛ ❧❛s ❝✉❛❧❡s ♦❜t❡♥❞r❡♠♦s r❡s✉❧t❛❞♦s ❡♥ BMOβ
ρ (w) s♦♥ s✉❜❝♦♥✲

❥✉♥t♦s ❞❡ ❧❛s ❝❧❛s❡s ❞❡ ▼✉❝❦❡♥❤♦✉♣t ❛s♦❝✐❛❞❛s ❛ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦ ρ✱ ❞❡✜♥✐❞❛s
❡♥ ❧❛ s❡❝❝✐ó♥ ✶✳✷✳✹✳ P❛r❛ ♣❡s♦s ❡♥ ❡st❛s ❝❧❛s❡s ♣♦❞❡♠♦s ❞❛r ❛❧❣✉♥❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧♦s
❡s♣❛❝✐♦s BMOβ

ρ (w) q✉❡ ♥♦s s❡rá♥ út✐❧❡s ♠ás ❛❞❡❧❛♥t❡✳

▲❛ ♣r✐♠❡r❛ ♣r♦♣✐❡❞❛❞ q✉❡ ♣r❡s❡♥t❛♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ♥♦s ❞❛ ✉♥❛ ❞❡✜♥✐❝✐ó♥ ❡q✉✐✈❛✲
❧❡♥t❡ ♣❛r❛ ❡❧ ❡s♣❛❝✐♦ BMOρ

β(w) ❜❛❥♦ ❤✐♣ót❡s✐s ❛♣r♦♣✐❛❞❛s ♣❛r❛ ❡❧ ♣❡s♦✳ ❉❡ ❢♦r♠❛ ♠ás
♣r❡❝✐s❛✱ ♥♦s ♠✉❡str❛ q✉❡ ❡s s✉✜❝✐❡♥t❡ ✈❡r✐✜❝❛r ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✸✳✶✳✷✮ ♣❛r❛ ❜♦❧❛s ❝rít✐❝❛s✳
P❛r❛ ✉♥❛ ♣r✉❡❜❛ ❞❡ ❡st♦✱ r❡❢❡r✐♠♦s ❛ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✹ ❡♥ ❬✶❪

▲❡♠❛ ✸✳✶✳✷✳ ❙❡❛♥ w ∈ Aρ,❧♦❝p ♣❛r❛ ❛❧❣ú♥ p ≥ 1 ② f ∈ L1
❧♦❝✳ ❙✐

A = sup
x∈Rd

1

w(B(x, ρ(x)))ρ(x)β

ˆ

B(x,ρ(x))

|f | <∞, ✭✸✳✶✳✸✮

❡♥t♦♥❝❡s ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

sup
x∈Rd

r≥ρ(x)

1

w(B(x, r))rβ

ˆ

B(x,r)

|f | < cA. ✭✸✳✶✳✹✮

❖❜s❡r✈❛♠♦s q✉❡✱ s✐❣✉✐❡♥❞♦ ❧❛ ♣r✉❡❜❛ ❞❛❞❛ ❡♥ ❬✶❪✱ r❡s✉❧t❛ ❢á❝✐❧ r❡❧❛❥❛r ❧❛ ❝♦♥❞✐❝✐ó♥
s♦❜r❡ ❡❧ ♣❡s♦ ② ❛❧❝❛♥③❛ ❝♦♥ ♣❡❞✐r q✉❡ s❡❛ ❞✉♣❧✐❝❛♥t❡ ❧♦❝❛❧✱ ❡st♦ ❡s✱ w ∈ Dρ,❧♦❝

µ ♣❛r❛ ❛❧❣ú♥
µ ≥ 1✳



✸✳✶ ❆❧❣✉♥❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧♦s ❡s♣❛❝✐♦s BMOβ
ρ (w) ✺✶

▲❛ s❡❣✉♥❞❛ ♣r♦♣✐❡❞❛❞ q✉❡ ❡♥✉♥❝✐❛♠♦s s❡❣✉✐❞❛♠❡♥t❡ ❡s ✉♥❛ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ✉♥❛ ❞❡✲
s✐❣✉❛❧❞❛❞ ❞❡ t✐♣♦ ❏♦❤♥✲◆✐r❡♥❜❡r❣ ② ♥♦s ❞❛ ♥♦r♠❛s ❡q✉✐✈❛❧❡♥t❡s ❡♥ ❧♦s ❡s♣❛❝✐♦sBMOβ

ρ (w)✳
P✉❡❞❡ ❡♥❝♦♥tr❛rs❡ ❝♦♠♦ ▲❡♠❛ ✹ ❡♥ ❬✶❪✳

▲❡♠❛ ✸✳✶✳✸✳ ❙❡❛ w ∈ Aρ,❧♦❝p ✱ 1 < s ≤ p′✱ 0 ≤ β < 1 ② f ∈ BMOβ
ρ (w)✳ ❊♥t♦♥❝❡s✱

1

|B|β/d
(

1

w(B)

ˆ

B

|f |sw1−s
)1/s

≤ C‖f‖BMOβ
ρ (w)

, ✭✸✳✶✳✺✮

♣❛r❛ t♦❞❛ ❜♦❧❛ B = B(x, r) ❝♦♥ r ≥ ρ(x)✱ ②

1

|B|β/d
(

1

w(B)

ˆ

B

|f − fB|sw1−s
)1/s

≤ C‖f‖BMOβ
ρ (w)

, ✭✸✳✶✳✻✮

♣❛r❛ t♦❞❛ ❜♦❧❛ B = B(x, r)✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✶✳✹✳ ❈♦♠♦ ✉♥❛ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡❧ ❧❡♠❛ ❛♥t❡r✐♦r ♣♦❞❡♠♦s ♦❜t❡♥❡r ✉♥❛ ♥♦r♠❛
❡q✉✐✈❛❧❡♥t❡ ❡♥ BMOβ

ρ (w) ♣❛r❛ ❝❛❞❛ 1 < s ≤ p′✱ ②❛ q✉❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ♦♣✉❡st❛s s❡
s✐❣✉❡♥ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r✳

▲❛ ú❧t✐♠❛ ♣r♦♣✐❡❞❛❞ ♥♦s ❞❛ ✉♥❛ ❝♦♥❞✐❝✐ó♥ ♣✉♥t✉❛❧ q✉❡ ❡s s✉✜❝✐❡♥t❡ ♣❛r❛ ✈❡r✐✜❝❛r q✉❡
✉♥❛ ❢✉♥❝✐ó♥ ♣❡rt❡♥❡❝❡ ❛ BMOβ

ρ (w)✳

▲❡♠❛ ✸✳✶✳✺✳ ❙❡❛ 0 < β < 1 ② w ∈ Aρp ♣❛r❛ ❛❧❣ú♥ p ≥ 1✳ ❙✐ ♣❛r❛ ❛❧❣✉♥❛ ❢✉♥❝✐ó♥ ♠❡❞✐❜❧❡
f ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

|f(x)− f(y)| ≤ Cw(B(x, |x− y|))|x− y|β−d ♣❛r❛ x, y ∈ Rd, ❝♦♥ |x− y| ≤ ρ(x) ✭✸✳✶✳✼✮

②

|f(x)| ≤ Cw(B(x, ρ(x)))ρ(x)β−d ♣❛r❛ x ∈ Rd, ✭✸✳✶✳✽✮

❡♥t♦♥❝❡s f ∈ BMOβ
ρ (w)✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ f ✉♥❛ ❢✉♥❝✐ó♥ q✉❡ s❛t✐s❢❛❝❡ ✭✸✳✶✳✼✮ ② ✭✸✳✶✳✽✮✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r✱ ✈❛♠♦s
❛ ✈❡r✐✜❝❛r ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✸✳✶✳✷✮✳ P♦r ❡❧ ▲❡♠❛ ✸✳✶✳✷ ❡s s✉✜❝✐❡♥t❡ ❝♦♥s✐❞❡r❛r ❜♦❧❛s ❝rít✐❝❛s✱
②❛ q✉❡ w ∈ Aρp ⊂ Aρ,❧♦❝p ✳ ❙❡❛ x0 ∈ Rd ② Bρ ❧❛ ❜♦❧❛ Bρ = B(x0, ρ(x0))✳ ❯s❛♥❞♦ ❧❛
❞❡s✐❣✉❛❧❞❛❞ ✭✶✳✷✳✼✮✱ t❡♥❡♠♦s q✉❡ s✐ x ∈ Bρ✱ ❡①✐st❡♥ ❝♦♥st❛♥t❡s c1 ② c2✱ q✉❡ ❞❡♣❡♥❞❡♥ só❧♦
❞❡ ρ✱ t❛❧❡s q✉❡ c1ρ(x0) ≤ ρ(x) ≤ c2ρ(x0)✳ ❊♥t♦♥❝❡s✱

ˆ

Bρ

|f(x)|dx ≤ C

ˆ

Bρ

w(B(x, ρ(x)))ρ(x)β−ddx

≤ Cρ(x0)
βw(B(x0, 2c2ρ(x0)))

≤ Cρ(x0)
βw(B(x0, ρ(x0))),

❞♦♥❞❡✱ ❡♥ ❧❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞ ✉s❛♠♦s q✉❡ w ∈ Aρp ⊂ Dρ
p✱ ❡s ❞❡❝✐r✱ t✐❡♥❡ ❧❛ ♣r♦♣✐❡❞❛❞

❞❡ ❞✉♣❧✐❝❛❝✐ó♥ ✭✈❡r Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✶✷✮✳



✺✷ ❈♦♥t✐♥✉✐❞❛❞ ❡♥ ❡s♣❛❝✐♦s ❞❡ s✉❛✈✐❞❛❞ ② ❇▼❖

❱❛♠♦s ❛ ✈❡r✐✜❝❛r ❛❤♦r❛ ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✸✳✶✳✶✮✳ ❙❡❛♥ x0 ∈ Rd ② B ❧❛ ❜♦❧❛ B = B(x0, r)✱
❝♦♥ r ≤ ρ(x0)✳ ❆♣❧✐❝❛♥❞♦ ✭✸✳✶✳✼✮✱ t❡♥❡♠♦s q✉❡

ˆ

B

|f(x)− fB|dx ≤ 1

|B|

ˆ

B

ˆ

B

|f(x)− f(y)|dydx

≤ C
1

|B|

ˆ

B

ˆ

B

w(B(x, |x− y|))|x− y|β−ddydx

≤ C
w(B(x0, 4r))

|B|

ˆ

B

ˆ

B

|x− y|β−ddydx

≤ Crβw(B(x0, r)),

❞♦♥❞❡ ✉s❛♠♦s ♥✉❡✈❛♠❡♥t❡ q✉❡ w ∈ Dρ
p✳

✸✳✷✳ ❯♥ ❚❡♦r❡♠❛ T1 ♣❛r❛ ❡s♣❛❝✐♦s ❞❡ s✉❛✈✐❞❛❞ ❝♦♥ ♣❡✲

s♦s

❊♥ ❡st❛ s❡❝❝✐ó♥ ❡♥✉♥❝✐❛r❡♠♦s ❡❧ r❡s✉❧t❛❞♦ ❝❡♥tr❛❧ ❞❡❧ ❝❛♣ít✉❧♦ ② ❛❧❣✉♥❛s ❞❡ s✉s ❝♦♥✲
s❡❝✉❡♥❝✐❛s✳ ❊st❡ t❡♦r❡♠❛ ♥♦s ❞❛ ✉♥ ❝r✐t❡r✐♦ ❞❡ t✐♣♦ T1 ♣❛r❛ ❡st❛❜❧❡❝❡r ❧❛ ❝♦♥t✐♥✉✐❞❛❞ ❞❡
✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ) ❡♥ ❡s♣❛❝✐♦s BMOβ

ρ (w)✳

❊♥ ♣r✐♠❡r ❧✉❣❛r ♥❡❝❡s✐t❛♠♦s ❤❛❝❡r ❛❧❣✉♥❛s ❝♦♥s✐❞❡r❛❝✐♦♥❡s s♦❜r❡ ❡❧ s✐❣♥✐✜❝❛❞♦ ❞❡ Tf
s✐❡♥❞♦ T ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ) ② f ✉♥❛ ❢✉♥❝✐ó♥
❡♥ BMOβ

ρ (w)✳

❘❡❝♦r❞❡♠♦s q✉❡ ✉♥ ♦♣❡r❛❞♦r T ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡
t✐♣♦ (s, δ) s✐ ❡s ❛❝♦t❛❞♦ ❞❡ Ls

′

❡♥ Ls
′,∞ ② t✐❡♥❡ ✉♥ ♥ú❝❧❡♦ ❛s♦❝✐❛❞♦ K q✉❡ s❛t✐s❢❛❝❡ ❧❛s

❝♦♥❞✐❝✐♦♥❡s ❞❡ t❛♠❛ñ♦ ② s✉❛✈✐❞❛❞ ✭✷✳✶✳✷✮ ② ✭✷✳✶✳✸✮ ✭✈❡r ❉❡✜♥✐❝✐ó♥ ✷✳✶✳✶✮✳

❙❡❛ x0 ∈ Rd ② R ≥ ρ(x0)✱ ❞❡✜♥✐♠♦s

Tf(x) = T (fχB(x0,2R))(x) +

ˆ

B(x0,2R)c
K(x, y)f(y)dy, x ∈ B(x0, R). ✭✸✳✷✳✶✮

❈♦♠♦ ✈❡r❡♠♦s ❡♥ ❧❛ ♣r✉❡❜❛ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✷✳✷✱ ❡❧ ♣r✐♠❡r tér♠✐♥♦ ❞❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ t✐❡♥❡
s❡♥t✐❞♦ s✐ w s❛t✐s❢❛❝❡ ❧❛s ❤✐♣ót❡s✐s ❛❧❧í ✐♠♣✉❡st❛s ②❛ q✉❡✱ ❡♥ ❡st❡ ❝❛s♦ fχB(x0,2R) ∈ Ls

′

♣❛r❛ f ❡♥ BMOβ
ρ (w) ✭❜❛st❛ t♦♠❛r k = 0 ❡♥ ✭✸✳✸✳✼✮✮✳ ❆❞❡♠ás✱ ❧❛ ✐♥t❡❣r❛❧ ❡♥ ❡❧ s❡❣✉♥❞♦

tér♠✐♥♦ ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡ ✭✈❡r ❡❝✉❛❝✐ó♥ ✭✸✳✸✳✹✮✮✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❧♦ q✉❡ ✐♠♣♦rt❛
❡♥ ❡st❡ ♠♦♠❡♥t❡ ❡s ✈❡r✐✜❝❛r q✉❡ ❧❛ ❞❡✜♥✐❝✐ó♥ t✐❡♥❡ s❡♥t✐❞♦ ♣❛r❛ ❡❧ ❝❛s♦ ❡s♣❡❝✐❛❧ f = 1✳



✸✳✷ ❯♥ ❚❡♦r❡♠❛ T1 ♣❛r❛ ❡s♣❛❝✐♦s ❞❡ s✉❛✈✐❞❛❞ ❝♦♥ ♣❡s♦s ✺✸

❉❡ ❤❡❝❤♦✱ χB(x0,2R) ∈ Ls
′

② ❛❞❡♠ás✱ ✉s❛♥❞♦ ❡❧ t❛♠❛ñ♦ ❡❧ ♥ú❝❧❡♦ ❞❛❞♦ ♣♦r ✷✳✶✳✷✱

ˆ

B(x0,2R)c
|K(x, y)|dy ≤

∞
∑

k=1

ˆ

2kR≤|x0−y|<2k+1R

|K(x, y)|dy

≤
∞
∑

k=1

(
ˆ

2kR≤|x0−y|<2k+1R

|K(x, y)|sdy
)1/s

(2k+1R)d/s
′

≤ CN

∞
∑

k=1

(

ρ(x)

2kR

)N

<∞,

❡❧✐❣✐❡♥❞♦ N s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❆q✉í ❤❡♠♦s ✉s❛❞♦ q✉❡ ♣❛r❛ ❝✉❛❧q✉✐❡r x ∈ B(x0, R)✱
ρ(x) ≤ C02

N0R ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✶✳✷✳✼✮✳

❆❞❡♠ás✱ ✈❛❧❡ ❞❡st❛❝❛r q✉❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ Tf ❞❛❞❛ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✳✶✮ ❡s ✐♥❞❡♣❡♥✲
❞✐❡♥t❡ ❞❡ R✳ ❉❡ ❤❡❝❤♦✱ s✐ B(x0, R) ⊂ B(x′0, R

′) t❡♥❡♠♦s q✉❡

T (fχB(x′0,R
′))(x)− T (fχB(x0,R))(x)

= T (fχB(x′0,R
′)\B(x0,R))(x)

=

ˆ

B(x′0,R
′)\B(x0,R)

K(x, y)f(y)dy

=

ˆ

B(x′0,R
′)

K(x, y)f(y)dy −
ˆ

B(x0,R)

K(x, y)f(y)dy,

♣❛r❛ ❝❛s✐ t♦❞♦ x ∈ B(x0, R)✳

P❛r❛ ♣♦❞❡r ❡st❛❜❧❡❝❡r ❞❡s✐❣✉❛❧❞❛❞❡s ❡♥ BMOβ
ρ (w) ♣❛r❛ ♥✉❡str❛ ❢❛♠✐❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s

q✉❡ ❞❡♣❡♥❞❡ ❞❡ ✉♥ ♣❛rá♠❡tr♦ s✱ 1 < s < ∞✱ ❞❡❜❡♠♦s ✐♥tr♦❞✉❝✐r ❧❛ ❝❧❛s❡ ❞❡ ♣❡s♦s F ρ
s

❞❡✜♥✐❞❛ ❝♦♠♦
F ρ
s =

⋃

η>s′

RHρ
η ∩ Aρs/η′ . ✭✸✳✷✳✷✮

P❛r❛ ♦❜t❡♥❡r ❡❥❡♠♣❧♦s ❞❡ ♣❡s♦s ❡♥ ❡st❛ ❝❧❛s❡ ❜❛st❛ ❝♦♥s✐❞❡r❛r ✉♥ ♣❡s♦ w t❛❧ q✉❡
ws

′ ∈ Aρ1✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ❝♦♠♦ ws
′ ∈ Aρ1 ❡①✐st❡ ❛❧❣ú♥ σ > 1 t❛❧ q✉❡ ws

′ ∈ RHρ
σ ✭✈❡r

Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✶✷✮✳ ▲✉❡❣♦✱ ❡①✐st❡♥ ❝♦♥st❛♥t❡s θ1 ② θ2 t❛❧❡s q✉❡

(

1

|B|

ˆ

B

ws
′σ

)s′σ

≤ C

(

1

|B|

ˆ

B

ws
′

)s′ (

1 +
r

ρ(x)

)θ1

≤ C ı́nf
B
w

(

1 +
r

ρ(x)

)θ2/s′+θ1

≤ C
1

|B|

ˆ

B

w

(

1 +
r

ρ(x)

)θ2/s′+θ1

.

❊st♦ ✐♠♣❧✐❝❛ q✉❡ w ∈ RHρ
η ♣❛r❛ η = σs′ > s′✳ ❆❞❡♠ás✱ ✉s❛♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r

❡s ❢á❝✐❧ ❝♦♠♣r♦❜❛r q✉❡ ws
′ ∈ Aρ1 ✐♠♣❧✐❝❛ w ∈ Aρ1✳ ❊♥t♦♥❝❡s✱ t❡♥❡♠♦s q✉❡ w ∈ F ρ

s ✳ P❛r❛
❡❥❡♠♣❧♦s ❞❡ ♣❡s♦s Aρ1 ♣✉❡❞❡ ✈❡rs❡ ❡❧ ▲❡♠❛ ✹ ❡♥ ❬✽❪ ② r❡❝♦r❞❛r ❛❞❡♠ás q✉❡ A1 ⊂ Aρ1✳



✺✹ ❈♦♥t✐♥✉✐❞❛❞ ❡♥ ❡s♣❛❝✐♦s ❞❡ s✉❛✈✐❞❛❞ ② ❇▼❖

❊♥ ❧❛ s✐❣✉✐❡♥t❡ ♣r♦♣♦s✐❝✐ó♥ ❞❛r❡♠♦s ❛❧❣✉♥❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❡st❛s ❝❧❛s❡s q✉❡ s❡rá♥
út✐❧❡s ♠ás ❛❞❡❧❛♥t❡✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✷✳✶✳ ▲❛s ❝❧❛s❡s F ρ
s s♦♥ ❝r❡❝✐❡♥t❡s ❝♦♥ s✱ ♠ás ❛ú♥
⋃

s>1

F ρ
s = Aρ∞.

❉❡♠♦str❛❝✐ó♥✳ ❙✐ s1 < s2 ❡♥t♦♥❝❡s η > s′1 ✐♠♣❧✐❝❛ q✉❡ η > s′2 ② RHρ
η ∩ Aρs1/η′ ⊂ RHρ

η ∩
Aρs2/η′ ✳

P♦r ♦tr♦ ❧❛❞♦✱ ♣❛r❛ t♦❞♦ η > 1✱ RHρ
η ∩ Aρs/η′ ⊂ Aρ∞✱ ❡♥t♦♥❝❡s

⋃

s>1 F
ρ
s ⊂ Aρ∞✳ ❘❡✲

❝í♣r♦❝❛♠❡♥t❡✱ s✐ w ∈ Aρ∞✱ ♣♦r ❞❡✜♥✐❝✐ó♥✱ w ∈ Aρp ♣❛r❛ ❛❧❣ú♥ p > 1✳ ❊♥t♦♥❝❡s✱ ❝♦♠♦
♠❡♥❝✐♦♥❛♠♦s ❛rr✐❜❛✱ w ∈ RHρ

η ♣❛r❛ ❛❧❣ú♥ η > 1✳ ❆❤♦r❛✱ ♣♦❞❡♠♦s ❡s❝♦❣❡r s t❛❧ q✉❡
s/η′ = p✳ ❊♥ ❡st❡ ❝❛s♦✱ t❡♥❡♠♦s q✉❡ w ∈ Aρs/η′ ∩ RHρ

η ♣❛r❛ η > s′ ② s > 1✱ ❡♥t♦♥❝❡s
w ∈ ⋃s>1 F

ρ
s ✳

❆❤♦r❛ ❡st❛♠♦s ❡♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❡♥✉♥❝✐❛r ❡❧ t❡♦r❡♠❛ T1 ♣❛r❛ ❡s♣❛❝✐♦s ❞❡ s✉❛✈✐❞❛❞
❝♦♥ ♣❡s♦s q✉❡ ❛♥✉♥❝✐❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡✳

❚❡♦r❡♠❛ ✸✳✷✳✷✳ ❙❡❛ T ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ) ♣❛r❛
❛❧❣ú♥ 1 < s < ∞ ② 0 < δ ≤ 1✳ ❙❡❛♥ β ② µ ✜❥♦s t❛❧❡s q✉❡ 0 ≤ β < δ ② 1 ≤ µ < 1 + δ−β

d
✳

❊♥t♦♥❝❡s✱ ❧❛s s✐❣✉✐❡♥t❡s ❛✜r♠❛❝✐♦♥❡s s♦♥ ❡q✉✐✈❛❧❡♥t❡s✿

✭❛✮ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡ ❧❛ ❢✉♥❝✐ó♥ T1 s❛t✐s❢❛❝❡

1

|B|

ˆ

B

|T1(y)− (T1)B|dy ≤ C

(

r

ρ(x0)

)β+d(µ−1)

, ✭✸✳✷✳✸✮

♣❛r❛ t♦❞❛ B = B(x0, r)✱ x0 ∈ Rd ② 0 < r < ρ(x0)/2✱ s✐ β > 0 ♦r µ > 1✱ ♦ ❜✐❡♥

1

|B|

ˆ

B

|T1(y)− (T1)B|dy ≤ C log−1

(

ρ(x0)

r

)

, ✭✸✳✷✳✹✮

♣❛r❛ t♦❞❛ B = B(x0, r)✱ x0 ∈ Rd ② 0 < r < ρ(x0)/2✱ s✐ β = 0 ② µ = 1✳

✭❜✮ T ❡stá ❛❝♦t❛❞♦ ❡♥ BMOβ
ρ (w) ♣❛r❛ t♦❞♦ w ∈ F ρ

s ∩ Dρ
µ ❝♦♥ ❧❛ ♥♦r♠❛ ❞❡❧ ♦♣❡r❛❞♦r

❞❡♣❡♥❞✐❡♥❞♦ ❞❡ w só❧♦ ❛ tr❛✈és ❞❡ ❧❛s ❝♦♥st❛♥t❡s ❞❡ ❧❛s ❝❧❛s❡s F ρ
s ② Dρ

µ✳

✭❝✮ T ❡stá ❛❝♦t❛❞♦ ❡♥ BMOβ
ρ (w) ♣❛r❛ ♣❡s♦s w ❞❡ ❧❛ ❢♦r♠❛ w(x) = |x − x0|d(µ−1)✱

x0 ∈ Rd✱ ❝♦♥ ♥♦r♠❛ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ x0✳

❆♣❧✐❝❛♥❞♦ ❡❧ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r ② ❧❛ Pr♦♣♦s✐❝✐ó♥ ✸✳✷✳✶✱ ♦❜t❡♥❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦
♣❛r❛ s = ∞✳

❈♦r♦❧❛r✐♦ ✸✳✷✳✸✳ ❙❡❛ T ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ)
♣❛r❛ ❛❧❣ú♥ 0 < δ ≤ 1 ② ♣❛r❛ t♦❞♦ s > 1✳ ❙❡❛♥ β ② µ t❛❧❡s q✉❡ 0 ≤ β < δ ② 1 ≤ µ < 1+ δ−β

d
✳

❊♥t♦♥❝❡s✱ t❛♥t♦ ✭❛✮ ❝♦♠♦ ✭❝✮ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✷✳✷ s♦♥ ❡q✉✐✈❛❧❡♥t❡s ❛ ❧❛ ❛❝♦t❛❝✐ó♥ ❞❡ T ❡♥
BMOβ

ρ (w) ♣❛r❛ t♦❞♦ ♣❡s♦ w ∈ Aρ∞∩Dρ
µ✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❡st❡ r❡s✉❧t❛❞♦ ✈❛❧❡ ♣❛r❛ ♦♣❡r❛❞♦r❡s

❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (∞, δ)✳



✸✳✷ ❯♥ ❚❡♦r❡♠❛ T1 ♣❛r❛ ❡s♣❛❝✐♦s ❞❡ s✉❛✈✐❞❛❞ ❝♦♥ ♣❡s♦s ✺✺

❙✐ ❡s♣❡❝✐✜❝❛♠♦s ❡❧ ❈♦r♦❧❛r✐♦ ✸✳✷✳✸ ♣❛r❛ µ = 1 ♦❜t❡♥❡♠♦s ❧❛ s✐❣✉✐❡♥t❡s ❡q✉✐✈❛❧❡♥❝✐❛s✳

❈♦r♦❧❛r✐♦ ✸✳✷✳✹✳ ❙❡❛ T ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ)
♣❛r❛ t♦❞♦ s > 1 ② ♣❛r❛ ❛❧❣ú♥ 0 < δ ≤ 1✳ ❙❡❛ 0 ≤ β < δ✳ ❊♥t♦♥❝❡s✱ ❧❛s s✐❣✉✐❡♥t❡s
❛✜r♠❛❝✐♦♥❡s s♦♥ ❡q✉✐✈❛❧❡♥t❡s✿

✭❛✮ ❊s✐①t❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡ ❧❛ ❢✉♥❝✐ó♥ T1 s❛t✐s❢❛❝❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞

1

|B|

ˆ

B

|T1(y)− (T1)B|dy ≤ C

(

r

ρ(x0)

)β

, ✭✸✳✷✳✺✮

♣❛r❛ t♦❞❛ ❜♦❧❛ B = B(x0, r)✱ x0 ∈ Rn ② 0 < r < ρ(x0)/2✱ s✐ β > 0 ♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞

1

|B|

ˆ

B

|T1(y)− (T1)B|dy ≤ C log−1

(

ρ(x0)

r

)

, ✭✸✳✷✳✻✮

♣❛r❛ t♦❞❛ ❜♦❧❛ B = B(x0, r)✱ x0 ∈ Rn ② 0 < r < ρ(x0)/2✱ s✐ β = 0✳

✭❜✮ T ❡stá ❛❝♦t❛❞♦ ❡♥ BMOβ
ρ (w) ♣❛r❛ t♦❞♦ ♣❡s♦ w ∈ Aρ∞ ∩Dρ

1 ❝♦♥ ♥♦r♠❛ ❞❡❧ ♦♣❡r❛❞♦r
❞❡♣❡♥❞✐❡♥❞♦ ❞❡ w só❧♦ ❛ tr❛✈és ❞❡ ❧❛s ❝♦♥st❛♥t❡s ❞❡ ❧❛s ❝❧❛s❡s F ρ

s ② Dρ
µ✳

✭❝✮ T ❡stá ❛❝♦t❛❞♦ ❡♥ BMOβ
ρ (w) ♣❛r❛ w = 1✳

❖❜s❡r✈❛♠♦s ❡st❡ r❡s✉❧t❛❞♦ ✈❛❧❡✱ ❡♥ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ ♦♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲
❩②❣♠✉♥❞ ❞❡ t✐♣♦ (∞, δ) ② q✉❡ ❡♥ ❡st❡ ❝❛s♦ ✭❛✮ ⇐⇒ ✭❝✮ ❡s ❡①❛❝t❛♠❡♥t❡ ❡❧ ❡♥✉♥❝✐❛❞♦ ❞❡❧
❚❡♦r❡♠❛ ✷✳✶✳✾ ♣r♦❜❛❞♦ ♣♦r ▼❛ ❡t ❛❧✳ P♦r ❧♦ t❛♥t♦✱ ♥✉❡str♦s r❡s✉❧t❛❞♦s ❞❛♥ ✉♥❛ ❡q✉✐✈❛❧❡♥✲
❝✐❛ ❛❞✐❝✐♦♥❛❧ ♣❛r❛ ❡st❡ ❝❛s♦✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❝✉❛❧q✉✐❡r ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲
❩②❣♠✉♥❞ ❞❡ t✐♣♦ (∞, δ) ❛❝♦t❛❞♦ ❡♥ BMOβ

ρ (w) ♣❛r❛ w = 1✱ ❡stá ❛✉t♦♠át✐❝❛♠❡♥t❡ ❛❝♦t❛✲
❞♦ ❡♥ BMOβ

ρ (w) ♣❛r❛ t♦❞♦s ❧♦s ♣❡s♦s ❞❡ ❧❛ ❢♦r♠❛ w ∈ Aρ∞∩Dρ
1✳ ❈♦♠♦ ❤❡♠♦s ♠❡♥❝✐♦♥❛❞♦

❛♥t❡r✐♦r♠❡♥t❡✱ ❡st❛ ❝❧❛s❡ ❝♦♥t✐❡♥❡ ❛ ❧❛ ❝❧❛s❡ Aρ1✳

▼✉❝❤♦s ❞❡ ❧♦s ❡❥❡♠♣❧♦s q✉❡ ♣r❡s❡♥t❛r❡♠♦s ♠ás ❛❞❡❧❛♥t❡s s♦♥ ♦♣❡r❛❞♦r❡s q✉❡ s❛t✐s❢❛✲
❝❡♥ ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✸✳✷✳✸✮ ♣❛r❛ α ❡♥ ✉♥ ✐♥t❡r✈❛❧♦ ❛❜✐❡rt♦✳ ❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❡st♦✱ ♣♦❞❡♠♦s
❡s❝r✐❜✐r ❧❛ s✐❣✉✐❡♥t❡ ❝♦♥s❡❝✉❡♥❝✐❛ ✭ ❛q✉í F ρ

∞ q✉✐❡r❡ ❞❡❝✐r Aρ∞✮✳

❈♦r♦❧❛r✐♦ ✸✳✷✳✺✳ ❙❡❛ T ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ)
❝♦♥ 1 < s ≤ ∞ t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ α ∈ (0, ε) ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ Cα q✉❡ s❛t✐s❢❛❝❡

1

|B|

ˆ

B(x0,r)

|T1(x)− (T1)B|dx ≤ Cα

(

r

ρ(x0)

)α

✭✸✳✷✳✼✮

♣❛r❛ t♦❞❛ ❜♦❧❛ B = B(x0, r) ❝♦♥ r ≤ ρ(x0)/2✳ ❙❡❛ δ̃ = mı́n{δ, ε}✱ ❡♥t♦♥❝❡s ♣❛r❛ t♦❞♦

0 ≤ β < δ̃✱ T ❡stá ❛❝♦t❛❞♦ ❡♥ BMOβ
ρ (w) s✐❡♠♣r❡ q✉❡ w ∈ F ρ

s ∩Dρ
µ✱ ❝♦♥ 1 ≤ µ < 1+ δ̃−β

d
✳

❉❡ ❡st❛ ♠❛♥❡r❛✱ ♦❜t❡♥❡♠♦s ❞❡s✐❣✉❛❧❞❛❞❡s ❡♥✲BMOβ
ρ (w) ♣❛r❛ t♦❞♦s ❧♦s ❡❥❡♠♣❧♦s q✉❡

❛♣❛r❡❝❡♥ ❡♥ ❬✷✸❪✳



✺✻ ❈♦♥t✐♥✉✐❞❛❞ ❡♥ ❡s♣❛❝✐♦s ❞❡ s✉❛✈✐❞❛❞ ② ❇▼❖

✸✳✸✳ Pr✉❡❜❛ ❞❡❧ ❚❡♦r❡♠❛

❆♥t❡s ❞❡ ❞❛r ✉♥❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✷✳✷ ♥❡❝❡s✐t❛♠♦s ❡♥✉♥❝✐❛r ② ❞❡♠♦str❛r
❛❧❣✉♥♦s ❧❡♠❛s té❝♥✐❝♦s✳ ❊♥ ❡❧ ♣r✐♠❡r ❧❡♠❛ ❞❛♠♦s ✉♥❛ ❡st✐♠❛❝✐ó♥ s♦❜r❡ ❧♦s ♣r♦♠❡❞✐♦s ❡♥
❜♦❧❛s s✉❜✲❝rít✐❝❛s ❡♥ tér♠✐♥♦s ❞❡ ❧❛ ♥♦r♠❛ BMOβ

ρ (w)✳ ❘❡❝♦r❞❡♠♦s q✉❡ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡
❡st❡ ❡s♣❛❝✐♦ t✐❡♥❡♥ s✉s ♣r♦♠❡❞✐♦s ❛❝♦t❛❞♦s ❡♥ ❜♦❧❛s s✉♣❡r✲❝rít✐❝❛s ② ❧❛s ♦s❝✐❧❛❝✐♦♥❡s s♦❜r❡
❜♦❧❛s s✉❜✲❝rít✐❝❛s✳

▲❡♠❛ ✸✳✸✳✶✳ ✭✈❡r ▲❡♠❛ ✺ ❡♥ ❬✶❪✮ ❙❡❛ B = B(x0, r) ❝♦♥ r < ρ(x0) ② f ∈ BMOβ
ρ (w) ❝♦♥

w ∈ Dρ
µ✳ ❙✐ µ > 1 ♦ β > 0✱ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

|fB| ≤ C‖f‖BMOβ
ρ (w)

w(B)

|B| r
β

(

ρ(x0)

r

)d(µ−1)+β

. ✭✸✳✸✳✶✮

❙✐ µ = 1 ② β = 0✱ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

|fB| ≤ C‖f‖BMOβ
ρ (w)

w(B)

|B|

(

1 + log
ρ(x0)

r

)

. ✭✸✳✸✳✷✮

❊♥ ❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛ ❡st✐♠❛♠♦s ♦s❝✐❧❛❝✐♦♥❡s s♦❜r❡ ❜♦❧❛s s✉♣❡r✲❝rít✐❝❛s ♣❛r❛ ✉♥❛ f ∈
BMOβ

ρ (w) ❡♥ tér♠✐♥♦s ❞❡ s✉ ♥♦r♠❛✳

▲❡♠❛ ✸✳✸✳✷✳ ❙❡❛ w ∈ Aρσ′ ∩Dρ
µ ② 0 ≤ β < 1✳ ❊♥t♦♥❝❡s ❡①✐st❡♥ ❝♦♥st❛♥t❡s θ ≥ 0 ② C > 0

t❛❧❡s q✉❡ ♣❛r❛ t♦❞❛ ❢✉♥❝✐ó♥ f ∈ BMOβ
ρ (w) ② ❝✉❛❧q✉✐❡r❛ s❡❛ ❧❛ ❜♦❧❛ B = B(x0, r) ② k ∈ N

s❡ ✈❡r✐✜❝❛

w(2kB)1/σ
′

(
ˆ

2kB

|f − fB|σw1−σ
)1/σ

≤ C‖f‖BMOβ
ρ (w)

rβw(B)2k(dµ+β)
(

1 +
2kr

ρ(x0)

)θ

,

s✐ µ > 1 ♦ β > 0✱ ②

w(2kB)1/σ
′

(
ˆ

2kB

|f − fB|σw1−σ
)1/σ

≤ c‖f‖BMOβ
ρ (w)

w(B)k2kd
(

1 +
2kr

ρ(x0)

)θ

,

s✐ µ = 1 ② β = 0✳

❉❡♠♦str❛❝✐ó♥✳ ❈♦♠♦ w ∈ Aρσ′ ∩ Dρ
µ✱ ❡①✐st❡ θ

′ ≥ 0 t❛❧ q✉❡ w ∈ Aρ,θ
′

σ′ ∩ Dρ,θ′

µ ✳ P♦❞❡♠♦s
❡s❝r✐❜✐r

w(2kB)1/σ
′

(
ˆ

2kB

|f − fB|σw1−σ
)1/σ

≤ w(2kB)1/σ
′

(
ˆ

2kB

|f − f2kB + f2kB − f2k−1B + . . .+ f2B − fB|σw1−σ
)1/σ

≤ w(2kB)1/σ
′

[

(
ˆ

2kB

|f − f2kB|σw1−σ
)1/σ

+
(

w1−σ(2kB)
)1/σ

k
∑

i=1

|f2iB − f2i−1B|
]

= A1 + A2



✸✳✸ Pr✉❡❜❛ ❞❡❧ ❚❡♦r❡♠❛ ✺✼

P❛r❛ A1 ✉s❛♠♦s ❡❧ ▲❡♠❛ ✸✳✶✳✸ ② ❧❛ ❞✉♣❧✐❝❛❝✐ó♥ ❞❡ w ♣❛r❛ ♦❜t❡♥❡r

A1 ≤ C‖f‖BMOβ
ρ (w)

(2kr)βw(2kB)1/σw(2kB)1/σ
′

≤ C‖f‖BMOβ
ρ (w)

(2kr)βw(2kB)

≤ C‖f‖BMOρ(w)r
βw(B)2k(dµ+β)

(

1 +
2kr

ρ(x0)

)θ′

.

P❛r❛ A2 ✉s❛♠♦s ❧❛ ❝♦♥❞✐❝✐ó♥ Aρ,θσ′ ❥✉♥t♦ ❝♦♥ ❧❛ ❞✉♣❧✐❝❛❝✐ó♥✳ ❙✉♣♦♥✐❡♥❞♦ q✉❡ dµ−d+β > 0
♦❜t❡♥❡♠♦s

A2 ≤ w(2kB)1/σ
′
(

w1−σ(2kB)
)1/σ

k
∑

i=1

1

|2iB|

ˆ

2iB

|f − f2iB|

≤ C‖f‖BMOβ
ρ (w)

|2kB|
(

1 +
2kr

ρ(x0)

)θ′ k
∑

i=1

(2ir)β
w(2iB)

|2iB|

≤ C‖f‖BMOβ
ρ (w)

rβ|2kB|w(B)

|B|

(

1 +
2kr

ρ(x0)

)2θ′ k
∑

i=1

2i(dµ−d+β)

≤ C‖f‖BMOβ
ρ (w)

rβw(B)2k(dµ+β)
(

1 +
2kr

ρ(x0)

)2θ′

.

❈♦♠♦ µ ≥ 1 ② β ≥ 0✱ dµ − d + β ≥ 0 ② ❡s ♥✉❧♦ s✐ ② só❧♦ s✐ µ = 1 ② β = 0✳ ❊♥t♦♥❝❡s✱ ❡♥
❡s❡ ❝❛s♦ t❡♥❡♠♦s q✉❡

A2 ≤ ‖f‖BMOρ(w)w(B)k2kd
(

1 +
2kr

ρ(x0)

)2θ′

.

❊♥t♦♥❝❡s✱ ♣❛r❛ θ = 2θ′ s❡ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ q✉❡ q✉❡rí❛♠♦s ♣r♦❜❛r✳

❆❤♦r❛✱ ❡st❛♠♦s ❡♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❞❛r ✉♥❛ ♣r✉❡❜❛ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✷✳✷

❉❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✷✳✷✳ P❛r❛ ✈❡r q✉❡ ✭❛✮ =⇒ ✭❜✮✱ t♦♠❡♠♦s ✉♥❛ ❢✉♥❝✐ó♥ f ∈
BMOβ

ρ (w) ② ✉♥ ♣❡s♦ w ∈ F ρ
s ∩ Dρ

µ✳ ❆♥t❡s ❞❡ ✈❡r✐✜❝❛r ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✸✳✶✳✷✮ ❤❛❝❡♠♦s ❧❛
s✐❣✉✐❡♥t❡ ♦❜s❡r✈❛❝✐ó♥✳ ❙❡❛♥ x0 ∈ Rd✱ R > 0 ② BR = B(x0, R)✳ ❙❡❛ g ✉♥❛ ❢✉♥❝✐ó♥ t❛❧ q✉❡
g = fχ2BR

s✐ R ≥ ρ(x0) ② g = (f − fBR
)χ2BR

s✐ R < ρ(x0)✳ ❊♥ ❝✉❛❧q✉✐❡r❛ ❞❡ ❡st♦s ❝❛s♦s✱
❛✜r♠❛♠♦s q✉❡ ❡①✐st❡♥ σ > s′ ② θ̃ ≥ 0 t❛❧ q✉❡

(
ˆ

2BR

|g|σ
)1/σ

≤ C‖f‖BMOβ
ρ (x)

Rβw(2BR)|BR|−1/σ′

(

1 +
R

ρ(x0)

)θ̃

. ✭✸✳✸✳✸✮

P❛r❛ ✈❡r ❡st♦✱ s❡❛♥ η > s′ ② θ ≥ 0 t❛❧❡s q✉❡ w ∈ Aρ,θs/η′ ∩ RHρ,θ
η ∩Dρ,θ

µ ② σ ∈
(

s′, s
s−η′

)

❛



✺✽ ❈♦♥t✐♥✉✐❞❛❞ ❡♥ ❡s♣❛❝✐♦s ❞❡ s✉❛✈✐❞❛❞ ② ❇▼❖

❡❧❡❣✐r✳ ❉❡✜♥✐♠♦s ζ = s
s−η′

1
σ
② ❛♣❧✐❝❛♠♦s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r ❝♦♥ ζ ② ζ ′ ♣❛r❛ ♦❜t❡♥❡r

(
ˆ

2BR

|g|σ
)1/σ

≤ C

(
ˆ

2BR

|g|σw1/ζ−σwσ−1/ζ

)1/σ

≤ C

(
ˆ

2BR

|g|σζw1−σζ
)

1
σζ
(
ˆ

2BR

w
σζ−1
ζ−1

)

1
σζ′

.

❈♦♠♦ σζ =
(

s
η′

)′
② w ∈ Aρs/η′ ♣♦❞❡♠♦s ✉s❛r ❡❧ ▲❡♠❛ ✸✳✶✳✸ ❡♥ ❡❧ ♣r✐♠❡r ❢❛❝t♦r ♣❛r❛

❛❝♦t❛r❧♦ ❡♥ tér♠✐♥♦s ❞❡ ❧❛ ♥♦r♠❛ BMOβ
ρ (w)✳ P❛r❛ ❡❧ s❡❣✉♥❞♦ ❢❛❝t♦r ❤❛❝❡♠♦s ❧❛ s✐❣✉✐❡♥t❡

♦❜s❡r✈❛❝✐ó♥✿ ❝♦♠♦ w ∈ RHρ
η ∩ Aρ∞✱ ♣♦r ❡❧ ▲❡♠❛ ✶✳✷✳✶✼✱ ❡①✐st❡ ε > 0 t❛❧ q✉❡ w ∈ RHρ

η+ε✳
❖❜s❡r✈❡♠♦s q✉❡ σ > s′ ✐♠♣❧✐❝❛ σζ−1

ζ−1
> η ② ❛❞❡♠ás σζ−1

ζ−1
→ η ❝✉❛♥❞♦ σ → s′✳ ❊♥t♦♥❝❡s✱

♣♦❞❡♠♦s ❡s❝♦❣❡r σ > s′ ♣❡r♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ❝❡r❝❛ ❛ s′ t❛❧ q✉❡ η̃ = σζ−1
ζ−1

≤ η + ε✳ ❊♥
❝♦♥❥✉♥t♦✱ ♦❜t❡♥❡♠♦s q✉❡

(
ˆ

2BR

|g|σ
)1/σ

≤ C‖f‖BMOβ
ρ (w)

Rβw(2BR)
1
σ
+

η̃
σζ′ |BR|

1−η̃
σζ′

(

1 +
R

ρ(x0)

)θ̃

≤ C‖f‖BMOβ
ρ (w)

Rβ(x0)w(BR)|BR|−1/σ′

(

1 +
R

ρ(x0)

)θ̃

,

♣❛r❛ ❛❧❣✉♥❛ ❝♦♥st❛♥t❡ C q✉❡ ❞❡♣❡♥❞❡ ❞❡ w só❧♦ ❛ tr❛✈és ❞❡ ❧❛s ❝♦♥st❛♥t❡s ❞❡ ❧❛s ❝❧❛s❡s
F ρ
s ② Dρ

µ ② θ̃ = θη̃
σζ′

✳

P❛r❛ ✈❡r✐✜❝❛r ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✸✳✶✳✷✮✱ ♣♦r ❡❧ ▲❡♠❛ ✸✳✶✳✷✱ ❡s s✉✜❝✐❡♥t❡ ❝♦♥s✐❞❡r❛r ❜♦❧❛s
❝rít✐❝❛s✳ ❙❡❛ Bρ ❧❛ ❜♦❧❛ Bρ = B(x0, ρ(x0))✳ ❉❡ ❛❝✉❡r❞♦ ❛❧ s✐❣♥✐✜❝❛❞♦ q✉❡ ❞✐♠♦s ❛ Tf ✱
❞✐✈✐❞✐♠♦s ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

f = fχ2Bρ + fχ(2Bρ)c = f1 + f2.

❆♣❧✐❝❛♥❞♦ ❡❧ ❚❡♦r❡♠❛ ✷✳✶✳✺✱ s❛❜❡♠♦s q✉❡ T ❡stá ❛❝♦t❛❞♦ ❡♥ Lp ♣❛r❛ p > s′ ❝♦♥ w = 1✳
❊st♦✱ ❥✉♥t♦ ❝♦♥ ❧❛ ❡st✐♠❛❝✐ó♥ ✭✸✳✸✳✸✮✱ ♥♦s ❞❛

ˆ

Bρ

|Tf1| ≤
(

ˆ

Bρ

|Tf1|σ
)1/σ

|Bρ|1/σ
′

≤
(

ˆ

2Bρ

|f |σ
)1/σ

|Bρ|1/σ
′

≤ C‖f‖BMOβ
ρ (w)

ρβ(x0)w(Bρ).

P❛r❛ f2✱ s✐ x ∈ Bρ✱

|Tf2(x)| ≤
ˆ

(2Bρ)c
|K(x, y)| |f(y)| dy

≤ C
∞
∑

k=1

(

ˆ

2k+1Bρ\2kBρ

|K(x, y)|sdy
)1/s(

ˆ

2k+1Bρ

|f(y)|s′dy
)1/s′

.



✸✳✸ Pr✉❡❜❛ ❞❡❧ ❚❡♦r❡♠❛ ✺✾

P❛r❛ ❡st✐♠❛r ❡❧ s❡❣✉♥❞♦ ❢❛❝t♦r ❡♥ ❧❛ s✉♠❛ ♣♦❞❡♠♦s ✉s❛r ♥✉❡✈❛♠❡♥t❡ ❧❛ ❞❡s✐❣✉❛❧✲
❞❛❞ ✭✸✳✸✳✸✮✳ ❆sí✱ ♣❛r❛ k ∈ N

(

ˆ

2k+1Bρ

|f(y)|s′dy
)1/s′

≤
(

ˆ

2k+1Bρ

|f(y)|σdy
)1/σ

|2kBρ|1/s
′−1/σ

≤ C‖f‖BMOβ
ρ (x)

(2kρ(x0))
βw(2kBρ)|2kBρ|−1+1/s′2kθ

≤ C‖f‖BMOβ
ρ (w)

ρ(x0)
βw(Bρ)

|Bρ|
2k(dµ−d+2θ+β)|2kBρ|1/s

′

,

❞♦♥❞❡✱ ❡♥ ❧❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞✱ ✉s❛♠♦s q✉❡ w ∈ Dρ,θ
µ ✳

▲✉❡❣♦✱ ❝♦♠♦ ❡❧ ♥ú❝❧❡♦ ❞❡ T ❝✉♠♣❧❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ t❛♠❛ñ♦ ✭✷✳✶✳✷✮✱ s✉♠❛♥❞♦ s♦❜r❡ k
r❡s✉❧t❛ q✉❡

|Tf2(x)| ≤ CN‖f‖BMOβ
ρ (w)

ρ(x0)
βw(Bρ)

|Bρ|

∞
∑

k=1

2−k(N−dµ+d−2θ+β)

≤ CN‖f‖BMOβ
ρ (w)

ρ(x0)
βw(Bρ)

|Bρ|
,

✭✸✳✸✳✹✮

❡s❝♦❣✐❡♥❞♦ N s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❈♦♥ ❡st❛s ❡st✐♠❛❝✐♦♥❡s q✉❡❞❛ ♣r♦❜❛❞♦ q✉❡ Tf
❝✉♠♣❧❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ♣r♦♠❡❞✐♦s s♦❜r❡ ❜♦❧❛s ❝rít✐❝❛s ✭✸✳✶✳✷✮✳

❆❤♦r❛✱ ✈❡r❡♠♦s q✉❡ ❧❛ ❝♦♥❞✐❝✐ó♥ s♦❜r❡ ❧❛s ♦s❝✐❧❛❝✐♦♥❡s ✭✸✳✶✳✶✮ s❡ s❛t✐s❢❛❝❡ ♣❛r❛ Tf ✳
❙❡❛♥ x0 ∈ Rd✱ r < ρ(x0) ② s❡❛ B ❧❛ ❜♦❧❛ B = B(x0, r)✳ ❉✐✈✐❞✐♠♦s ❧❛ ❢✉♥❝✐ó♥ f ❞❡ ❧❛
s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

f = (f − fB)χ2B + (f − fB)χ(2B)c + fB = f1 + f2 + f3. ✭✸✳✸✳✺✮

❊❧❡❣✐♠♦s R ≥ ρ(x0) t❛❧ q✉❡ 2B ⊂ B(x0, R) = B̃✳ ❆♣❧✐❝❛♥❞♦ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❛❞❛
❡♥ ✭✸✳✷✳✶✮ ❛ ❡st❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥✱ s✉♠❛♥❞♦ ② r❡st❛♥❞♦ fB ❡♥ ❧❛ ✐♥t❡❣r❛❧ s♦❜r❡ B̃c✱ t❡♥❡♠♦s
q✉❡ ♣❛r❛ x ∈ 2B

Tf(x) = T (fχB̃)(x) +

ˆ

B̃c

K(x, y)f(y)dy

= T (f1)(x) + T ((f − fB)χB̃\2B)(x) + fBT (χB̃)(x)

+

ˆ

B̃c

K(x, y)(f − fB) + fB

ˆ

B̃c

K(x, y)dy

= T (f1)(x) +

ˆ

(2B)c
K(x, y)(f(y)− fB)dy + fBT1(x).



✻✵ ❈♦♥t✐♥✉✐❞❛❞ ❡♥ ❡s♣❛❝✐♦s ❞❡ s✉❛✈✐❞❛❞ ② ❇▼❖

▲✉❡❣♦✱

ˆ

B

|Tf(x)− (Tf)B|dx ≤ 1

|B|

ˆ

B

ˆ

B

|Tf1(x)− Tf1(z)|dzdx

+
1

|B|

ˆ

B

ˆ

B

ˆ

(2B)c
|K(x, y)−K(z, y)||f(y)− fB|dydzdx

+

ˆ

B

|Tf3(x)− (Tf3)B|dx.

P❛r❛ ❡❧ tér♠✐♥♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ f1 ♣r♦❝❡❞❡♠♦s ✐❣✉❛❧ q✉❡ ❛♥t❡s✱ ✉s❛♥❞♦ ♥✉❡✈❛♠❡♥t❡
❧❛ ❛❝♦t❛❝✐ó♥ ❡♥ Lp ♣❛r❛ p > s′ ❞❡ T ② ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✸✳✸✮✳ P❛r❛ ❡❧ s❡❣✉♥❞♦ tér♠✐♥♦✱ s✐
x✱ z ∈ B✱

ˆ

(2Br)c
|K(x, y)−K(z, y)||f(y)− fB|dy

≤
∑

k∈N

(
ˆ

2k+1B\2kB
|K(x, y)−K(z, y)|s

)1/s(ˆ

2k+1B

|f − fB|s
′

)1/s′

.

✭✸✳✸✳✻✮

❆❝♦t❡♠♦s ♣r✐♠❡r♦ ❡❧ s❡❣✉♥❞♦ ❢❛❝t♦r ❞❡ ❧❛ s✉♠❛✳ P❛r❛ γ t❛❧ q✉❡ γs′ = (s/η′)′✱ ✉s❛♥❞♦
♥✉❡✈❛♠❡♥t❡ ❡❧ ▲❡♠❛ ✸✳✶✳✸ ② ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❘❡✈❡rs❡✲❍ö❧❞❡r✲η ❞❡❧ ♣❡s♦ w ❥✉♥t♦ ❝♦♥ ❡❧
▲❡♠❛ ✸✳✸✳✷ ② ❧❛ ❞✉♣❧✐❝❛❝✐ó♥ Dρ

µ ♦❜t❡♥❡♠♦s✱ s✉♣♦♥✐❡♥❞♦ µ > 1 ♦ β > 0✱

(
ˆ

2k+1B

|f − fB|s
′

)1/s′

≤
(
ˆ

2k+1B

|f − fB|γs
′

w1−γs′
)

1
γs′
(
ˆ

2kB

wη
)

1
γ′s′

≤
(
ˆ

2k+1B

|f − fB|γs
′

w1−γs′
)

1
γs′

w(2kB)
η
γ′s′ |2kB|

1−η
γ′s′

(

1 +
2kr

ρ(x0)

)θ

≤ C‖f‖BMOβ
ρ (w)

rβw(B)2k(dµ+β)
(

1 +
2kr

ρ(x0)

)3θ

|2kB|
1
s′
−1

≤ C‖f‖BMOβ
ρ (w)

rβ
w(B)

|B| 2k(dµ−d+β)
(

1 +
2kr

ρ(x0)

)3θ

|2kB|
1
s′ .

✭✸✳✸✳✼✮

P♦r ♦tr❛ ♣❛rt❡✱ ♣❛r❛ ❡❧ ♣r✐♠❡r ❢❛❝t♦r ♣♦❞❡♠♦s ✉s❛r ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ s✉❛✈✐❞❛❞ ❝♦♥
❞❡❝❛✐♠✐❡♥t♦ ❞❛❞❛ ❡♥ ❡❧ ▲❡♠❛ ✷✳✶✳✹✱ ❝♦♥ δ′ t❛❧ q✉❡ dµ− d + β < δ′ < δ✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱
✈♦❧✈✐❡♥❞♦ ❛ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✸✳✻✮✱



✸✳✸ Pr✉❡❜❛ ❞❡❧ ❚❡♦r❡♠❛ ✻✶

ˆ

(2Br)c
|K(x, y)−K(z, y)||f(y)− fB|dy

≤ C‖f‖BMOβ
ρ (w)

rβ
w(B)

|B|
∑

k∈N
|2kB|−

1
s′ 2−kδ

′

2k(dµ−d+β)
(

1 +
2kr

ρ(x0)

)3θ−N
|2kB|

1
s′

≤ C‖f‖BMOβ
ρ (w)

rβ
w(B)

|B|
∑

k∈N
2k(dµ−d+β−δ

′)

(

1 +
2kr

ρ(x0)

)3θ−N

≤ C‖f‖BMOβ
ρ (w)

rβ
w(B)

|B| ,

❝♦♥ t❛❧ ❞❡ ❡❧❡❣✐r N s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ② ✉s❛♥❞♦ q✉❡ dµ − d + β < δ′✳ ❉❡ ❧❛ ♠✐s♠❛
❢♦r♠❛✱ ♣♦❞❡♠♦s ❛rr✐❜❛r ❛❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡ r❡s✉❧t❛❞♦ s✐ µ = 1 ② β = 0✳

❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ ❡st✐♠❛r ❡❧ tér♠✐♥♦ ❝♦rrs♣♦♥❞✐❡♥t❡ ❛ f3✱ ✉s❛♠♦s ❡❧ ▲❡♠❛ ✸✳✸✳✶ ② ❧❛
❝♦♥❞✐❝✐ó♥ T1✳ ❙✐ µ > 1 ♦ β > 0✱

ˆ

B

|Tf3(x)− (Tf3)B|dx ≤ |fB|
ˆ

B

|T1(x)− (T1)B|

≤ ‖f‖w(B)

|B| r
β

(

ρ(x0)

r

)d(µ−1)+β ˆ

B

|T1(x)− (T1)B|

≤ ‖f‖w(B)rβ.

❉❡ ❧❛ ♠✐s♠❛ ❢♦r♠❛ ♣♦❞❡♠♦s ♦❜t❡♥❡r ❡❧ r❡s✉❧t❛❞♦ ❡♥ ❡❧ ❝❛s♦ r❡st❛♥t❡✱ ❡♥ ❡❧ q✉❡ µ = 1 ②
β = 0✳

P❛r❛ ♠♦str❛r q✉❡ ✭❜✮ =⇒ ✭❝✮✱ ✈❛♠♦s ❛ ♣r♦❜❛r q✉❡ ❧♦s ♣❡s♦s wx0 = |x − x0|d(µ−1) ∈
F ρ
s ∩ Dρ

µ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♥ x0✳ ❉❡ ❤❡❝❤♦✱ ✈❛♠♦s ❛ ♠♦str❛r q✉❡ ❡st♦s ♣❡s♦s ♣❡rt❡♥❡❝❡♥
❛ ❧❛ ❝❧❛s❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ θ = 0✱ ❡s ❞❡❝✐r✱ ❧❛s ❝❧❛s❡s ❞❡ ♣❡s♦s ❝❧ás✐❝❛s✱ ❧❛s ❝✉❛❧❡s s♦♥
✐♥✈❛r✐❛♥t❡s ♣♦r tr❛s❧❛❝✐♦♥❡s✳ ❈♦♥s✐❞❡r❛r❡♠♦s s♦❧❛♠❡♥t❡ ❡❧ ❝❛s♦ µ > 1✱ ②❛ q✉❡ s✐ µ = 1
t❡♥❡♠♦s q✉❡ wx0 ≡ 1✳

❙❡❛♥ x0 ∈ Rd ② µ > 1✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r✱ ✈❛♠♦s ❛ ♣r♦❜❛r q✉❡ wx0 = |x−x0|d(µ−1) ∈ Dµ✳
❙❡❛♥ r > 0✱ σ > 1✱ B = B(y, r) ② σB = B(y, σr)✳

❙✉♣♦♥❣❛♠♦s ♣r✐♠❡r♦ q✉❡ |y−x0| ≥ 2σr✳ ❙✐ x ∈ σB t❡♥❡♠♦s q✉❡ |x−x0| ≤ |x−y|+|x0−
y| ≤ σr+|x0−y| ≤ 3|x0−y| ② s✐ x ∈ B✱ |x−x0| ≥ |y−x0|−|y−x| ≥ |y−x0|−r ≥ |y−x0|/2✳
▲✉❡❣♦✱ ♦❜t❡♥❡♠♦s

wx0(σB) =

ˆ

B(y,σr)

|x− x0|d(µ−1)dx ≤ C|y − x0|d(µ−1)(σr)d

≤ Cσd
ˆ

B(y,r)

|x− x0|d(µ−1)dx ≤ Cσdwx0(B) ≤ Cσdµwx0(B)

✭✸✳✸✳✽✮

❝♦♥ C ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ x0✳



✻✷ ❈♦♥t✐♥✉✐❞❛❞ ❡♥ ❡s♣❛❝✐♦s ❞❡ s✉❛✈✐❞❛❞ ② ❇▼❖

❱❡❛♠♦s ❛❤♦r❛ ❡❧ ❝❛s♦ |y − x0| < 2σr✳ ❙✐ x ∈ σB✱ |x− x0| ≤ |x− y|+ |x0 − y| ≤ 2σr✳
❊♥t♦♥❝❡s✱ ❝♦♠♦ d(µ− 1) > 0

wx0(σB) =

ˆ

B(y,σr)

|x− x0|d(µ−1)dx

≤ C(σr)dµ

≤ Cσdµ
ˆ

B(x0,r)

|x− x0|d(µ−1)dx

≤ Cσdµ
ˆ

B(y,r)

|x− x0|d(µ−1)dx

≤ Cσdµwx0(B).

✭✸✳✸✳✾✮

P♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ wx0 = |x− x0|d(µ−1) ∈ Dµ✳

❋✐♥❛❧♠❡♥t❡✱ s✐❡♥❞♦ wx0 ✉♥ ♣❡s♦ ♣♦t❡♥❝✐❛✱ s❡ s❛❜❡ q✉❡ wx0 ∈ A∞ ② q✉❡ wx0 ∈ ∩η≥1RHη✱
❝♦♥ ❝♦♥st❛♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ x0✳

P❛r❛ ✈❡r q✉❡ ✭❝✮ =⇒ ✭❛✮ ✈❛♠♦s ❛ ❝♦♥s✐❞❡r❛r s♦❧❛♠❡♥t❡ ❡❧ ❝❛s♦ µ > 1✱ ♣✉❡st♦ q✉❡✱ s✐
µ = 1✱ wx0 ≡ 1 ② ❧❛ ♣r✉❡❜❛ ❡s ❧❛ ♠✐s♠❛ q✉❡ ❧❛ ❞❡❧ ❚❡♦r❡♠❛ ✶✳✶ ❡♥ ❬✷✸❪✳ ❈♦♥s✐❞❡r❛♠♦s ❧❛
❢❛♠✐❧✐❛ ❞❡ ❢✉♥❝✐♦♥❡s

hx0(x) = máx{ρ(x0)d(µ−1)+β − |x− x0|d(µ−1)+β, 0},

♣❛r❛ x0 ∈ Rd✳ ❆♣❧✐❝❛♥❞♦ ❡❧ ▲❡♠❛ ✸✳✶✳✺✱ q✉❡ ♥♦s ♣r♦✈❡❡ ❞❡ ✉♥❛ ❝♦♥❞✐❝✐ó♥ s✉✜❝✐❡♥t❡✱
✈❡r❡♠♦s q✉❡ ❡st❛s ❢✉♥❝✐♦♥❡s ❡stá♥ ❡♥ BMOβ

ρ (wx0) ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♥ x0✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r
✈❛♠♦s ❛ ✈❡r✐✜❝❛r ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ s✉❛✈✐❞❛❞✳ ❈♦♠♦ máx{0, t} ❡s ✉♥❛ ❢✉♥❝✐ó♥ ▲✐♣s❝❤✐t③✲1 ②
tγ ❡s ▲✐♣s❝❤✐t③✲γ ♣❛r❛ 0 ≤ γ ≤ 1✱ t❡♥❡♠♦s q✉❡

|hx0(x)− hx0(y)| ≤
∣

∣|x0 − x|d(µ−1)+β − |x0 − y|d(µ−1)+β
∣

∣

≤ C ||x0 − x| − |x0 − y||d(µ−1)+β

≤ C|x− y|d(µ−1)+β.

✭✸✳✸✳✶✵✮

P♦r ♦tr♦ ❧❛❞♦✱ s✐ |x− x0| ≥ 2|x− y| r❡s✉❧t❛

wx0(B(x, |x− y|))
|x− y|d−β ≥ C|x− x0|d(µ−1)|x− y|β

≥ C|x− y|d(µ−1)+β,

② s✐ |x− x0| ≤ 2|x− y|

wx0(B(x, |x− y|))
|x− y|d−β ≥ C|x− y|d(µ−1)+β.

▲✉❡❣♦✱ ❡st❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❥✉♥t♦ ❝♦♥ ✭✸✳✸✳✶✵✮ ♣r✉❡❜❛♥ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ s✉❛✈✐❞❛❞✳



✸✳✹ ❆♣❧✐❝❛❝✐♦♥❡s ✻✸

P❛r❛ ✈❡r ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ t❛♠❛ñ♦ q✉❡ ❡①✐❣❡ ❡❧ ▲❡♠❛ ✸✳✶✳✺ ♣♦❞❡♠♦s s✉♣♦♥❡r q✉❡ x ∈
B(x0, ρ(x0))✱ ❞❡ ❧♦ ❝♦♥tr❛r✐♦ hx0(x) = 0✳ ❊♥t♦♥❝❡s✱ ρ(x) ≃ ρ(x0)✳❚♦♠❛♥❞♦ y0 t❛❧ q✉❡
2ρ(x0) < |y0 − x0| < 3ρ(x0) t❡♥❡♠♦s q✉❡ hx0 = 0 ② ❧❛ ❡st✐♠❛❝✐ó♥ ❞❡ ❛rr✐❜❛ ♥♦s ❞❛

|hx0(x)| ≤ C
wx0(B(x, ρ(x)))

ρ(x)d−β
.

◆♦t❛r q✉❡ ❡♥ ❛♠❜♦s ❝❛s♦s ❧❛s ❝♦♥st❛♥t❡s s♦♥ ✐♥❞❡♣❡♥❞✐❡♥t❡s ❞❡ x0✳

❆❤♦r❛✱ s✉♣♦♥❣❛♠♦s q✉❡ T ❡stá ❛❝♦t❛❞♦ ❡♥ BMOβ
ρ (w) ♣❛r❛ ♣❡s♦s ❞❡ ❧❛ ❢♦r♠❛ w(x) =

|x − x0|d(µ−1)✳ ❙❡❛♥ x0 ∈ Rd ② 0 < r < ρ(x0)/2✱ ❝♦♥s✐❞❡r❛♠♦s B = B(x0, r)✳ P❛r❛ ❡st❡
x0✱ ❝♦♥s✐❞❡r❛♠♦s ❧❛ ❢✉♥❝✐ó♥ hx0 ❞❡✜♥✐❞❛ ❛♥t❡r✐♦r♠❡♥t❡ q✉❡✱ ❝♦♠♦ ✈✐♠♦s✱ ♣❡rt❡♥❡❝❡ ❛
BMOβ

ρ (wx0) ❝♦♥ ♥♦r♠❛ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ x0✳ P♦❞❡♠♦s ❡s❝r✐❜✐r Thx0 = Th1+Th2+Th3✱
❞♦♥❞❡ h1 = (hx0−(hx0)B)χ2B

✱ h2 = (hx0−(hx0)B)χ2Bc ② h3 = (hx0)B✳ ❈♦♠♦ wx0 ∈ F ρ
s ∩Dρ

µ✱
♣♦❞❡♠♦s ✈❡r✐✜❝❛r q✉❡ Th1 ② Th2 ❡stá♥ ❡♥ BMOβ

ρ (wx0) ❞❡ ❧❛ ♠✐s♠❛ ♠❛♥❡r❛ q✉❡ ❢✉❡ ❤❡❝❤♦
❛❧ ♣r♦❜❛r ✭❛✮ =⇒ ✭❜✮✱ ②❛ q✉❡ ♥♦ ✉s❛♠♦s ❧❛ ❝♦♥❞✐❝✐ó♥ T1 s✐♥♦ só❧♦ ❧❛s ❤✐♣ót❡s✐s ❣❡♥❡r❛❧❡s
s♦❜r❡ ❡❧ ♦♣❡r❛❞♦r✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ ❧❛ ♦s❝✐❧❛❝✐ó♥ s♦❜r❡ B ❞❡ Th3 ♦❜t❡♥❡♠♦s

(hx0)B

ˆ

B

|T1− (T1)B| ≤
ˆ

B

|Thx0 − (Thx0)B|+
2
∑

i=1

ˆ

B

|Thi − (Thi)B|

≤ Cwx0(B)rβ ≤ Crdµ+β,

P❛r❛ ✉♥❛ ❝♦♥st❛♥t❡ C ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ x0✳ ❋✐♥❛❧♠❡♥t❡✱ ✉s❛♥❞♦ q✉❡ (hx0)B ≥ Cρ(x0)
d(µ−1)+β✱

1

|B|

ˆ

B

|T1− (T1)B| ≤ C

(

r

ρ(x0)

)d(µ−1)+β

✸✳✹✳ ❆♣❧✐❝❛❝✐♦♥❡s

❊♥ ❡stá s❡❝❝✐ó♥ ❛♣❧✐❝❛r❡♠♦s ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧❛ ❙❡❝❝✐ó♥ ✸✳✷ ♣❛r❛ ♦❜t❡♥❡r ❝♦♥t✐♥✉✐❞❛❞
❡♥ ❡s♣❛❝✐♦s BMOβ

ρ (w) ❞❡ ❛❧❣✉♥♦s ♦♣❡r❛❞♦r❡s s✐♥❣✉❧❛r❡s ❛s♦❝✐❛❞♦s ❛ L q✉❡ ❢✉❡r♦♥ ✐♥tr♦✲
❞✉❝✐❞♦s ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✷✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ♣r♦❜❛r❡♠♦s ❧❛ ❛❝♦t❛❝✐ó♥ ❡♥ BMOρ

β(w) ♣❛r❛ ❧❛s
tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r R1 s✐ q > d✱ R⋆

1 ② R⋆
2 s✐ q > d/2 ② ♣❛r❛ ❛❧❣✉♥❛s ❢❛♠✐✲

❧✐❛s ❞❡ ♦♣❡r❛❞♦r❡s q✉❡ ✐♥✈♦❧✉❝r❛♥ ❛ V ✱ ❛ s❛❜❡r✱ L−γV γ ♣❛r❛ 0 < γ < d/2 ② L−γ∇V γ−1/2

♣❛r❛ 0 < γ ≤ 1✳

❊♥ ❡❧ ❈❛♣ít✉❧♦ ✷ s❡ ♣r♦❜ó q✉❡ t♦❞♦s ❡st♦s ♦♣❡r❛❞♦r❡s r❡s✉❧t❛♥ s❡r ❞❡ ❙❝❤rö❞✐♥❣❡r✲
❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ) ♣❛r❛ ❝✐❡rt♦s ✈❛❧♦r❡s ❞❡ s ② δ ❡♥ ❝❛❞❛ ❝❛s♦✳ ❊♥t♦♥❝❡s✱
❞❡ ❛❝✉❡r❞♦ ❛ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❡♥ ❧❛ s❡❝❝✐ó♥ ✸✳✷✱ r❡st❛ ♣r♦❜❛r ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✸✳✷✳✼✮
s♦❜r❡ T1 ♣❛r❛ ♣♦❞❡r ❡st❛❜❧❡❝❡r ❧❛ ❝♦♥t✐♥✉✐❞❛❞ ❡♥ BMOρ

β(w) ♣❛r❛ ❡st♦s ♦♣❡r❛❞♦r❡s✳



✻✹ ❈♦♥t✐♥✉✐❞❛❞ ❡♥ ❡s♣❛❝✐♦s ❞❡ s✉❛✈✐❞❛❞ ② ❇▼❖

✸✳✹✳✶✳ ❚r❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r s✐♥❣✉❧❛r❡s

❙✉♣♦♥❣❛♠♦s q✉❡ ❡❧ ♣♦t❡♥❝✐❛❧ V ❡stá ❡♥ ❧❛ ❝❧❛s❡ RHq ♣❛r❛ q > d/2✱ s✐❡♥❞♦ d ❧❛
❞✐♠❡♥s✐ó♥ ❞❡❧ ❡s♣❛❝✐♦ ② s❡❛ p0 t❛❧ q✉❡ 1/p0 = 1/q − 1/d✳ P❛r❛ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡
❘✐❡s③✲❙❝❤rö❞✐♥❣❡r ❞❡ ♣r✐♠❡r ♦r❞❡♥ ❞❡❜❡♠♦s ❞✐st✐♥❣✉✐r ❞♦s ❝❛s♦s✿ d/2 < q < d ② q ≥ d✳

❊♥ ❡❧ ♣r✐♠❡r ❝❛s♦✱ ❝♦♠♦ ❤❡♠♦s ♠❡♥❝✐♦♥❛❞♦✱ R1 ❡stá ❛❝♦t❛❞♦ ❡♥ Lp ♣❛r❛ p ∈ (1, p0] ②
❡st❡ r❛♥❣♦ ❡s ó♣t✐♠♦✳ ❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ ♥♦ ♣♦❞❡♠♦s ♦❜t❡♥❡r ❞❡s✐❣✉❛❧❞❛❞❡s ❡♥ BMOβ

ρ (w)
♣❛r❛ ❡st❡ ♦♣❡r❛❞♦r✳ P♦r ♦tr♦ ❧❛❞♦✱ ❡s ✐♥♠❡❞✐❛t♦ q✉❡ s❡ ✈❡r✐✜❝❛♥ ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✸✳✷✳✼✮ ♣❛r❛
s✉ ♦♣❡r❛❞♦r ❛❞❥✉♥t♦ R⋆

1 = L−1/2∇✱ ♣✉❡st♦ q✉❡ R⋆
1(1) = 0✳ ❉❡ ❡st♦ ② ❧❛ Pr♦♣♦s✐❝✐ó♥ ✷✳✸✳✺

♦❜t❡♥❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✸✳✹✳✶✳ ❙❡❛ V ∈ RHq ❝♦♥ d/2 < q < d ② δ = 2−d/q✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ ❝✉❛❧q✉✐❡r
0 ≤ β < δ✱ R⋆

1 ❡stá ❛❝♦t❛❞♦ ❡♥ BMOβ
ρ (w) s✐❡♠♣r❡ q✉❡ w ∈ F ρ

p0
∩Dρ

µ✱ ❝♦♥ 1 ≤ µ < 1+ δ−β
d

② p0 t❛❧ q✉❡ 1/p0 = 1/q − 1/d✳

P❛r❛ ❡❧ ❝❛s♦ q > d✱ ✈✐♠♦s q✉❡ t❛♥t♦ R1 ❝♦♠♦ R⋆
1 r❡s✉❧t❛♥ ♦♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r✲

❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (∞, δ) ❝♦♥ δ = 1 − d/q ♣❛r❛ R1 ② δ = 1 ♣❛r❛ R⋆
1 ✭✈❡r

Pr♦♣♦s✐❝✐ó♥ ✷✳✸✳✶✮✳ ◆✉❡✈❛♠❡♥t❡✱ ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✸✳✷✳✼✮ s❡ ✈❡r✐✜❝❛ tr✐✈✐❛❧♠❡♥t❡ ♣❛r❛ R⋆
1

♠✐❡♥tr❛s q✉❡ ♣❛r❛ R1 t❡♥❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✹✳✷✳ ✭✈❡r Pr♦♣♦s✐❝✐ó♥ ✹✳✶✷ ❡♥ ❬✷✸❪✮ ❙❡❛ V ∈ RHq ❝♦♥ q > d ② B =
B(x0, r) ♣❛r❛ x0 ∈ Rd ② 0 < r ≤ ρ(x0)/2✳ ❊♥t♦♥❝❡s✱

✭✐✮ log

(

ρ(x0)

r

)

1

|B|

ˆ

B

|R1(y)− (R1)B|dy ≤ C✱

✭✐✐✮

(

ρ(x0)

r

)α
1

|B|

ˆ

B

|R1(y)− (R1)B|dy ≤ C✱ ♣❛r❛ α < 1− d/q✳

❆♣❧✐❝❛♥❞♦ ❡❧ ❈♦r♦❧❛r✐♦ ✸✳✷✳✺ t❡♥❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦ ♣❛r❛ R1 ② s✉ ❛❞❥✉♥t♦
❝✉❛♥❞♦ q > d✳

❚❡♦r❡♠❛ ✸✳✹✳✸✳ ❙❡❛ V ∈ RHq ♣❛r❛ q > d ② s❡❛ w ∈ Aρ∞ ∩Dρ
µ✳ ❊♥t♦♥❝❡s

✭❛✮ ❙✐ 0 ≤ β < 1−d/q ② 1 ≤ µ < 1+ 1−d/q−β
d

✱ ❡♥t♦♥❝❡s R1 ❡stá ❛❝♦t❛❞♦ ❡♥ BMOβ
ρ (w)✳

✭❜✮ ❙✐ 0 ≤ β < 1 ② 1 ≤ µ < 1 + 1−β
d

✱ ❡♥t♦♥❝❡s R⋆
1 ❡stá ❛❝♦t❛❞♦ ❡♥ BMOβ

ρ (w)✳

P❛r❛ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ R2 s❛❜❡♠♦s q✉❡ ❡s
❛❝♦t❛❞❛ ❡♥ Lp ♣❛r❛ p ∈ (1, q] s✐ V ∈ RHq ② q > d/2✳ ◆✉❡✈❛♠❡♥t❡✱ ❡st❡ r❛♥❣♦ r❡s✉❧t❛
ó♣t✐♠♦✱ ♣♦r ❧♦ q✉❡ ♥♦ ♣♦❞❡♠♦s ❡s♣❡r❛r ♦❜t❡♥❡r ❛❝♦t❛❝✐ó♥ ❡♥ ❡s♣❛❝✐♦sBMOβ

ρ (w) s✐ q <∞✳
P♦r ♦tr♦ ❧❛❞♦✱ ✈✐♠♦s ❡♥ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✷✳✸✳✾ q✉❡ ❡❧ ♦♣❡r❛❞♦r ❛❞❥✉♥t♦ R⋆

2 r❡s✉❧t❛ s❡r ✉♥
♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (q, δ) ❝♦♥ δ = mı́n{1, 2 − d/q}✳ ❉❡
❡st♦ ② ❞❡❧ ❈♦r♦❧❛r✐♦ ✸✳✷✳✺ ♦❜t❡♥❡♠♦s✳

❚❡♦r❡♠❛ ✸✳✹✳✹✳ ❙❡❛♥ V ∈ RHq ❝♦♥ q > d/2 ② δ = mı́n{1, 2 − d/q}✳ ❊♥t♦♥❝❡s✱ ♣❛r❛
0 ≤ β < δ✱ R⋆

2 ❡stá ❛❝♦t❛❞♦ ❡♥ BMOβ
ρ (w) s✐❡♠♣r❡ q✉❡ w ∈ F ρ

q ∩Dρ
µ✱ ❝♦♥ 1 ≤ µ < 1+ δ−β

d
✳



✸✳✹ ❆♣❧✐❝❛❝✐♦♥❡s ✻✺

✸✳✹✳✷✳ ❚r❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r q✉❡ ✐♥✈♦❧✉❝r❛♥ ❡❧ ♣♦✲

t❡♥❝✐❛❧

❊♥ ❡st❛ s❡❝❝✐ó♥ r❡t♦♠❛r❡♠♦s ❧♦s ♦♣❡r❛❞♦r❡s L−γV γ ♣❛r❛ 0 < γ < d/2✱ ② L−γ∇V γ−1/2

♣❛r❛ 1/2 < γ ≤ 1 q✉❡ ❢✉❡r♦♥ ✐♥tr♦❞✉❝✐❞♦s ❡♥ ❧❛ ❙❡❝❝✐ó♥ ✷✳✹✳ ❙❛❜❡♠♦s q✉❡ ❡st♦s ♦♣❡r❛✲
❞♦r❡s s♦♥ ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ) ♣❛r❛ ❝✐❡rt♦s ✈❛❧♦r❡s ❞❡ s ② δ
❡s♣❡❝✐✜❝♦s ❡♥ ❝❛❞❛ ❝❛s♦✳ P♦r ❧♦ t❛♥t♦✱ ♣❛r❛ ♦❜t❡♥❡r ❧❛ ❝♦♥t✐♥✉✐❞❛❞ ❞❡ ❡st♦s ♦♣❡r❛❞♦r❡s
❡♥ BMOβ

ρ (w)✱ r❡st❛ ✈❡r✐✜❝❛r q✉❡ ❝❛❞❛ ♦♣❡r❛❞♦r ❛♣❧✐❝❛❞♦ ❛ ❧❛ ❢✉♥❝✐ó♥ 1 s❛t✐s❢❛❝❡ ❧❛ ❝♦♥✲
❞✐❝✐ó♥ ✭✸✳✷✳✼✮✳ ❉❡ ❤❡❝❤♦✱ ♣r♦❜❛r❡♠♦s ❡st❛ ❝♦♥❞✐❝✐ó♥ ❡♥ ✉♥ ❝♦♥t❡①t♦ ♠ás ❣❡♥❡r❛❧ ❝♦♠♦ ❡❧
❞❡ ❧❛ ❙❡❝❝✐ó♥ ✷✳✹✳✶✳

❘❡❝♦r❞❡♠♦s q✉❡ ✉♥ ♥ú❝❧❡♦ K ❡s ✉♥ ♥ú❝❧❡♦ ρ✲❢r❛❝❝✐♦♥❛r✐♦ ❞❡ t✐♣♦ (ν, σ, δ) s✐ ♣❛r❛
❝❛❞❛ N > 0 ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ CN t❛❧ q✉❡

(

1

Rd

ˆ

R<|x0−y|<2R

|K(x, y)|σdy
)1/σ

≤ CNR
−d+ν

(

1 +
R

ρ(x)

)−N
, ✭✸✳✹✳✶✮

♣❛r❛ |x− x0| < R/2 ②
(

1

Rd

ˆ

R<|x0−y|<2R

|K(x, y)−K(x0, y)|σdy
)1/σ

≤ CNR
−d+ν

( r

R

)δ
(

1 +
R

ρ(x)

)−N
,

✭✸✳✹✳✷✮
♣❛r❛ |x − x0| < r < ρ(x0) ② r < R/2✳ ❊♥ ❡❧ ❝❛s♦ ❧í♠✐t❡✱ σ = ∞ ❞❡❝✐♠♦s q✉❡ K ❡s ✉♥
♥ú❝❧❡♦ ρ✲❢r❛❝❝✐♦♥❛r✐♦ ❞❡ t✐♣♦ (ν,∞, δ) s✐ s❛t✐s❢❛❝❡ ❧❛s ❡st✐♠❛❝✐♦♥❡s ♣✉♥t✉❛❧❡s ✭✷✳✹✳✹✮
② ✭✷✳✹✳✺✮✳

◆♦t❡♠♦s q✉❡ ❧❛ ♣r✐♠❡r❛ ❝♦♥❞✐❝✐ó♥ ✐♠♣♦♥❡ ✉♥ ❝✐❡rt♦ t❛♠❛ñ♦ ② ❞❡❝❛✐♠✐❡♥t♦ ♠✐❡♥tr❛s
q✉❡ ❧❛ s❡❣✉♥❞❛ s❡ r❡❧❛❝✐♦♥❛ ❝♦♥ ❧❛ s✉❛✈✐❞❛❞ ❧❡❥♦s ❞❡ ❧❛ ❞✐❛❣♦♥❛❧ ② r❡q✉✐❡r❡ t❛♠❜✐é♥ ❞❡✲
❝❛✐♠✐❡♥t♦ ❡♥ ❡❧ ✐♥✜♥✐t♦✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❡❧ ♣❛rá♠❡tr♦ ν ❡stá ❛s♦❝✐❛❞♦ ❛❧ t❛♠❛ñ♦✱ δ ❛ ❧❛
s✉❛✈✐❞❛❞ ② σ ✐♥❞✐❝❛ ❧❛ ♥♦r♠❛ ❡♥ ❧❛ ❝✉❛❧ s❡ ♠✐❞❡♥ ❛♠❜❛s ♣r♦♣✐❡❞❛❞❡s✳

❊♥ ❧❛ s✐❣✉✐❡♥t❡ ♣r♦♣♦s✐❝✐ó♥ ❡st❛❜❧❡❝❡♠♦s ✉♥ r❡s✉❧t❛❞♦ ❞❡ ❝♦♥t✐♥✉✐❞❛❞ ❡♥tr❡ ❡s♣❛❝✐♦s
Lp ② BMOρ ♣❛r❛ ✉♥ ♦♣❡r❛❞♦r ✐♥t❡❣r❛❧ ❝♦♥ ♥ú❝❧❡♦ ρ✲❢r❛❝❝✐♦♥❛r✐♦ q✉❡ ♥♦s ❛②✉❞❛rá ❛ ♣r♦❜❛r
❧❛ ❝♦♥❞✐❝✐ó♥ T1 ②❛ q✉❡✱ ❝♦♠♦ ✈✐♠♦s ❡♥ ❧❛ ❙❡❝❝✐ó♥ ✷✳✹✱ ❧♦s ♦♣❡r❛❞♦r❡s q✉❡ ✐♥✈♦❧✉❝r❛♥ V
♣✉❡❞❡♥ ♠✐r❛rs❡ ❝♦♠♦ ✉♥ ♦♣❡r❛❞♦r ❢r❛❝❝✐♦♥❛r✐♦ ♠✉❧t✐♣❧✐❝❛❞♦ ♣♦r ✉♥❛ ♣♦t❡♥❝✐❛ ❞❡ V ✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✹✳✺✳ ❙❡❛ K ✉♥ ♥ú❝❧❡♦ ρ✲❢r❛❝❝✐♦♥❛r✐♦ ❞❡ t✐♣♦ (ν, σ, δ) ② T ❡❧ ♦♣❡r❛❞♦r

✐♥t❡❣r❛❧ ❛s♦❝✐❛❞♦✳ ❊♥t♦♥❝❡s✱ T ❡s ❛❝♦t❛❞♦ ❞❡ Lp ❡♥ BMO
ν−d/p
ρ ✱ s✐ p > σ′ ② d

ν
< p < d

(ν−δ)+ ✱

❞♦♥❞❡ (ν − δ)+ = máx{ν − δ, 0}✳

❉❡♠♦str❛❝✐ó♥✳ P♦❞❡♠♦s s✉♣♦♥❡r q✉❡ σ < ∞✱ ②❛ q✉❡ ❡❧ ❝❛s♦ σ = ∞ s❡ s✐❣✉❡ ❞❡ ❧❛
❖❜s❡r✈❛❝✐ó♥ ✷✳✹✳✶✳ ❙❡❛ f ∈ Lp✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r ♦❜s❡r✈❛♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ ❜♦❧❛ B =
B(x0, R) ❝♦♥ R > 0✱ x0 ∈ Rd s❡ t✐❡♥❡ q✉❡

1

|B|

ˆ

B

|T (fχ2B)(x)|dx ≤ C‖f‖pRν−d/p.

❉❡ ❤❡❝❤♦✱ ♣♦❞❡♠♦s ✉s❛r ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ t❛♠❛ñ♦ ✭✸✳✹✳✶✮ ♣❛r❛ ♦❜t❡♥❡r q✉❡ ♣❛r❛ ❝❛❞❛ x ∈ B✱



✻✻ ❈♦♥t✐♥✉✐❞❛❞ ❡♥ ❡s♣❛❝✐♦s ❞❡ s✉❛✈✐❞❛❞ ② ❇▼❖

|T (fχ2B)(x)| ≤
ˆ

B(x,4R)

|K(x, y)||f(y)|dy

≤ C
∞
∑

j=−2

(
ˆ

2−jB\2−j−1B

|K(x, y)|σ
)1/σ (ˆ

2−jB

|f(y)|σ′

dy

)1/σ′

≤ C
∞
∑

j=0

(
ˆ

2−jB

|f(y)|pdy
)1/p

(2−jR)ν−d/p

≤ C‖f‖pRν−d/p
∞
∑

j=0

2−j(ν−d/p) ≤ C‖f‖pRν−d/p,

②❛ q✉❡ p > σ′ ② ν − d/p > 0✳

❆❤♦r❛✱ ♣❛r❛ ♠♦str❛r q✉❡ Tf ∈ BMO
ν−d/p
ρ ✱ ✈❛♠♦s ❛ ✈❡r✐✜❝❛r ❡♥ ♣r✐♠❡r ❧✉❣❛r ❧❛ ❝♦♥✲

❞✐❝✐ó♥ ✭✸✳✶✳✷✮ s♦❜r❡ ♣r♦♠❡❞✐♦s ❡♥ ❜♦❧❛s ❝rít✐❝❛s✳ ❙❡❛♥ x0 ∈ Rd ② Bρ = B(x0, ρ(x0))✳
❊s❝r✐❜✐♠♦s f = fχ2Bρ + fχ(2Bρ)c ✳ ▲❛ ♦❜s❡r✈❛❝✐ó♥ ❛♥t❡r✐♦r ❛♣❧✐❝❛❞❛ ❛ Bρ ♥♦s ❞❛ ❧❛ ❡s✲
t✐♠❛❝✐ó♥ ♥❡❝❡s❛r✐❛ ♣❛r❛ f1✳ P❛r❛ ✈❡r✐✜❝❛r ❧❛ ❝♦♥❞✐❝✐ó♥ ♣❛r❛ f2 ✉s❛♠♦s ♥✉❡✈❛♠❡♥t❡ ❧❛
❡st✐♠❛❝✐ó♥ ✭✸✳✹✳✶✮ ② ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r✳ ❆sí✱ ♣❛r❛ x ∈ Bρ✱

|T (f2)(x)| ≤
ˆ

(2Bρ)c
|K(x, y)||f(y)|dy

≤ C

∞
∑

j=2

(

ˆ

wjBρ\2j−1Bρ

|K(x, y)|σ
)1/σ(

ˆ

2jBρ

|f(y)|σ′

dy

)1/σ′

≤ CN

∞
∑

j=2

(

ˆ

2jBρ

|f(y)|pdy
)1/p

(2jρ(x0))
ν−d/p2−jN

≤ CN‖f‖pρ(x0)ν−d/p
∞
∑

j=2

2−j(N−ν+d/p) ≤ C‖f‖pρ(x0)ν−d/p,

✭✸✳✹✳✸✮

♣✉❡st♦ q✉❡ ρ(x) ≃ ρ(x0) ② ♣♦❞❡♠♦s ❡❧❡❣✐r N > ν − d/p✳

❋✐♥❛❧♠❡♥t❡✱ ❞❡❜❡♠♦s ✈❡r✐✜❝❛r ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✸✳✶✳✶✮ s♦❜r❡ ❧❛s ♦s❝✐❧❛❝✐♦♥❡s ❡♥ ❜♦❧❛s s✉❜✲
❝rít✐❝❛s✳ ❙❡❛♥ x0 ∈ Rd✱ 0 < r < ρ(x0) ② B = B(x0, r)✳ ❊s❝r✐❜✐♠♦s f = fχ2B + fχ(2B)c ✳
❈♦♠♦ ❛♥t❡s✱ só❧♦ r❡st❛ ✈❡r✐✜❝❛r ❧❛ ❝♦♥❞✐❝✐ó♥ ♣❛r❛ f2✳ ❈♦♠♦ ❡♥ ✭✸✳✹✳✸✮✱ ✉s❛♥❞♦ ❡st❛ ✈❡③ ❧❛



✸✳✹ ❆♣❧✐❝❛❝✐♦♥❡s ✻✼

♣r♦♣✐❡❞❛❞ ❞❡ s✉❛✈✐❞❛❞ ✭✸✳✹✳✷✮ t❡♥❡♠♦s q✉❡✱ ♣❛r❛ x✱ z ∈ B

|T (f2)(x)− T (f2)(z)|

≤ C

∞
∑

j=2

(
ˆ

2jB\2j−1B

|K(x, y)−K(z, y)|σ
)1/σ (ˆ

2jB

|f(y)|σ′

dy

)1/σ′

≤ CN

∞
∑

j=2

(
ˆ

2jB

|f(y)|pdy
)1/p

(2jr)ν−d/p2−jδ

≤ C‖f‖prν−d/p
∞
∑

j=2

2−j(δ−ν+d/p)

≤ C‖f‖prν−d/p,

✭✸✳✹✳✹✮

❞♦♥❞❡ ✉s❛♠♦s q✉❡ p(ν − δ) < d✱ ❡st♦ ❡s✱ p < d
(ν−δ)+ ✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✹✳✻✳ ▲❛ Pr♦♣♦s✐❝✐ó♥ ✸✳✹✳✺ ✐♠♣❧✐❝❛✱ ❡♥ ♣❛rt✐❝✉❧❛r✱ q✉❡ s✐ T ❡s ✉♥ ♦♣❡r❛❞♦r
✐♥t❡❣r❛❧ ❝♦♥ ♥ú❝❧❡♦ ρ✲❢r❛❝❝✐♦♥❛r✐♦ ❞❡ t✐♣♦ (ν, σ, δ) ❡♥t♦♥❝❡s

|Tf(x)− Tf(z)| ≤ C‖f‖p|x− z|ν−d/p,

s✐❡♠♣r❡ q✉❡ p > σ′ ② d
ν
< p < d

(ν−δ)+ ✳ ❊st♦ s❡ s✐❣✉❡ ❞❡ q✉❡ ❡❧ ❡s♣❛❝✐♦ BMOβ ❝❧ás✐❝♦
❝♦✐♥❝✐❞❡ ❝♦♥ ▲✐♣(β) ❝❧ás✐❝♦ ♣❛r❛ β > 0✳

❆❤♦r❛✱ ❛♣❧✐❝❛♥❞♦ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ❛♥t❡r✐♦r ② ❧❛ Pr♦♣♦s✐❝✐ó♥ ✷✳✹✳✷✱ ✈❛♠♦s ❛ ♦❜t❡♥❡r ❡st✐✲
♠❛❝✐♦♥❡s ♣❛r❛ ❧❛ ♦s❝✐❧❛❝✐ó♥ ❞❡ T1✱ ❞♦♥❞❡ ❡❧ ♦♣❡r❛❞♦r T t✐❡♥❡ ✉♥ ♥ú❝❧❡♦ H(x, y) ❞❡✜♥✐❞♦
♣♦r

H(x, y) = Kν(x, y)V
ν/2(y)

② Kν ❡s ✉♥ ♥ú❝❧❡♦ ρ✲❢r❛❝❝✐♦♥❛r✐♦✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✹✳✼✳ ❙❡❛ T ✉♥ ♦♣❡r❛❞♦r ✐♥t❡❣r❛❧ ❝♦♥ ♥ú❝❧❡♦ H t❛❧ q✉❡ H(x, y) = Kν(x, y)V
ν/2(y)✱

❞♦♥❞❡ V ∈ RHq ❝♦♥ q > d/2 ② Kν ❡s ✉♥ ♥ú❝❧❡♦ ρ✲❢r❛❝❝✐♦♥❛r✐♦ ❞❡ t✐♣♦ (ν, σ, δ) ❝♦♥
d/ν ≥ σ′✳ ❊♥t♦♥❝❡s ♣❛r❛ t♦❞♦ 0 < α < mı́n{δ, ν(2− d/q)/2} ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ Cα t❛❧
q✉❡

1

|B|

ˆ

B(x0,r)

|T1(x)− (T1)B|dx ≤ Cα

(

r

ρ(x0)

)α

✭✸✳✹✳✺✮

♣❛r❛ t♦❞❛ ❜♦❧❛ B = B(x0, r) ❝♦♥ r ≤ ρ(x0)/2✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛♥ x0 ∈ Rd✱ 0 < r ≤ ρ(x0)/2✱ Br = B(x0, r) ② Bρ = B(x0, ρ(x0))✳ ❙✐ x✱
z ∈ Br

|T1(x)− T1(z)| =
∣

∣

∣

∣

ˆ

Rd

H(x, y)dy −
ˆ

Rd

H(z, y)dx

∣

∣

∣

∣

≤
∣

∣

∣

∣

∣

ˆ

Bρ

H(x, y)−H(z, y)dy

∣

∣

∣

∣

∣

+

ˆ

(Bρ)c
|H(x, y)−H(z, y)| dy

= A1 + A2



✻✽ ❈♦♥t✐♥✉✐❞❛❞ ❡♥ ❡s♣❛❝✐♦s ❞❡ s✉❛✈✐❞❛❞ ② ❇▼❖

P♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✷✳✹✳✷✱ ❝♦♠♦ d/ν ≥ σ′✱ T ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐❣♥❡r✲❈❛❧❞❡ró♥✲
❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ) ❝♦♥ 1/s = 1/σ + ν/2q✳ ❊♥t♦♥❝❡s✱ s✐ ❞❡✜♥✐♠♦s Cj = {2j−1ρ(x) ≤
|x− y| < 2jρ(x)}✱ ♣♦❞❡♠♦s ✉s❛r ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ s✉❛✈✐❞❛❞ ✭✷✳✶✳✸✮ ♣❛r❛ ♦❜t❡♥❡r

A2 ≤ C

∞
∑

j=1

ˆ

Cj

|H(x, y)−H(z, y)|dy

≤ C
∞
∑

j=1

(

ˆ

Cj

|H(x, y)−H(z, y)|sdy
)1/s

(2j+1ρ(x0))
d/s′

≤ C
∞
∑

j=1

(

s

2jρ(x0)

)δ

≤ C

(

s

ρ(x0)

)δ

.

✭✸✳✹✳✻✮

P❛r❛ ❡st✐♠❛r A1 ✈❛♠♦s ❛ ❛♣❧✐❝❛r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✸✳✹✳✺ q✉❡ ❛❝❛❜❛♠♦s ❞❡ ❞❡♠♦str❛r✳

❙❡❛ Tν ✉♥ ♦♣❡r❛❞♦r ✐♥t❡❣r❛❧ ❝♦♥ ♥ú❝❧❡♦ ❛s♦❝✐❛❞♦ Kν ✱ s❡❛ α < δ ② s❡❛ p ∈
(

d

ν
,

d

(ν − δ)+

)

❛ ❡❧❡❣✐r✳ ❈♦♠♦ Kν s❛t✐s❢❛❝❡ ✭✸✳✹✳✶✮ ② ✭✸✳✹✳✷✮ t❡♥❡♠♦s q✉❡✱ ❞❡ ❛❝✉❡r❞♦ ❛ ❧❛ ♣r♦♣♦s✐❝✐ó♥
❛♥t❡r✐♦r✱ Tν ❡stá ❛❝♦t❛❞♦ ❞❡ Lp ❡♥ BMO

ν−d/p
ρ ✱ ❡♥t♦♥❝❡s

A1 =

∣

∣

∣

∣

ˆ

|x0−y|<ρ(x0)
Kν(x, y)V

ν/2(y)−Kν(z, y)V
ν/2(y)dy

∣

∣

∣

∣

=
∣

∣Tν(V
ν/2χBρ)(x)− Tν(V

ν/2χBρ)(z)
∣

∣

≤ Crν−d/p

(

ˆ

Bρ

V pν/2

)1/p

.

✭✸✳✹✳✼✮

❙✐
2q

ν
<

d

(ν − δ)+
♣♦❞❡♠♦s ❡❧❡❣✐r p = 2q/ν ② ✉s❛r ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ r❡✈❡rs❡✲❍ö❧❞❡r ❞❡

♦r❞❡♥ q ❞❡❧ ♣♦t❡♥❝✐❛❧ V ♣❛r❛ ♦❜t❡♥❡r

A1 ≤ Cr
ν
2 (2−

d
q )

(

ˆ

Bρ

V q

)ν/2q

≤ Cr
ν
2 (2−

d
q )

(

ρ(x0)
−d

ˆ

Bρ

V

)ν/2

ρ(x0)
dν
2q

≤ C

(

r

ρ(x0)

)

ν
2 (2−

d
q )
,

✭✸✳✹✳✽✮

❞♦♥❞❡✱ ❡♥ ❧❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞✱ ✉s❛♠♦s ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ρ✳

❙✐
2q

ν
≥ d

(ν − δ)+
✱ ❞❡❜❡ s❡r ν > δ✳ ▲✉❡❣♦✱ ♣❛r❛ ❝✉❛❧q✉✐❡r 0 < α < δ✱ ♣♦❞❡♠♦s ❡❧❡❣✐r

p =
d

ν − α
✱ ❞❡ ♠❛♥❡r❛ q✉❡ pν/2 < q✳ ❯s❛♥❞♦ ♥✉❡✈❛♠❡♥t❡ ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ r❡✈❡rs❡✲❍ö❧❞❡r



✸✳✹ ❆♣❧✐❝❛❝✐♦♥❡s ✻✾

② ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ρ ♦❜t❡♥❡♠♦s

A1 ≤ Crαρν−α

(

ρ(x0)
−d

ˆ

Bρ

V

)ν/2

≤ C

(

r

ρ(x0)

)α

.

✭✸✳✹✳✾✮

❆❤♦r❛ ❡st❛♠♦s ❧✐st♦s ♣❛r❛ ❡♥✉♥❝✐❛r r❡s✉❧t❛❞♦s ❞❡ s✉❛✈✐❞❛❞ ♣❛r❛ ❧❛s tr❛♥s❢♦r♠❛❞❛s
❞❡ ❘✐❡s③✲❙❝❤rö❞✐❣♥❡r ❛❞❥✉♥t❛s q✉❡ ✐♥✈♦❧✉❝r❛♥ ❡❧ ♣♦t❡♥❝✐❛❧✳ ❈♦♥s✐❞❡r❡♠♦s ♣r✐♠❡r♦ ❧♦s
♦♣❡r❛❞♦r❡s L−γ∇V γ−1/2 ♣❛r❛ 1/2 < γ ≤ 1 ② V ∈ RHq ❝♦♥ q > d/2✳ ❊♥ ❧❛ ❙❡❝❝✐ó♥ ✷✳✹✳✷
✈✐♠♦s q✉❡ ❡st♦s ♦♣❡r❛❞♦r❡s r❡s✉❧t❛♥ s❡r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ)
❝♦♥ δ = mı́n{1, 2− d/q} ② s t❛❧ q✉❡

1

s
=

(

1

q
− 1

d

)+

+
2γ − 1

2q
.

▼ás ❛ú♥✱ s❛❜❡♠♦s q✉❡

L−γ∇V γ−1/2f(x) =

ˆ

Rd

Kν(x, y)V
γ−1/2(y)f(y)dy, ✭✸✳✹✳✶✵✮

❞♦♥❞❡ Kν ❡s ✉♥ ♥ú❝❧❡♦ ρ✲❢r❛❝❝✐♦♥❛r✐♦ ❞❡ t✐♣♦ (ν, p0, δ) ❝♦♥ ν = 2γ−1✱ δ = mı́n{1, 2−d/q}
② p0 t❛❧ q✉❡ 1/p0 = (1/q − 1/d)+✳ ❉❡ ❡st♦ ② ❛♣❧✐❝❛♥❞♦ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧❛ ❙❡❝❝✐ó♥ ✸✳✷
② ❧❛ Pr♦♣♦s✐❝✐ó♥ ✸✳✹✳✼ t❡♥❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦ ❞❡ ❝♦♥t✐♥✉✐❞❛❞ ❡♥ BMOβ

ρ (w) ♣❛r❛
❡st♦s ♦♣❡r❛❞♦r❡s✳

❚❡♦r❡♠❛ ✸✳✹✳✽✳ ❙❡❛♥ V ∈ RHq ❝♦♥ q > d/2✱ 1/2 < γ ≤ 1 ② δ̃ =
(

γ − 1
2

)

(

2− d
q

)

✳

❊♥t♦♥❝❡s✱ ♣❛r❛ t♦❞♦ 0 ≤ β < δ̃✱ L−γ∇V γ−1/2 ❡stá ❛❝♦t❛❞♦ ❡♥ BMOβ
ρ (w) s✐❡♠♣r❡ q✉❡

w ∈ F ρ
s ∩Dρ

µ✱ ❝♦♥ 1 ≤ µ < 1 + δ̃−β
d

② s t❛❧ q✉❡
1

s
=

(

1

q
− 1

d

)+

+
2γ − 1

2q
✳

▼ás ❛ú♥✱ s✐ V ∈ RHq ♣❛r❛ t♦❞♦ q ≥ 1✱ ❡❧ r❡s✉❧t❛❞♦ ✈❛❧❡ ♣❛r❛ w ∈ Aρ∞ ∩ Dρ
µ✱ ②

δ̃ = 2γ − 1✳

❋✐♥❛❧♠❡♥t❡ ❝♦♥s✐❞❡r❛♠♦s ♦♣❡r❛❞♦r❡s ❞❡ t✐♣♦ L−γV γ ♣❛r❛ 0 < γ < d/2✳ ❊♥ ❧❛ ❙❡❝✲
❝✐ó♥ ✷✳✹✳✸ ✈✐♠♦s q✉❡ ❡st♦s ♦♣❡r❛❞♦r❡s s♦♥ ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ)
❝♦♥ s = q/γ ② δ = mı́n{1, 2− d/q}✳ ❆❞❡♠ás

L−γV γf(x) =

ˆ

Rd

Jγ(x, y)V
γ(y)f(y)dy, ✭✸✳✹✳✶✶✮

❞♦♥❞❡ Jγ ❡s ✉♥ ♥ú❝❧❡♦ ρ✲❢r❛❝❝✐♦♥❛r✐♦ ❞❡ t✐♣♦ (2γ,∞, δ)✳ ❆♣❧✐❝❛♥❞♦ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧❛
❙❡❝❝✐ó♥ ✸✳✷ ② ❧❛ Pr♦♣♦s✐❝✐ó♥ ✸✳✹✳✼ ♦❜t❡♥❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ ❚❡♦r❡♠❛✳



✼✵ ❈♦♥t✐♥✉✐❞❛❞ ❡♥ ❡s♣❛❝✐♦s ❞❡ s✉❛✈✐❞❛❞ ② ❇▼❖

❚❡♦r❡♠❛ ✸✳✹✳✾✳ ❙❡❛♥ V ∈ RHq ❝♦♥ q > d/2✱ 0 < γ < d/2 ② δ̃ = mı́n{δ, γ(2 − d/q)}✳
❊♥t♦♥❝❡s✱ ♣❛r❛ t♦❞♦ 0 ≤ β < δ̃✱ L−γV γ ❡stá ❛❝♦t❛❞♦ ❡♥ BMOβ

ρ (w) s✐❡♠♣r❡ q✉❡ w ∈
F ρ
q/γ ∩Dρ

µ✱ ❝♦♥ 1 ≤ µ < 1 + δ̃−β
d
✳

▼ás ❛ú♥✱ s✐ V ∈ RHq ♣❛r❛ t♦❞♦ q ≥ 1✱ ❡❧ r❡s✉❧t❛❞♦ ✈❛❧❡ ♣❛r❛ w ∈ Aρ∞ ∩ Dρ
µ✱ ②

δ̃ = mı́n{1, 2γ}✳



❈❛♣ít✉❧♦ ✹

▼ás r❡s✉❧t❛❞♦s ❞❡ s✉❛✈✐❞❛❞ ❜❛❥♦
s✉♣♦s✐❝✐♦♥❡s ♠ás ❢✉❡rt❡s ❡♥ ❡❧ ♣♦t❡♥❝✐❛❧

❊♥ ❡❧ ❈❛♣ít✉❧♦ ✸ ❞✐♠♦s r❡s✉❧t❛❞♦s ❞❡ s✉❛✈✐❞❛❞ ♣❛r❛ R1 ❝✉❛♥❞♦ q > d✱ ② ♣❛r❛ R⋆
1

② R⋆
2 ❝✉❛♥❞♦ q > d/2✳ ❙✐♥ ❡♠❜❛r❣♦✱ ♥♦ ❡st❛❜❧❡❝✐♠♦s ♥✐♥❣✉♥❛ ♣r♦♣✐❡❞❛❞ ❞❡ r❡❣✉❧❛r✐❞❛❞

♣❛r❛ R1 ❝✉❛♥❞♦ d/2 < q < d✱ ② R2✳ ❉❡ ❤❡❝❤♦✱ s❛❜❡♠♦s ❞❡s❞❡ ❡❧ tr❛❜❛❥♦ ❞❡ ❙❤❡♥ ✭❬✸✶❪✮
q✉❡ ❜❛❥♦ ❧❛ ❤✐♣ót❡s✐s ❞❡ V ∈ RHq ♣❛r❛ ❛❧❣ú♥ q > d/2✱ ❧♦s ♦♣❡r❛❞♦r❡s R1 ② R2 ♣r❡s❡r✈❛♥
❧♦s ❡s♣❛❝✐♦s Lp ♣❛r❛ ✈❛❧♦r❡s ❞❡ p ❡♥ ✉♥ ✐♥t❡r✈❛❧♦ ❞❡ t✐♣♦ (1, s]✱ ❝♦♥ s ✉♥ ♥ú♠❡r♦ q✉❡
❞❡♣❡♥❞❡ ❞❡ q✳ ❆❞❡♠ás✱ ❙❤❡♥ ♣r✉❡❜❛ q✉❡ ❡st❡ r❛♥❣♦ ❞❡ ❡s♣❛❝✐♦s ❡s ó♣t✐♠♦ ♣❛r❛ ❡st♦s
♦♣❡r❛❞♦r❡s✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ♥♦ ♣♦❞❡♠♦s ❡s♣❡r❛r ❝♦♥s❡❣✉✐r r❡s✉❧t❛❞♦s ❡♥ ❡s♣❛❝✐♦s ❞❡ t✐♣♦
BMO ♦ ❞❡ r❡❣✉❧❛r✐❞❛❞ ❞❡ t✐♣♦ BMOβ ❝♦♥ só❧♦ ❧❛ s✉♣♦s✐❝✐ó♥ ❞❡ q✉❡ V ♣❡rt❡♥❡③❝❛ ❛
RHq✳ ❊❧ ♦❜❥❡t✐✈♦ ❞❡ ❡st❡ ❝❛♣ít✉❧♦ ❡s ❡♥❝♦♥tr❛r ❤✐♣ót❡s✐s s♦❜r❡ ❡❧ ♣♦t❡♥❝✐❛❧ V q✉❡ ♥♦s ❞❡♥
❝♦♥❞✐❝✐♦♥❡s s✉✜❝✐❡♥t❡s ♣❛r❛ ❣❛r❛♥t✐③❛r ❧❛ ❛❝♦t❛❝✐ó♥ ❡♥ ❡s♣❛❝✐♦s ❞❡ r❡❣✉❧❛r✐❞❛❞ BMOρ

β(w)

❞❡ ❡st♦s ② ♦tr♦s ♦♣❡r❛❞♦r❡s q✉❡ ✐♥✈♦❧✉❝r❛♥ ❡❧ ♣♦t❡♥❝✐❛❧ ❝♦♠♦ V L−1 ② V 1/2∇L−1✳

▲❛ r❡s♣✉❡st❛ ♣❛r❛ R1 ❡♥ ❡❧ ❝❛s♦ q > d ② w ≡ 1✱ ❢✉❡ ❞❛❞❛ ♣♦r ▼❛✱ ❙t✐♥❣❛ ❚♦rr❡❛
② ❩❤❛♥❣ ❡♥ ❬✷✸❪✳ ▼ás ❛ú♥✱ ❝♦♠♦ ❤❡♠♦s ♣r♦❜❛❞♦ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✷✱ R1 ❡s ✉♥ ♦♣❡r❛❞♦r
❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (∞, δ) ❝♦♥ δ = 1 − d/q✱ s✐ q > d✳ ❊♥ ❬✷✸❪✱
❧♦s ❛✉t♦r❡s ♠✉❡str❛♥ ✉♥ t❡♦r❡♠❛ ❣❡♥❡r❛❧ ♣❛r❛ ❧✉❡❣♦ ❛♣❧✐❝❛r❧♦ ❡♥ ♣❛rt✐❝✉❧❛r ❛ ❡st❡ ❝❛s♦✳
P♦st❡r✐♦r♠❡♥t❡✱ ♥✉❡str♦ ❚❡♦r❡♠❛ ✸✳✷✳✷ ♣❡r♠✐t❡ ❡①t❡♥❞❡r ❡st♦s r❡s✉❧t❛❞♦s ❛❧ ❝❛s♦ ♣❡s❛❞♦✳

❊❧ ❝❛s♦ ❞❡ ❧❛ tr❛♥s❢♦r♠❛❞❛ R2 ❡s ❡s❡♥❝✐❛❧♠❡♥t❡ ❞✐❢❡r❡♥t❡✳ ❈♦♠♦ ❙❤❡♥ ♣r♦❜ó✱ s✐ V ∈
RHq ♣❛r❛ q > d/2✱ s❡ t✐❡♥❡ q✉❡ R2 ❡s ❛❝♦t❛❞♦ ❡♥ Lp ♣❛r❛ 1 < p ≤ q✱ ② q✉❡ ❡st❡ r❛♥❣♦
❡s ó♣t✐♠♦✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ♣❛r❛ ♣♦❞❡r ❝♦♥s❡❣✉✐r r❡s✉❧t❛❞♦s ❡♥ ❡s♣❛❝✐♦s BMOβ

ρ ❞❡❜❡♠♦s
❝♦♥s✐❞❡r❛r ❛❧❣✉♥❛ ❤✐♣ót❡s✐s ❛❞✐❝✐♦♥❛❧ s♦❜r❡ ❡❧ ♣♦t❡♥❝✐❛❧ V ✳ ❆❧ ♠❡♥♦s✱ ♥❡❝❡s✐t❛♠♦s q✉❡ ❡❧
♣♦t❡♥❝✐❛❧ V s❡❛ t❛❧ q✉❡ ❛s❡❣✉r❡ ❧❛ ❛❝♦t❛❝✐ó♥ ❡♥ Lp ♣❛r❛ t♦❞♦ p > 1✳

❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❡❧ ❈♦r♦❧❛r✐♦ ✷✳✽ ② ❧❛ ♣r✉❡❜❛ ❞❡❧ ❚❡♦r❡♠❛ ✵✳✸ ❡♥ ❬✸✶❪✱ ❡st♦ s✉❝❡❞❡ s✐ V
s❛t✐s❢❛❝❡

V (x) ≤ C

ρ2(x)
, ♣❛r❛ t♦❞♦ x✳ ✭✹✳✵✳✶✮

❙✐♥ ❡♠❜❛r❣♦✱ ❝r❡❡♠♦s q✉❡ ❡st❛ ❤✐♣ót❡s✐s ♥♦ ❡s s✉✜❝✐❡♥t❡ ♣❛r❛ ♦❜t❡♥❡r r❡s✉❧t❛❞♦s ❞❡



✼✷ ▼ás r❡s✉❧t❛❞♦s ❞❡ s✉❛✈✐❞❛❞ ❜❛❥♦ s✉♣♦s✐❝✐♦♥❡s ♠ás ❢✉❡rt❡s ❡♥ ❡❧ ♣♦t❡♥❝✐❛❧

s✉❛✈✐❞❛❞✱ ② ♣♦r ❧♦ t❛♥t♦ ♣r♦♣♦♥❡♠♦s q✉❡ V ♣❡rt❡♥❡③❝❛ ❛ RHd/2 ② ❛❞❡♠ás q✉❡ ❡①✐st❛♥
❝♦♥st❛♥t❡s α ② C t❛❧❡s q✉❡

|V (x)− V (y)| ≤ C
|x− y|α
ρ2+α(x)

, ♣❛r❛ |x− y| < ρ(x)✳ ✭✹✳✵✳✷✮

◆♦ ❡s ❞✐❢í❝✐❧ ✈❡r✱ q✉❡ ✭✹✳✵✳✷✮ ✐♠♣❧✐❝❛ ✭✹✳✵✳✶✮✳ ❙✉♣♦♥❣❛♠♦s q✉❡ V s❛t✐s❢❛❝❡ ✭✹✳✵✳✷✮✳ ❙❡❛
x ∈ Rd ❡ y ∈ B = B(x, ρ(x))✳ P♦r ✭✹✳✵✳✷✮✱ t❡♥❡♠♦s

V (x) ≤ V (y) +
C|x− y|α
ρ2+α(x)

≤ V (y) +
C

ρ2(x)
.

❙✐ ✐♥t❡❣r❛♠♦s✱ ② ✉s❛♠♦s ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ρ✱ t❡♥❡♠♦s

V (x) ≤ 1

|B|

ˆ

B

V (x)dy ≤ 1

|B|

ˆ

B

V +
C

ρ2(x)
≤ C ′

ρ2(x)
.

❆ ❧♦ ❧❛r❣♦ ❞❡ ❡st❡ ❝❛♣ít✉❧♦✱ tr❛❜❛❥❛r❡♠♦s ❝♦♥ ❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ❙❝❤rö❞✐♥❣❡r ❝✉②♦ ♣♦t❡♥✲
❝✐❛❧ V ∈ RHd/2 ② s❛t✐s❢❛❝❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✹✳✵✳✷✮ ♣❛r❛ ❛❧❣ú♥ α > 0✳

✹✳✶✳ ❘❡❣✉❧❛r✐❞❛❞ ❞❡ R2

❉❡❞✐❝❛r❡♠♦s ❡st❛ s❡❝❝✐ó♥ ❛ ♣r♦❜❛r ✉♥ r❡s✉❧t❛❞♦ ❞❡ r❡❣✉❧❛r✐❞❛❞ ♣❛r❛ R2 ❜❛❥♦ ❧❛s
❝♦♥❞✐❝✐♦♥❡s ❡♥ ❡❧ ♣♦t❡♥❝✐❛❧ V ❞❡s❝r✐♣t❛s ❛♥t❡r✐♦r♠❡♥t❡✳ ▲❛ ❡str❛t❡❣✐❛ s❡rá ♣r♦❜❛r q✉❡
R2 r❡s✉❧t❛ s❡r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (∞, δ) ♣❛r❛ ❝✐❡rt♦ ✈❛❧♦r ❞❡ δ✳
▲✉❡❣♦✱ ❜❛st❛rá ♣r♦❜❛r ✉♥❛ ❝♦♥❞✐❝✐ó♥ ❞❡ t✐♣♦ T1 ♣❛r❛ ♦❜t❡♥❡r✱ ♠❡❞✐❛♥t❡ ❡❧ ❈♦r♦❧❛r✐♦ ✸✳✷✳✺✱
❧❛ ❛❝♦t❛❝✐ó♥ ❡♥ BMOβ

ρ (w) ♣❛r❛ ❧♦s ✈❛❧♦r❡s ❞❡ β ② ♣❡s♦s w ❛❧❧í ♣r❡s❡♥t❛❞♦s✳

Pr♦♣♦s✐❝✐ó♥ ✹✳✶✳✶✳ ❙❡❛ V ∈ RHq ❝♦♥ q > d/2 ② s✉♣♦♥❣❛♠♦s q✉❡ V s❛t✐s❢❛❝❡ ✭✹✳✵✳✷✮✳
❊♥t♦♥❝❡s R2 ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ t✐♣♦ (∞, δ̃)✱ ❝♦♥ δ̃ = mı́n{1, 2− d/q, α}✳

❉❡♠♦str❛❝✐ó♥✳ P❛r❛ ♣r♦❜❛r ❧❛s ❡st✐♠❛❝✐♦♥❡s ✭✷✳✶✳✹✮ ② ✭✷✳✶✳✺✮ ✈❛♠♦s ❛ ❤❛❝❡r ✉s♦ ❞❡ ❧❛
❡①♣r❡s✐ó♥ ❞❡❧ ♥ú❝❧❡♦ K2 ❞❡ R2 ❞❛❞❛ ❡♥ ❧❛ s❡❝❝✐ó♥ ✷✳✸✳✷✳ ❙❡❛♥ x✱ y ∈ Rd✱ ② ❞❡✜♥✐♠♦s
R = |x− y|✳ ❊❧❡❣✐♠♦s x0 ∈ Rd t❛❧ q✉❡ x ∈ B(x0, R/8)✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ♣♦❞❡♠♦s ❡s❝r✐❜✐r

K2(x, y) = −R2(ηx0Γ(·, y)V )(x)−
ˆ

Rd

∇2
1Γ0(x, ξ)Γ(ξ, y)∆ηx0(ξ)dξ

+ 2

ˆ

Rd

∇2
1∇2Γ0(x, ξ) · ∇ηx0(ξ)Γ(ξ, y)dξ,

✭✹✳✶✳✶✮

❞♦♥❞❡ ηx0 ❡s ✉♥❛ ❢✉♥❝✐ó♥ C∞
0 s♦♣♦rt❛❞❛ ❡♥ B(x0, 3R/8) q✉❡ ✈❛❧❡ 1 ❡♥ B(x0, R/4)✱ Γ ② Γ0

s♦♥ ❧❛s s♦❧✉❝✐♦♥❡s ❢✉♥❞❛♠❡♥t❛❧❡s ❞❡ L ② −∆ r❡s♣❡❝t✐✈❛♠❡♥t❡ ② R2 = ∇2(−∆)−1 ❡s ❧❛
tr❛♥s❢♦r♠❛❞❛ ❞❡ ❘✐❡s③ ❞❡ ♦r❞❡♥ ❞♦s ❛s♦❝✐❛❞❛ ❛❧ ▲❛♣❧❛❝✐❛♥♦✳

P❛r❛ ❡st✐♠❛r ❡❧ t❛♠❛ñ♦ ❞❡ K2(x, y) ❞✐✈✐❞✐♠♦s ❡❧ ♥ú❝❧❡♦ ❡♥ ❧♦s tr❡s s✉♠❛♥❞♦s ❛♥t❡r✐♦r❡s
q✉❡ ❧❧❛♠❛♠♦s K2,1✱ K2,2 ② K2,3✳



✹✳✶ ❘❡❣✉❧❛r✐❞❛❞ ❞❡ R2 ✼✸

P❛r❛ K2,1✱ s✐ K2 ❡s ❡❧ ♥ú❝❧❡♦ ❞❡ R2✱

|K2,1(x, y)| =
∣

∣

∣

∣

ˆ

B(x,R/2)

K2(x− z)ηx0(z)Γ(z, y)V (z)dz

∣

∣

∣

∣

=

∣

∣

∣

∣

ˆ

B(x,R/2)

K2(x− z) [ηx0(z)Γ(z, y)V (z)− Γ(x, y)V (x)] dz

∣

∣

∣

∣

≤
ˆ

B(x,R/2)

|K2(x− z)|ηx0(z)|Γ(z, y)||V (z)− V (x)|dz

+

ˆ

B(x,R/2)

|K2(x− z)|ηx0(z)V (x)|Γ(z, y)− Γ(x, y)|dz

+

ˆ

B(x,R/2)

|K2(x− z)||Γ(x, y)|V (x)|ηx0(z)− 1|dz

= I + II + III.

✭✹✳✶✳✷✮

❊♥ I ♣♦❞❡♠♦s ✉s❛r ✭✹✳✵✳✷✮✱ ❡❧ s♦♣♦rt❡ ❞❡ ηx0 ✱ ❡❧ t❛♠❛ñ♦ ❞❡ K2 ② ❞❡ Γ ② ❡❧ ▲❡♠❛ ✶✳✷✳✽
♣❛r❛ ❛❝♦t❛r

I ≤ CN
ρ2+α(x)

ˆ

B(x0,3R/8)

|x− z|α
|x− z|d|z − y|d−2

(

1 +
|z − y|
ρ(y)

)−N
dz

≤ CN
Rd−2ρ2+α(x)

(

1 +
R

ρ(y)

)−N ˆ

B(x0,3R/8)

dz

|x− z|d−α

≤ CN
Rd

(

R

ρ(x)

)2+α(

1 +
R

ρ(y)

)−N

≤ CN
Rd

(

1 +
R

ρ(x)

)−Ñ
.

❝♦♥ Ñ = N/(N0 + 1)− 2− α✳

P❛r❛ ❡st✐♠❛r II ✈❛♠♦s ❛ ✉s❛r ❡❧ t❛♠❛ñ♦ ❞❡ K2✱ ❧❛s ❡st✐♠❛❝✐♦♥❡s ✭✶✳✷✳✶✵✮ ② ✭✹✳✵✳✶✮✱ ②
q✉❡ ❡❧ s♦♣♦rt❡ ❞❡ ηx0 ❡stá ❝♦♥t❡♥✐❞♦ ❡♥ B(x0, 3R/8)✳

II ≤ CN
ρ2(x)Rd−2+δ

(

1 +
R

ρ(x)

)−N ˆ

B(x0,3R/8)

dz

|x− z|d−δ

≤ CN
Rd

(

R

ρ(x)

)2(

1 +
R

ρ(x)

)−N

≤ CN
Rd

(

1 +
R

ρ(x)

)−N+2

.

❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ III ✉s❛♠♦s ✭✶✳✷✳✾✮ ② ✭✹✳✵✳✶✮✱ ② q✉❡ s♦♣(1−ηx0) ⊂ B(x0, R/4)
c✱ ♣❛r❛



✼✹ ▼ás r❡s✉❧t❛❞♦s ❞❡ s✉❛✈✐❞❛❞ ❜❛❥♦ s✉♣♦s✐❝✐♦♥❡s ♠ás ❢✉❡rt❡s ❡♥ ❡❧ ♣♦t❡♥❝✐❛❧

♦❜t❡♥❡r

III ≤ CN
ρ2(x)Rd−2

(

1 +
R

ρ(x)

)−N ˆ

B(x,R/2)\B(x0,R/4)

dz

|x− z|d−1

≤ CN
Rd

(

R

ρ(x)

)2(

1 +
R

ρ(x)

)−N

≤ CN
Rd

(

1 +
R

ρ(x)

)−N+2

.

❈♦♠❜✐♥❛♥❞♦ ❧❛s ❡st✐♠❛❝✐♦♥❡s ♣❛r❛ I✱ II ② III ♦❜t❡♥❡♠♦s ❧❛ ❡st✐♠❛❝✐ó♥ ❞❡ t❛♠❛ñ♦
❞❡s❡❛❞❛ ♣❛r❛ K2,1✳

❱❡❛♠♦s ❛❤♦r❛ ❡❧ tér♠✐♥♦ K2,2✳ ▲❛ ❤❡rr❛♠✐❡♥t❛ ♣r✐♥❝✐♣❛❧ ❡s ✉s❛r q✉❡ ❡❧ s♦♣♦rt❡ ❞❡
∆ηx0(ξ) ❡st❛ ✐♥❝❧✉✐❞♦ ❡♥ ❡❧ ❛♥✐❧❧♦ {ξ ∈ Rd : R/4 < |x0 − ξ| < 3R/8}✱ ❧✉❡❣♦ ❡st❛♠♦s
s✉✜❝✐❡♥t❡♠❡♥t❡ ❧❡❥♦s ❞❡ ❧❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ Γ ② ❞❡ Γ0✳ ❆❞❡♠ás✱ ❝♦♠♦ |∆ηx0(ξ)| ≤ C/R2✳

|K2,2(x, y)| ≤
CN
R2

ˆ

R/4<|x0−ξ|<3R/8

(

1 +
|x− ξ|
ρ(x)

)−N
dξ

|y − ξ|d−2|x− ξ|d

≤ CN
Rd

(

1 +
R

ρ(x)

)−N ✭✹✳✶✳✸✮

P✉❡st♦ q✉❡ s✐ R/4 ≤ |x0 − ξ| ≤ 3R/8✱ t❡♥❡♠♦s q✉❡ |x− ξ| ≃ |y − ξ| ≃ R✳ ▲❛ ❡st✐♠❛❝✐ó♥
❞❡ t❛♠❛ñ♦ ❞❡❧ tér♠✐♥♦ K2,3 ♣✉❡❞❡ ❤❛❝❡rs❡ ❞❡ ✐❣✉❛❧ ♠❛♥❡r❛✳

❱❡❛♠♦s ❛❤♦r❛ q✉❡ ❡❧ ♥ú❝❧❡♦ K2 s❛t✐s❢❛❝❡ ✭✷✳✶✳✺✮✳ ❙❡❛♥ x✱ x′✱ y ∈ Rd t❛❧❡s q✉❡ |x−x′| <
|x− y|/16 ② s❡❛ R = |x− y|✳ P♦❞❡♠♦s ❡♥❝♦♥tr❛r x0✱ y0 ∈ Rd t❛❧❡s q✉❡ |y0 − x0| ≥ R✱ x✱
x′ ∈ B(x0, R/8)✱ y ∈ B(y0, R/8)✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ❞✐✈✐❞✐❡♥❞♦ ❡❧ ♥➹➸❝❧❡♦ K2 ❝♦♠♦ ❛♥t❡s✱
t❡♥❡♠♦s q✉❡

|K2(x, y)−K2(x
′, y)| ≤ |K2,1(x, y)−K2,1(x

′, y)|
+ |K2,2(x, y)−K2,2(x

′, y)|
+ |K2,3(x, y)−K2,3(x

′, y)|

P❛r❛ ❧❛ s✉❛✈✐❞❛❞ ❞❡ K2,1 ✈❛♠♦s ❛ ✉s❛r q✉❡ ❡❧ ♦♣❡r❛❞♦r R2 ❡stá ❛❝♦t❛❞♦ ❡♥ ❡s♣❛❝✐♦s
▲✐♣s❝❤✐t③✲δ̃✱ ❡st♦ ❡s✱

|K2,1(x, y)−K2,1(x
′, y)| = |R2(Γ(·, y)V ηx0)(x)−R2(Γ(·, y)V ηx0)(x′)|

≤ ‖V Γ(·, y)ηx0‖▲✐♣δ̃ |x− x′|δ̃

❝♦♥ δ̃ = mı́n{1, 2− d/q, α}✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ✈❛♠♦s ❛ ❡st✐♠❛r ❧❛ ♥♦r♠❛ ‖V Γ(·, y)ηx0‖▲✐♣δ̃ ✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r r❡❝♦r❞❡✲
♠♦s q✉❡ s♦♣(ηx0) ⊂ B(x0, 3R/8) ⊂ B(x,R/2)✳ ❊♥t♦♥❝❡s✱ s✐ z /∈ B(x,R/2) t❡♥❡♠♦s q✉❡
|V (z)Γ(z, y)ηx0(z)| = 0✳ ❙✐ z ∈ B(x,R/2)✱ ✉s❛♥❞♦ q✉❡ |z − y| ≃ R ② ✭✹✳✵✳✶✮✱

|V (z)Γ(z, y)ηx0(z)| ≤
CN
Rd

(

R

ρ(z)

)2(

1 +
R

ρ(z)

)−N
≤ C

Rd
,



✹✳✶ ❘❡❣✉❧❛r✐❞❛❞ ❞❡ R2 ✼✺

❡❧✐❣✐❡♥❞♦ N > 2✳ ▲✉❡❣♦✱ s✐ |z − z′| ≥ R/4✱

|V (z)Γ(z, y)ηx0(z)− V (z′)Γ(z′, y)ηx0(z
′)| ≤ C

|z − z′|δ̃
Rd+δ̃

. ✭✹✳✶✳✹✮

P♦r ♦tr♦ ❧❛❞♦✱ s✐ |z − z′| < R/4✱ ❞❡s❝♦♠♣♦♥❡♠♦s

|V (z)Γ(z, y)ηx0(z)− V (z′)Γ(z′, y)ηx0(z
′)| ≤ V (z)ηx0(z)|Γ(y, z)− Γ(y, z′)|

+ V (z)|Γ(z′, y)||ηx0(z)− ηx0(z
′)|

+ |Γ(z′, y)|ηx0(z′)|V (z)− V (z′)|
= A+B + C.

❊♥ A t❡♥❡♠♦s q✉❡ s✐ z /∈ B(x,R/2)✱ A = 0✳ ❙✐ z ∈ B(x,R/2)✱ z′ ∈ B(x, 3R/4) ②
|z − y| ≃ |z′ − y| ≃ R✳ ❊♥t♦♥❝❡s s✐ δ = mı́n{1, 2− d/q}✱

A ≤ CN |z − z′|δ
Rd+δ

(

R

ρ(z)

)2(

1 +
R

ρ(z)

)−N
≤ C|z − z′|δ

Rd+δ
,

❡❧✐❣✐❡♥❞♦ N > 2✳

❙✐ z✱ z′ /∈ B(x,R/2) t❡♥❡♠♦s q✉❡ B = 0✳ ❙✐ z ∈ B(x,R/2)✱ s❡ s✐❣✉❡ q✉❡ z′ ∈
B(x, 3R/4) ② |z − y| ≃ |z′ − y| ≃ R✳ ❊♥t♦♥❝❡s

B ≤ CN
|z − z′|
Rd+1

(

R

ρ(z)

)2(

1 +
R

ρ(z′)

)−N
≤ CN

|z − z′|
Rd+1

(

1 +
R

ρ(z′)

)−Ñ
≤ C

|z − z′|
Rd+1

,

❡❧✐❣✐❡♥❞♦ N s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❊♥ C t❡♥❡♠♦s q✉❡ s✐ z′ /∈ B(x,R/2)✱ C = 0✳ ❙✐ z′ ∈ B(x,R/2)✱ z ∈ B(x, 3R/4) ②
|z − y| ≃ |z′ − y| ≃ R✳ ❊♥t♦♥❝❡s✱ s✐ |z − z′| < ρ(z) ♣♦❞❡♠♦s ✉s❛r ✭✹✳✵✳✷✮ ♣❛r❛ ♦❜t❡♥❡r

C ≤ CN
|z − z′|α
Rd+α

(

R

ρ(z′)

)2+α(

1 +
R

ρ(z′)

)−N
≤ C

|z − z′|α
Rd+α

,

❡❧✐❣✐❡♥❞♦ N > 2+α✳ ❙✐ |z−z′| ≥ ρ(z)✱ ❆❝♦t❛♠♦s |V (z)−V (z′)| ≤ V (z)+V (z′) ♦❜t❡♥✐❡♥❞♦
❞♦s tér♠✐♥♦s C1 ② C2✳ ❊♥ ❝❛❞❛ ✉♥♦ ❞❡ ❡❧❧♦s ✉s❛♠♦s ✭✹✳✵✳✶✮ ♣❛r❛ ♦❜t❡♥❡r

C1 ≤ CN
ρ2(z)Rd−2

(

1 +
R

ρ(z′)

)−N

≤ CN |z − z′|
Rd+1

(

ρ(z)

|z − z′|

)(

R

ρ(z)

)2(

1 +
R

ρ(z)

)−Ñ

≤ C|z − z′|
Rd+1

,

❡❧✐❣✐❡♥❞♦ N s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳



✼✻ ▼ás r❡s✉❧t❛❞♦s ❞❡ s✉❛✈✐❞❛❞ ❜❛❥♦ s✉♣♦s✐❝✐♦♥❡s ♠ás ❢✉❡rt❡s ❡♥ ❡❧ ♣♦t❡♥❝✐❛❧

❈♦♠❜✐♥❛♥❞♦ ❡st❛s ❡st✐♠❛❝✐♦♥❡s t❡♥❡♠♦s q✉❡
‖V Γ(·, y)ηx0‖▲✐♣δ̃ ≤ CR−d−δ̃✱ ❡♥t♦♥❝❡s

|K2,1(x, y)−K2,1(x
′, y)| ≤ C

|x− x′|δ̃
|x− y|d+δ̃

.

P❛r❛ ❡st✐♠❛r ❧❛ s✉❛✈✐❞❛❞ ❞❡ K2,2 ✈❛♠♦s ❛ ✉s❛r q✉❡

|∇2
1Γ0(x, ξ)−∇2

1Γ0(x
′, ξ)| ≤ |x− x′|

|x− ξ|d+1
,

q✉❡ s♦♣(∆ηx0) ⊂ {ξ ∈ Rd : R/8 ≤ |x− ξ| ≤ R/2} ② q✉❡ |∆ηx0 | ≤ C/R2✳ ❊♥t♦♥❝❡s✱

|K2,2(x, y)−K2,2(x
′, y)| =

∣

∣

∣

∣

ˆ

[

∇2
1Γ0(x, ξ)−∇2

1Γ0(x
′, ξ)
]

Γ(y, ξ)∆ηx0(ξ)dξ

∣

∣

∣

∣

≤ C

R2

ˆ

R/8≤|x−ξ|≤R/2

|x− x′|
|x− ξ|d+1|y − ξ|d−2

dξ

≤ C|x− x′|
Rd

ˆ

R/8≤|x−ξ|≤R/2

dξ

|x− ξ|d+1

≤ C|x− x′|
Rd+1

.

❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ K2,3 ✉s❛r❡♠♦s ❧❛ ❡st✐♠❛❝✐ó♥

|∇2
1∇2Γ0(x, ξ)−∇2

1∇2Γ0(x
′, ξ)| ≤ |x− x′|

|x− ξ|d+2
,

q✉❡ s♦♣(∇ηx0) ⊂ {ξ ∈ Rd : R/8 ≤ |x− ξ| ≤ R/2} ② q✉❡ |∇ηx0 | ≤ C/R✱ ♣❛r❛ ♦❜t❡♥❡r

|K2,3(x, y)−K2,3(x
′, y)| = 2

∣

∣

∣

∣

ˆ

[

∇2
1∇2Γ0(x, ξ)−∇2

1∇2Γ0(x
′, ξ)
]

· ∇ηx0(ξ)Γ(y, ξ)dξ
∣

∣

∣

∣

≤ C

R

ˆ

R/8≤|x−ξ|≤R/2

|x− x′|
|x− ξ|d+2|y − ξ|d−2

dξ

≤ C|x− x′|
Rd−1

ˆ

R/8≤|x−ξ|≤R/2

dξ

|x− ξ|d+2

≤ C|x− x′|
Rd+1

.

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ✈❛♠♦s ❛ ✉s❛r ❡❧ ❈♦r♦❧❛r✐♦ ✸✳✷✳✺ ♣❛r❛ ♦❜t❡♥❡r ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✹✳✶✳✷✳ ❙❡❛ V ∈ RHq ❝♦♥ q > d/2✱ q✉❡ s❛t✐s❢❛❝❡ ✭✹✳✵✳✷✮ ♣❛r❛ ❝✐❡rt♦ ✈❛❧♦r ❞❡
α > 0✳ ❙✐ δ̃ = mı́n{1, 2 − d/q, α} ② 0 ≤ β < δ̃✱ ❡♥t♦♥❝❡s ❡❧ ♦♣❡r❛❞♦r R2 ❡s ❛❝♦t❛❞♦ ❡♥

BMOβ
ρ (w) s✐❡♠♣r❡ q✉❡ w ∈ Aρ∞ ∩Dρ

µ✱ ❝♦♥ 1 ≤ µ < 1 + δ̃−β
d

✳



✹✳✶ ❘❡❣✉❧❛r✐❞❛❞ ❞❡ R2 ✼✼

P❛r❛ ♣♦❞❡r ❛♣❧✐❝❛r ❡❧ ❈♦r♦❧❛r✐♦ ✸✳✷✳✺✱ t❡♥❡♠♦s q✉❡ ♣r♦❜❛r q✉❡ R2(1)✱ ❜❛❥♦ ❧❛s ❝♦♥❞✐✲
❝✐♦♥❡s ❞❡❧ ❚❡♦r❡♠❛ ✹✳✶✳✷✱ s❛t✐s❢❛❝❡ ❧❛ ❡st✐♠❛❝✐ó♥ ❞❡ ♦s❝✐❧❛❝✐ó♥ ✭✸✳✷✳✼✮ ♣❛r❛ ❛❧❣ú♥ ǫ > 0✳
P❛r❛ ♣r♦❜❛r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ r❡q✉❡r✐❞❛✱ ♥❡❝❡s✐t❛♠♦s ❡st❛❜❧❡❝❡r ❧❛s s✐❣✉✐❡♥t❡s ❤❡rr❛♠✐❡♥t❛s✳
▲❛ ♣r✐♠❡r❛ ❡s ✉♥❛ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡❧ ▲❡♠❛ ✷✳✸✳✶✶ ❞ó♥❞❡ s❡ ❝♦♠♣❛r❛♥ ❧♦s ♥ú❝❧❡♦s K2 ❝♦♥
K2✱ ❡♥✉♥❝✐❛❞❛ ❡♥ ❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛✳

▲❡♠❛ ✹✳✶✳✸✳ ❙❡❛ V ∈ RHq ❝♦♥ q > d/2✱ ② s❡❛♥ K2 ② K2 ❧♦s ♥ú❝❧❡♦s ❞❡ R2 ② R2

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡ s✐ x0 ∈ Rd ② r ≤ ρ(x0)/2✱

1

|B(x0, r)|

ˆ

B(x0,r)

ˆ

B(x0,r)

|K2(x, y)−K2(x, y)|dydx ≤ C

(

r

ρ(x0)

)δ

,

❝♦♥ δ = mı́n{1, 2− d/q}✳

❉❡♠♦str❛❝✐ó♥✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r ❤❛❝❡♠♦s

1

|B(x0, r)|

ˆ

B(x0,r)

ˆ

B(x0,r)

|K2(x, y)−K2(x, y)|dydx

≤ 1

|B(x0, r)|

ˆ

B(x0,r)

ˆ

B(y,2r)

|K2(x, y)−K2(x, y)|dxdy

≤ 1

|B(x0, r)|

ˆ

B(x0,r)

∞
∑

j=0

ˆ

2−jr≤|x−y|≤2−j+1r

|K2(x, y)−K2(x, y)|dxdy.

P❛r❛ y✱ j ✜❥♦s ♣♦❞❡♠♦s ❝✉❜r✐r ❝❛❞❛ ❝♦r♦♥❛ {x : 2−jr ≤ |x−y| ≤ 2−j+1r} ❝♦♥ ✉♥❛ ❝♦❧❡❝❝✐ó♥
❞❡ ❜♦❧❛s {Bi,j = B(xji , 2

−j−3r)} ❞❡ ♠❛♥❡r❛ q✉❡ ❧♦s ❝❡♥tr♦s xji ♣❡rt❡♥❡❝❡♥ ❛ ❧❛ ❝♦r♦♥❛ ②
❧❛ ❝❛♥t✐❞❛❞ M só❧♦ ❞❡♣❡♥❞❡ ❞❡ ❧❛ ❞✐♠❡s✐ó♥✳ ▲✉❡❣♦✱ ♣❛r❛ x ∈ Bi,j ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❧❛
❡①♣r❡s✐ó♥ ❞❛❞❛ ❡♥ ❡❧ ▲❡♠❛ ✷✳✸✳✶✶ ♣❛r❛ ♦❜t❡♥❡r

1

|B(x0, r)|

ˆ

B(x0,r)

ˆ

B(x0,r)

|K2(x, y)−K2(x, y)|dydx

≤ 1

|B(x0, r)|

ˆ

B(x0,r)

∞
∑

j=0

M
∑

i=1

ˆ

Bi,j

|K2(x, y)−K2(x, y)|dxdy

≤ C
1

|B(x0, r)|

ˆ

B(x0,r)

∞
∑

j=0

M
∑

i=1

ˆ

Bi,j

|R2(V Γ(·, y)χ ˜Bi,j
)(x)|dxdy

+
1

|B(x0, r)|

ˆ

B(x0,r)

∞
∑

j=0

M
∑

i=1

ˆ

Bi,j

(2−jr)δ

(2−jr)dρδ(xij)
dxdy

= A+B.

P❛r❛ ❡st✐♠❛r B ❡s ❢❛❝✐❧ ✈❡r q✉❡

B ≤ CM

(

r

ρ(x0)

)δ ∞
∑

j=0

2−jδ ≤ C

(

r

ρ(x0)

)δ

.



✼✽ ▼ás r❡s✉❧t❛❞♦s ❞❡ s✉❛✈✐❞❛❞ ❜❛❥♦ s✉♣♦s✐❝✐♦♥❡s ♠ás ❢✉❡rt❡s ❡♥ ❡❧ ♣♦t❡♥❝✐❛❧

❊♥ A ♣❛r❛ p > 1✱ ♣♦❞❡♠♦s ❤❛❝❡r

A ≤ C
1

|B(x0, r)|

ˆ

B(x0,r)

∞
∑

j=0

M
∑

i=1

(

ˆ

Bi,j

|R2(V Γ(·, y)χ ˜Bi,j
)(x)|pdx

)p

(2−jr)d/p
′

dy

≤ C
1

|B(x0, r)|

ˆ

B(x0,r)

∞
∑

j=0

M
∑

i=1

(

ˆ

˜Bi,j

|V (ξ)Γ(ξ, y)|pdξ
)p

(2−jr)d/p
′

dy

≤ CM
1

|B(x0, r)|ρ2(x0)

ˆ

B(x0,r)

∞
∑

j=0

(2−jr)d/p+d/p
′−d+2dy

≤ C

(

r

ρ(x0)

)2

,

❞♦♥❞❡ ❤❡♠♦s ✉s❛❞♦ q✉❡ ❡❧ ♦♣❡r❛❞♦r R2 ❡s ❛❝♦t❛❞♦ ❡♥ Lp✱ ❧❛ ❡st✐♠❛❝✐ó♥ ✭✶✳✷✳✾✮ ♣❛r❛ Γ ②
❧❛ ❡st✐♠❛❝✐ó♥ ❞❡ t❛♠❛ñ♦ ✭✹✳✵✳✶✮ ♣❛r❛ ❡❧ ♣♦t❡♥❝✐❛❧✳

❊❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦ ❡st❛❜❧❡❝❡ ✉♥❛ ❡st✐♠❛❝✐ó♥ s♦❜r❡ ❧❛ s✉❛✈✐❞❛❞ ❞❡ ❧❛ ❞✐❢❡r❡♥❝✐❛ ❞❡
❧♦s ♥ú❝❧❡♦s✳

▲❡♠❛ ✹✳✶✳✹✳ ❙❡❛ V ∈ RHq ❝♦♥ q > d/2✱ ② s❡❛♥ K2 ② K2 ❧♦s ♥ú❝❧❡♦s ❞❡ R2 ② R2

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡ s✐ x0✱ y0 ∈ Rd✱ R ≤ |x0 − y0| ≤ ρ(x0)✱ x
② x′ ♣❡rt❡♥❡❝❡♥ ❛ B(x0, r) ❝♦♥ r < R/8✱ ❡ y ∈ B(y0, R/8)✱

|K2(x, y)−K2(x, y)− [K2(x
′, y)−K2(x

′y)] |

≤ Cr

Rd−1ρ(x0)2
+ |R2(V Γ(y, ·)ηx0)(x)−R2(V Γ(y, ·)ηx0)(x′)|.

✭✹✳✶✳✺✮

❉❡♠♦str❛❝✐ó♥✳ ❉❡ ❛❝✉❡r❞♦ ❛ ❬✸✶❪ ✭♣á❣✳ ✺✸✵✮✱

Γ(x, y)− Γ0(x, y) = −
ˆ

Γ0(x, ξ)V (ξ)Γ(y, ξ)dξ.

❯s❛♥❞♦ ❧❛ ♥♦t❛❝✐ó♥ D(x, y) = K2(x, y)−K2(x, y) ② ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❛rr✐❜❛ t❡♥❡♠♦s q✉❡

|D(x, y)−D(x′, y)|

=

∣

∣

∣

∣

∇2
1

ˆ

Γ0(x, ξ)V (ξ)Γ(y, ξ)dξ −∇2
1

ˆ

Γ0(x
′, ξ)V (ξ)Γ(y, ξ)dξ

∣

∣

∣

∣

≤
∣

∣

∣

∣

∇2
1

ˆ

Γ0(x, ξ)V (ξ)Γ(y, ξ)ηx0(ξ)dξ −∇2
1

ˆ

Γ0(x
′, ξ)V (ξ)Γ(y, ξ)ηx0(ξ)dξ

∣

∣

∣

∣

+

∣

∣

∣

∣

∇2
1

ˆ

Γ0(x, ξ)V (ξ)Γ(y, ξ)(1− ηx0(ξ))dξ −∇2
1

ˆ

Γ0(x
′, ξ)V (ξ)Γ(y, ξ)(1− ηx0(ξ))dξ

∣

∣

∣

∣

= I + II.



✹✳✶ ❘❡❣✉❧❛r✐❞❛❞ ❞❡ R2 ✼✾

P❛r❛ I✱ t❡♥❡♠♦s q✉❡

I = |R2(V Γ(y, ·)ηx0)(x)−R2(V Γ(y, ·)ηx0)(x′)|.

❊♥ II✱ ✈❛♠♦s ❛ ✉s❛r q✉❡ s♦♣(1− ηx0) ⊂ (B(x0, R/4))
c✱ ❡♥t♦♥❝❡s

II ≤
ˆ

|ξ−x0|≥R/4
|K2(x, ξ)−K2(x

′, ξ)|V (ξ)|Γ(y, ξ)|dξ.

P❛r❛ ❛❝♦t❛r ❡st❡ tér♠✐♥♦ ✈❛♠♦s ❛ ❞✐✈✐❞✐r {|ξ − x0| ≥ R/4}UJ1 + J2 + J3✱ ❞♦♥❞❡ J1 =
{|y−ξ| ≤ R/8}✱ J2 = {R/8 < |y−ξ| < 2ρ(x0), |x0−ξ| ≥ R/8} ② J3 = {|y−ξ| ≥ 2ρ(x0)}✳

❊♥ J1✱ |x− ξ| ≃ |x′ − ξ| ≃ R✱
ˆ

J1

|K2(x, ξ)−K2(x
′, ξ)|V (ξ)|Γ(y, ξ)|dξ ≤ Crδ

Rd+δρ2(x0)

ˆ

B(y,R/8)

dξ

|y − ξ|d−2

≤ C

Rd

( r

R

)δ
(

R

ρ(x0)

)2

.

❊♥ J2✱
ˆ

J2

|K2(x, ξ)−K2(x
′, ξ)|V (ξ)|Γ(y, ξ)|dξ ≤ Crδ

Rd−2ρ2(x0)

ˆ

|x−ξ|≥R/16

dξ

|x− ξ|d+δ

≤ C

Rd

( r

R

)δ
(

R

ρ(x0)

)2

.

❋✐♥❛❧♠❡♥t❡✱ ❡♥ J3✱ ❝♦♠♦ |x− ξ| ≥ ρ(x0)✱ ✈❛♠♦s ❛ ✉s❛r ❡❧ ▲❡♠❛ ✶✳✷✳✽ ♣❛r❛ ♦❜t❡♥❡r

ˆ

J3

|K2(x, ξ)−K2(x
′, ξ)|V (ξ)|Γ(y, ξ)|dξ

≤ CN
rδ

ρ(x0)d+δ

ˆ

|y−ξ|≥2ρ(x0)

1

|y − ξ|d−2ρ2(ξ)

(

1 +
|y − ξ|
ρ(y)

)−N
dξ

≤ CN
rδ

ρ(x0)d+δ

ˆ

|y−ξ|≥2ρ(x0)

1

|y − ξ|d
(

1 +
|y − ξ|
ρ(ξ)

)2(

1 +
|y − ξ|
ρ(y)

)−N
dξ

≤ CN
rδ

ρ(x0)d+δ

ˆ

|y−ξ|≥2ρ(x0)

1

|y − ξ|d
(

1 +
|y − ξ|
ρ(y)

)−N+2N0+2

dξ

≤ CN
rδ

ρ(x0)d+δ−Ñ

ˆ

|y−ξ|≥2ρ(x0)

dξ

|y − ξ|d+Ñ

≤ C
rδ

ρ(x0)d+δ
≤ C

Rd

( r

R

)δ
(

R

ρ(x0)

)2

.

❆q✉í ❤❡♠♦s ✉s❛❞♦ t❛♠❜✐é♥ q✉❡ ρ(x0) ≃ ρ(y)✱ ♣✉❡st♦ q✉❡ |x0 − y| ≤ 2ρ(x0)✳



✽✵ ▼ás r❡s✉❧t❛❞♦s ❞❡ s✉❛✈✐❞❛❞ ❜❛❥♦ s✉♣♦s✐❝✐♦♥❡s ♠ás ❢✉❡rt❡s ❡♥ ❡❧ ♣♦t❡♥❝✐❛❧

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ❞❛♠♦s ❧❛ ♣r✉❡❜❛ ❞❡❧ ❚❡♦r❡♠❛ ✹✳✶✳✷✳

❉❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✹✳✶✳✷✳ ❱❛♠♦s ❛ ✉s❛r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✹✳✶✳✶ ② ❡❧ ❈♦r♦❧❛r✐♦ ✸✳✷✳✸✳
❈♦♠♦ ❞✐❥✐♠♦s✱ ❜❛st❛rá ✈❡r q✉❡ R2(1) s❛t✐s❢❛❝❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ♦s❝✐❧❛❝✐ó♥ ✭✸✳✷✳✼✮✳

❙❡❛♥ x0 ∈ Rd✱ r < ρ(x0)/2 ② x✱ x′ ∈ B(x0, r)✳ ❊s❝r✐❜✐♠♦s

|T1(x)− T1(x′)| =
∣

∣

∣

∣

ĺım
ε→0+

ˆ

|x−y|>ε
K(x, y)dy − ĺım

ε→0+

ˆ

|x′−y|>ε
K(x′, y)dy

∣

∣

∣

∣

≤ ĺım
ε→0+

∣

∣

∣

∣

ˆ

|x−y|>ε
K(x, y)ϕ

( |x− y|
4ρ(x0)

)

dy −
ˆ

|x′−y|>ε
K(x′, y)ϕ

( |x′ − y|
4ρ(x0)

)

dy

∣

∣

∣

∣

+

∣

∣

∣

∣

ˆ

K(x, y)

(

1− ϕ

( |x− y|
4ρ(x0)

))

dy −
ˆ

K(x′, y)

(

1− ϕ

( |x′ − y|
4ρ(x0)

))

dy

∣

∣

∣

∣

≤ ĺım
ε→0+

Aε +B,

❞♦♥❞❡ ϕ ❡s ✉♥❛ ❢✉♥❝✐ó♥ C∞
0 (R) ❝♦♥ s♦♣♦rt❡ ❡♥ [−2, 2] ② q✉❡ ✈❛❧❡ 1 ❡♥ [−1, 1]✳ ❙✐ K2 ❡s ❡❧

♥ú❝❧❡♦ ❞❡ R2 ② D(x, y) = K2(x, y)−K2(x, y)✱ ❞❡s❝♦♠♣♦♥❡♠♦s Aε ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

Aε =

∣

∣

∣

∣

ˆ

|x−y|>ε
[K(x, y)−K2(x, y)]ϕ

( |x− y|
4ρ(x0)

)

dy

−
ˆ

|x′−y|>ε
[K(x′, y)−K2(x

′, y)]ϕ

( |x′ − y|
4ρ(x0)

)

dy

∣

∣

∣

∣

≤
∣

∣

∣

∣

ˆ

|x−y|>r
D(x, y)ϕ

( |x− y|
4ρ(x0)

)

dy −
ˆ

|x−y|>r
D(x′, y)ϕ

( |x′ − y|
4ρ(x0)

)
∣

∣

∣

∣

+

ˆ

|x−y|<r
|D(x, y)|dy +

ˆ

|x′−y|<r
|D(x′, y)|dy = A1 + A2 + A3.

P❛r❛ A2 ✈❛♠♦s ❛ ✉s❛r ❡❧ ▲❡♠❛ ✹✳✶✳✸ ♣❛r❛ ❡st✐♠❛r

1

|B(x0, r)|2
ˆ

B(x0,r)

ˆ

B(x0,r)

A2 dxdx
′ ≤ C

|B(x0, r)|

ˆ

B(x0,r)

ˆ

B(x0,2r)

|D(x, y)|dydx

≤ C

(

r

ρ(x0)

)δ

,

❝♦♥ δ = mı́n{1, 2− d/q}✳ ❊s ✐♥♠❡❞✐❛t♦ q✉❡ ♣♦❞❡♠♦s ❡st✐♠❛r A3 ❞❡ ✐❣✉❛❧ ♠❛♥❡r❛✳



✹✳✶ ❘❡❣✉❧❛r✐❞❛❞ ❞❡ R2 ✽✶

❱❛♠♦s ❛ ❞✐✈✐❞✐r ❡❧ tér♠✐♥♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ A1 ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

A1 =

∣

∣

∣

∣

ˆ

D(x, y)ϕ

( |x− y|
4ρ(x0)

)

χ|x−y|>r(y)−D(x′, y)ϕ

( |x′ − y|
4ρ(x0)

)

χ|x′−y|>r(y)dy

∣

∣

∣

∣

≤
ˆ

|D(x, y)−D(x′, y)|ϕ
( |x− y|
4ρ(x0)

)

χ|x−y|>r(y)dy

+

ˆ

|D(x′, y)|
[

ϕ

( |x− y|
4ρ(x0)

)

− ϕ

( |x′ − y|
4ρ(x0)

)]

χ|x−y|>r(y)dy

+

ˆ

|D(x′, y)|ϕ
( |x′ − y|

4ρ(x0)

)

∣

∣χ|x−y|>r(y)− χ|x′−y|>r(y)
∣

∣ dy

= A11 + A12 + A13.

❊♥ A11 ♣♦❞❡♠♦s ❞❡s❝♦♠♣♦♥❡r ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

A11 ≤
ˆ

r≤|x−y|≤8ρ(x0)

|D(x, y)−D(x′, y)|dy

≤
j0
∑

j=0

ˆ

2jr≤|x−y|≤2j+1r

|D(x, y)−D(x′, y)|dy,

❝♦♥ j0 ∈ N t❛❧ q✉❡ 2j0r < 8ρ(x0) ≤ 2j0+1r✳ P♦❞❡♠♦s ❝✉❜r✐r ❝❛❞❛ ❝♦r♦♥❛ ❝♦♥ ✉♥❛ ❝♦❧❡❝❝✐ó♥
❞❡ ❜♦❧❛s {Bi.j = B(yi,j, 2

j−2r)}Mi=1 ❞❡ ♠❛♥❡r❛ q✉❡ ❧♦s ❝❡♥tr♦s ❡stá♥ t♦❞♦s ❞❡♥tr♦ ❧❛ ❝♦r♦♥❛
② ❧❛ ❝❛♥t✐❞❛❞ M ❞❡♣❡♥❞❡ só❧♦ ❞❡ ❧❛ ❞✐♠❡♥s✐ó♥✳ ▲✉❡❣♦✱ ♣❛r❛ y ∈ Bi,j ♣♦❞❡♠♦s ✉s❛r ❡❧
▲❡♠❛ ✹✳✶✳✹✱ ♣❛r❛ ♦❜t❡♥❡r

A11 ≤
j0
∑

j=0

M
∑

i=1

ˆ

Bi,j

|D(x, y)−D(x′, y)|dy

≤ C

j0
∑

j=0

M
∑

i=1

ˆ

Bi,j

|R2(V Γ(y, ·)ηBj
)(x)−R2(V Γ(y, ·)ηBj

)(x′)|dy

+ C

j0
∑

j=0

M
∑

i=1

ˆ

Bi,j

r

(2jr)d−1ρ(x0)2
dy

= A111 + A112,

❞♦♥❞❡ Bj = B(x0, 2
j−1r)✳ ❆sí✱ ❡s ✐♥♠❡❞✐❛t♦ q✉❡

A112 ≤ CM

(

r

ρ(x0)

)2 j0
∑

j=0

2j ≤ C
r

ρ(x0)
.

P❛r❛ A111 ♦❜s❡r✈❛♠♦s q✉❡ ♣❛r❛ δ̃ = mı́n{1, 2− d/q, α}✱ t❡♥❡♠♦s

A111 ≤ C|x− x′|δ̃
j0
∑

j=0

M
∑

i=1

ˆ

Bi,j

‖V Γ(y, ·)ηBj
‖
▲✐♣δ̃

dy.



✽✷ ▼ás r❡s✉❧t❛❞♦s ❞❡ s✉❛✈✐❞❛❞ ❜❛❥♦ s✉♣♦s✐❝✐♦♥❡s ♠ás ❢✉❡rt❡s ❡♥ ❡❧ ♣♦t❡♥❝✐❛❧

❆❤♦r❛✱ s✐ y ∈ Bi,j✱ ✈❛♠♦s ❛ ❡st✐♠❛r ‖V Γ(y, ·)ηBj
‖
▲✐♣δ̃

✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r✱ s✐ z✱ z′ s♦♥
t❛❧❡s q✉❡ |z − z′| < 2j−2r t❡♥❡♠♦s q✉❡

|V (z)Γ(y, z)ηBj
(z)− V (z′)Γ(y, z′)ηBj

(z′)| ≤ |V (z)− V (z′)||Γ(y, z)|ηBj
(z)

+ V (z′)|Γ(y, z)− Γ(y, z′)|ηBj
(z)

+ V (z′)|Γ(y, z′)||ηBj
(z)− ηBj

(z′)|
= I + II + III.

✭✹✳✶✳✻✮

P❛r❛ ❡st✐♠❛r I ♦❜s❡r✈❛♠♦s q✉❡ I = 0 s✐ z /∈ Bj✳ ▲✉❡❣♦✱ s✐ z ∈ Bj✱ t❡♥❡♠♦s q✉❡ |z−y| ≃ 2jr
②

I ≤ |z − z′|α
ρ2+α(x0)(2jr)d−2

≤ |z − z′|α
ρ2(x0)(2jr)d−2+α

.

❊♥ II t❡♥❡♠♦s q✉❡✱ ❞❡ ❧❛ ♠✐s♠❛ ♠❛♥❡r❛✱ II = 0 s✐ z /∈ Bj✱ ❧✉❡❣♦ s✐ z ∈ Bj✱ |z − y| ≃
|z′ − y| ≃ 2jr ②

II ≤ C|z − z′|δ
ρ2(x0)(2jr)d−2+δ

,

❝♦♥ δ = mı́n{1, 2 − d/q}✳ ❋✐♥❛❧♠❡♥t❡✱ III = 0 s✐ z /∈ Bj ② z′ /∈ Bj✳ ▲✉❡❣♦✱ s✐ ❛❧❣✉♥♦ ❞❡
❡st♦s ♣✉♥t♦s ❡stá ❡♥ Bj |z − y| ≃ |z′ − y| ≃ 2jr✳ ❯s❛♥❞♦ ❧❛ s✉❛✈✐❞❛❞ ❞❡ ηBj

✱

III ≤ C
|z − z′|

ρ2(x0)(2jr)d−1
.

P♦r ♦tr♦ ❧❛❞♦✱ s✐ z ∈ Bj

|V (z)ΓηBj
(z)| ≤ C

ρ2(x0)(2jr)d−2

② ✈❛❧❡ ❝❡r♦ s✐ z /∈ Bj✳ ❊♥t♦♥❝❡s✱ s✐ |z − z| ≥ 2j−2r t❡♥❡♠♦s q✉❡

|V (z)Γ(y, z)ηBj
(z)− V (z′)Γ(y, z′)ηBj

(z′)| ≤ C
|z − z′|δ̃

ρ2(x0)(2jr)d−2+δ̃
.

❊♥t♦♥❝❡s✱ ❝♦♥❝❧✉✐♠♦s q✉❡

‖V Γ(y, ·)ηBj
‖
▲✐♣δ̃

≤ C

ρ2(x0)(2jr)d−2+δ̃
.

▲✉❡❣♦✱

A111 ≤ CM
|x− x′|δ̃r2−δ̃

ρ2(x0)

j0
∑

j=0

2j(2−δ̃) ≤ C
|x− x′|δ̃r2−δ̃

ρ2(x0)

(

ρ(x0)

r

)2−δ̃
≤ C

( |x− x′|
ρ(x0)

)δ̃

.

❆❝♦t❡♠♦s ❛❤♦r❛ A12✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r ♦❜s❡r✈❡♠♦s q✉❡

s♦♣
(

ϕ

( |x− y|
4ρ(x0)

)

− ϕ

( |x′ − y|
4ρ(x0)

))

⊂ {y ∈ Rd : 2ρ(x0) ≤ |x′ − y| ≤ 10ρ(x0)}. ✭✹✳✶✳✼✮



✹✳✶ ❘❡❣✉❧❛r✐❞❛❞ ❞❡ R2 ✽✸

❆♣❧✐❝❛♥❞♦ ❡❧ t❡♦r❡♠❛ ❞❡❧ ✈❛❧♦r ♠❡❞✐♦ ♣❛r❛ ϕ t❡♥❡♠♦s q✉❡

A12 ≤ C

( |x− x′|
ρ(x0)

)
ˆ

2ρ(x0)≤|x′−y|≤10ρ(x0)

|K2(x
′, y)|+ |K2(x

′ − y)|dy ≤ C

( |x− x′|
ρ(x0)

)

,

✉s❛♥❞♦ ❧❛s ❡st✐♠❛❝✐♦♥❡s ❞❡ t❛♠❛ñ♦ ♣❛r❛ K2 ② K2✳

P❛r❛ A3 ✈❛♠♦s ❛ ✉s❛r q✉❡ s♦♣
(

χ|x−y|>r − χ|x′−y|>r
)

⊂ B(x0, 4r) ② ❡❧ ▲❡♠❛ ✹✳✶✳✸ ♣❛r❛
❡st✐♠❛r

1

|B(x0, r)|2
ˆ

B(x0,r)

ˆ

B(x0,r)

A13dxdx
′ ≤ 1

|B(x0, r)|

ˆ

B(x0,r)

ˆ

B(x0,4r)

|D(x′, y)|dydx′

≤ C

(

r

ρ(x0)

)δ

,

❝♦♥ δ = mı́n{1, 2− d/q}✳

P♦r ú❧t✐♠♦ ✈❛♠♦s ❛ ❛❝♦t❛r ❡❧ tér♠✐♥♦ B✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r ❡s❝r✐❜✐♠♦s

B ≤
∣

∣

∣

∣

ˆ

K2(x, y)

(

ϕ

( |x− y|
4ρ(x0)

)

− ϕ

( |x′ − y|
4ρ(x0)

))

dy

∣

∣

∣

∣

+

∣

∣

∣

∣

ˆ

(K(x, y)−K(x′, y))

(

1− ϕ

( |x− y|
4ρ(x0)

))

dy

∣

∣

∣

∣

= B1 +B2.

❊♥ B1 ✉s❛♠♦s ✭✹✳✶✳✼✮✱ ❡❧ t❡♦r❡♠❛ ❞❡❧ ✈❛❧♦r ♠❡❞✐♦ ♣❛r❛ ϕ ② ❡❧ t❛♠❛ñ♦ ❞❡ K2 ♣❛r❛
♦❜t❡♥❡r

B1 ≤ C

( |x− x′|
ρ(x0)

)
ˆ

2ρ(x0)≤|x′−y|≤10ρ(x0)

|K2(x, y)|dy ≤ C

( |x− x′|
ρ(x0)

)

. ✭✹✳✶✳✽✮

❋✐♥❛❧♠❡♥t❡✱ ❡♥ B2✱ ✈❛♠♦s ❛ ✉s❛r ❧❛ s✉❛✈✐❞❛❞ ❞❡ K2 ♣❛r❛ ❡st✐♠❛r

B2 ≤
ˆ

|x−y|≥2ρ(x0)

|K2(x, y)−K2(x
′, y)|dy

≤ C|x− x′|δ̃
ˆ

|x−y|≥2ρ(x0)

dy

|x− y|d+δ̃

≤ C

( |x− x′|
ρ(x0)

)δ̃

.

❉❡ t♦❞❛s ❧❛s ❡st✐♠❛❝✐♦♥❡s ❛♥t❡r✐♦r❡s s❡ ❞❡❞✉❝❡ q✉❡ R2(1) s❛t✐s❢❛❝❡ ✭✸✳✷✳✼✮ ❝♦♥ ε = δ̃ =
mı́n{1, 2− d/q, α}✳



✽✹ ▼ás r❡s✉❧t❛❞♦s ❞❡ s✉❛✈✐❞❛❞ ❜❛❥♦ s✉♣♦s✐❝✐♦♥❡s ♠ás ❢✉❡rt❡s ❡♥ ❡❧ ♣♦t❡♥❝✐❛❧

✹✳✷✳ ❖♣❡r❛❞♦r❡s q✉❡ ✐♥✈♦❧✉❝r❛♥ ❡❧ ♣♦t❡♥❝✐❛❧

❊♥ ❡st❛ s❡❝❝✐ó♥ ❛♥❛❧✐③❛r❡♠♦s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r ❞❡ t✐♣♦ V γL−γ ♣❛r❛
0 < γ < d/2✱ ② V γ−1/2∇L−γ ♣❛r❛ 1/2 < γ ≤ 1✱ ❛❝t✉❛♥❞♦ s♦❜r❡ ❡s♣❛❝✐♦s BMOβ

ρ (w)✳ ▲❛
❡str❛t❡❣✐❛ s❡rá s✐♠✐❧❛r ❛ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r ♣r♦❜❛r q✉❡ s♦♥ ♦♣❡r❛❞♦r❡s ❞❡
❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ② ♣♦st❡r✐♦r♠❡♥t❡ ❛♣❧✐❝❛r ❡❧ ❈♦r♦❧❛r✐♦ ✸✳✷✳✺ ♣❛r❛ ♦❜t❡♥❡r
❝♦rr❡s♣♦♥❞✐❡♥t❡s r❡s✉❧t❛❞♦s ❡♥ ❡s♣❛❝✐♦s ❞❡ s✉❛✈✐❞❛❞✳

✹✳✷✳✶✳ ❖♣❡r❛❞♦r❡s V γL−γ

❈♦♥s✐❞❡r❛♠♦s ♦♣❡r❛❞♦r❡s ❞❡ t✐♣♦ V γL−γ ♣❛r❛ 0 < γ < d/2✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r✱ ♠♦str❛r❡✲
♠♦s q✉❡✱ ❜❛❥♦ ❧❛s ❤✐♣ót❡s✐s ❛❞✐❝✐♦♥❛❧❡s s♦❜r❡ V ✱ ❡st♦s ♦♣❡r❛❞♦r❡s r❡s✉❧t❛♥ ❞❡ ❙❝❤rö❞✐♥❣❡r✲
❈❛❧❞❡ró♥✲❩②❣♠✉♥❞✳ P❛r❛ ❡st♦ ♦❜s❡r✈❛♠♦s q✉❡ ❡❧ ♥ú❝❧❡♦ ❛s♦❝✐❛❞♦ ✈✐❡♥❡ ❞❛❞♦ ♣♦r

V γL−γf(x) =

ˆ

Rd

V γ(x)Jγ(x, y)f(y)dy,

❞♦♥❞❡ Jγ ❡s ❡❧ ♥ú❝❧❡♦ ❛s♦❝✐❛❞♦ ❛❧ ♦♣❡r❛❞♦r ✐♥t❡❣r❛❧ ❢r❛❝❝✐♦♥❛r✐♦ L−γ q✉❡✱ ❝♦♠♦ ✈✐♠♦s ❡♥
❡❧ ❈❛♣ít✉❧♦ ✷✱ s❛t✐s❢❛❝❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ t❛♠❛ñ♦ ② s✉❛✈✐❞❛❞ ✭✷✳✹✳✷✷✮ ② ✭✷✳✹✳✷✹✮✳

Pr♦♣♦s✐❝✐ó♥ ✹✳✷✳✶✳ ❙❡❛ V ∈ RHq ❝♦♥ q > d/2 ② 0 < γ < d/2✳ ❙✐ ❡①✐st❡ α > 0 t❛❧ q✉❡
V s❛t✐s❢❛❝❡ ✭✹✳✵✳✷✮ ❡♥t♦♥❝❡s V γL−γ ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡
t✐♣♦ (∞, δ̃) ❝♦♥ δ̃ = mı́n{1, 2− d/q, α, αγ}✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ 0 < γ < q/2 ② V ∈ RHq ❝♦♥ q > d/2✱ q✉❡ s❛t✐s❢❛❝❡ ✭✹✳✵✳✷✮ ♣❛r❛ ❛❧❣ú♥
α > 0✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r ✈❛♠♦s ❛ ♠♦str❛r q✉❡ ❡❧ ♥ú❝❧❡♦ V γ(x)Jγ(x, y) s❛t✐s❢❛❝❡ ❧❛ ❝♦♥❞✐❝✐ó♥
❞❡ t❛♠❛ñ♦ ♣✉♥t✉❛❧ ✭✷✳✶✳✹✮✳ ❯t✐❧✐③❛♥❞♦ ✭✹✳✵✳✶✮ ② ✭✷✳✹✳✷✷✮ t❡♥❡♠♦s q✉❡✱ ♣❛r❛ ❝❛❞❛ N > 0
❡①✐st❡ CN t❛❧ q✉❡✱ s✐ x 6= y✱

|V γ(x)Jγ(x, y)| ≤
CN

ρ2γ(x)|x− y|d−2γ

(

1 +
|x− y|
ρ(x)

)−N

≤ CN
|x− y|d

(

1 +
|x− y|
ρ(x)

)−N+2γ

.

P❛r❛ ✈❡r ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ s✉❛✈✐❞❛❞ ♣✉♥t❛❧ ✭✷✳✶✳✺✮ ❝♦♥s✐❞❡r❛♠♦s |x − y| > 2|x − x′| ②
❡s❝r✐❜✐♠♦s

|V γ(x)Jγ(x, y)−V γ(x′)Jγ(x
′, y)|

≤ V γ(x)|Jγ(x, y)− Jγ(x
′, y)|+ |Jγ(x′, y)||V γ(x)− V γ(x′)|.

P❛r❛ ❡❧ ♣r✐♠❡r tér♠✐♥♦ ✉s❛♠♦s ❧❛ s✉❛✈✐❞❛❞ ❞❡❧ ♥ú❝❧❡♦ Jγ ❞❛❞❛ ❡♥ ✭✷✳✹✳✷✹✮ ② ❧❛ ❡st✐✲



✹✳✷ ❖♣❡r❛❞♦r❡s q✉❡ ✐♥✈♦❧✉❝r❛♥ ❡❧ ♣♦t❡♥❝✐❛❧ ✽✺

♠❛❝✐ó♥ ✭✹✳✵✳✶✮ ♣❛r❛ ♦❜t❡♥❡r

V γ(x)|Jγ(x, y)− Jγ(x
′, y)| ≤ CN |x− x′|δ

ρ(x)2γ|x− y|d−2γ+δ

(

1 +
|x− y|
ρ(x)

)−N

≤ CN
|x− x′|δ
|x− y|d+δ

(

1 +
|x− y|
ρ(x)

)−N+2γ

,

❝♦♥ δ = mı́n{1, 2− d/q}✳

P❛r❛ ❡❧ s❡❣✉♥❞♦ tér♠✐♥♦ ✈❛♠♦s ❛ ✉s❛r q✉❡ ❧❛ ❢✉♥❝✐ó♥ t 7→ tγ ❡s ▲✐♣s❝❤✐t③✲γ̃ ❝♦♥
γ̃ = mı́n{1, γ}✳ ❯s❛♥❞♦ ❛❞❡♠ás ✭✹✳✵✳✷✮✱ ✭✷✳✹✳✷✷✮ ② ❡❧ ▲❡♠❛ ✶✳✷✳✽ ♦❜t❡♥❡♠♦s

|Jγ(x′, y)||V γ(x)− V γ(x′)| ≤ |V (x)− V (x′)|γ̃ CN
|x′ − y|d−2γ

(

1 +
|x′ − y|
ρ(y)

)−N

≤ CN
|x− x′|αγ̃

ρ(x)(2+α)γ̃|x− y|d−2γ̃

(

1 +
|x− y|
ρ(y)

)−N

≤ CN
|x− x′|γ̃α
|x− y|d+γ̃α

(

1 +
|x− y|
ρ(x)

)−N/(N0+1)

.

❯s❛♥❞♦ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ❛♥t❡r✐♦r ② ❡❧ ❈♦r♦❧❛r✐♦ ✸✳✷✳✺ ♣♦❞❡♠♦s ♣r♦❜❛r ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧✲
t❛❞♦✳

❚❡♦r❡♠❛ ✹✳✷✳✷✳ ❙❡❛♥ 0 < γ < d/2✱ V ∈ RHq ♣❛r❛ q > d/2 ② s✉♣♦♥❣❛♠♦s q✉❡ V
s❛t✐s❢❛❝❡ ✭✹✳✵✳✷✮ ♣❛r❛ ❝✐❡rt♦ 0 < α ≤ 1✳ ❙✐ δ̃ = mı́n{1, 2 − d/q, α, αγ} ② 0 ≤ β < δ̃✱

❡♥t♦♥❝❡s V γL−γ ❡s ❛❝♦t❛❞♦ ❡♥ BMOβ
ρ (w) s✐❡♠♣r❡ q✉❡ w ∈ Aρ∞ ∩Dρ

µ ② 1 ≤ µ < 1 + δ̃−β
d

✳

❉❡♠♦str❛❝✐ó♥✳ P♦r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✹✳✷✳✶ t❡♥❡♠♦s q✉❡ V γL−γ ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲
❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (∞, δ)✳ P♦r ❧♦ t❛♥t♦✱ r❡st❛ ♣r♦❜❛r q✉❡ ❡❧ ♦♣❡r❛❞♦r V γL−γ s❛✲
t✐s❢❛❝❡ ✭✸✳✷✳✼✮ ♣❛r❛ ♣♦❞❡r ❛♣❧✐❝❛r ❡❧ ❈♦r♦❧❛r✐♦ ✸✳✷✳✺ ② ♦❜t❡♥❡r ❡❧ r❡s✉❧t❛❞♦ ❞❡s❡❛❞♦✳ P❛r❛
✈❡r ❡st♦ ❝♦♥s✐❞❡r❡♠♦s x ∈ Rd ② z ∈ B(x, ρ(x))✱ ② ❡s❝r✐❜✐♠♦s

|V γL−γ1(x)− V γL−γ1(z)| =
∣

∣

∣

∣

V γ(x)

ˆ

Rd

Jγ(x, y)dy − V γ(z)

ˆ

Rd

Jγ(z, y)dy

∣

∣

∣

∣

≤ V γ(x)

ˆ

Rd

|Jγ(x, y)− Jγ(z, y)|dy

+ |V γ(x)− V γ(z)|
ˆ

Rd

|Jγ(z, y)|dy = A+B

P❛r❛ tr❛t❛r A ✈❛♠♦s ❛ ❞✐✈✐❞✐r ❧❛ ✐♥t❡❣r❛❧ s♦❜r❡ Rd ❡♥ ❧♦s s✐❣✉✐❡♥t❡s ❞♦♠✐♥✐♦s D1 =
{y ∈ Rd : |x− y| ≤ 2|x− z|}✱ D2 = {y ∈ Rd : 2|x− z| < |x− y| < ρ(x)} ② D3 = {y ∈ Rd :
|x− y| ≥ ρ(x)}✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ♣♦❞❡♠♦s ✉s❛r ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✹✳✵✳✶✮ ♣❛r❛ ❡s❝r✐❜✐r

A ≤ C

ρ2γ(x)

3
∑

i=1

ˆ

Di

|Jγ(x, y)− Jγ(z, y)|dy = A1 + A2 + A3.



✽✻ ▼ás r❡s✉❧t❛❞♦s ❞❡ s✉❛✈✐❞❛❞ ❜❛❥♦ s✉♣♦s✐❝✐♦♥❡s ♠ás ❢✉❡rt❡s ❡♥ ❡❧ ♣♦t❡♥❝✐❛❧

❊♥ A1 ♥♦ ♣♦❞❡♠♦s ✉s❛r ❧❛ ❡st✐♠❛❝✐ó♥ ❞❡ ❧❛ s✉❛✈✐❞❛❞ ❞❡ Jγ✳ ❆❝♦t❛♠♦s ❧❛ ❞✐❢❡r❡♥❝✐❛
♣♦r ❧❛ s✉♠❛ ② ♦❜t❡♥❡♠♦s ❞♦s tér♠✐♥♦s A11 ② A12✳ ❊♥ A11 ♦❜t❡♥❡♠♦s

A11 ≤
C

ρ2γ(x)

ˆ

|x−y|≤2|x−z|
|Jγ(x, y)|dy

≤ C

ρ2γ(x)

ˆ

|x−y|≤2|x−z|

dy

|x− y|d−2γ

≤ C

( |x− z|
ρ(x)

)2γ

.

❉❡ ✐❣✉❛❧ ♠❛♥❡r❛ ♣✉❡❞❡ ♦❜t❡♥❡rs❡ ❧❛ ♠✐s♠❛ ❡st✐♠❛❝✐ó♥ ♣❛r❛ A12✳

❊♥ A2 ♣♦❞❡♠♦s ✉s❛r ✭✷✳✹✳✷✸✮✳ ❙✐ δ = mı́n{1, 2− d/q} < 2γ✱

A2 ≤ C
|x− z|δ
ρ2γ(x)

ˆ

|x−y|<ρ(x)

dy

|x− y|d−2γ+δ
≤ C

( |x− z|
ρ(x)

)δ

.

P♦r ♦tr♦ ❧❛❞♦✱ s✐ δ > 2γ✱

A2 ≤ C
|x− z|δ
ρ2γ(x)

ˆ

2|x−z|<|x−y|

dy

|x− y|d−2γ+δ
≤ C

( |x− z|
ρ(x)

)2γ

.

❋✐♥❛❧♠❡♥t❡✱ ❝✉❛♥❞♦ δ = 2γ✱ ♣❛r❛ ❝✉❛❧q✉✐❡r ε > 0 t❡♥❡♠♦s

A2 ≤ C

( |x− z|
ρ(x)

)δ
1

|x− z|ε
ˆ

|x−y|<ρ(x)

dy

|x− y|d−ε ≤ C

( |x− z|
ρ(x)

)δ−ε
.

P❛r❛ A3✱ ✉s❛♠♦s ❧❛ ❡st✐♠❛❝✐ó♥ ✭✷✳✹✳✷✹✮✱ ② ♦❜t❡♥❡♠♦s

A3 ≤
CN |x− z|δ̃
ρ2γ−N(x)

ˆ

|x−y|≥ρ(x)

dy

|x− y|d−2γ+δ̃+N
≤ C

( |x− z|
ρ(x)

)δ̃

,

❡❧✐❣✐❡♥❞♦ N s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

P❛r❛ ❡st✐♠❛r B ✉s❛♠♦s ✭✹✳✵✳✷✮✱ ✭✷✳✹✳✷✷✮ ② q✉❡ ❧❛ ❢✉♥❝✐ó♥ t 7→ tγ ❡s ▲✐♣s❝❤✐t③✲γ̃ ❝♦♥
γ̃ = mı́n{1, γ}✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱

B ≤ |V (x)− V (z)|γ̃
ˆ

Rd

CN
|z − y|d−2γ

(

1 +
|z − y|
ρ(z)

)−N
dy

≤ C
|x− z|αγ̃
ρ(z)2γ+αγ̃

(
ˆ

|z−y|<ρ(z)

dy

|z − y|d−2γ
+ ρN(z)

ˆ

|z−y|≥ρ(z)

dy

|z − y|d−2γ+N

)

≤ C

( |x− z|
ρ(z)

)αγ̃

,

❡❧✐❣✐❡♥❞♦ N > 2γ✳



✹✳✷ ❖♣❡r❛❞♦r❡s q✉❡ ✐♥✈♦❧✉❝r❛♥ ❡❧ ♣♦t❡♥❝✐❛❧ ✽✼

✹✳✷✳✷✳ ❖♣❡r❛❞♦r❡s V γ−1/2∇L−γ

❊♥ ❡st❛ s❡❝❝✐ó♥ ❝♦♥s✐❞❡r❛♠♦s ❡❧ ♦♣❡r❛❞♦r V γ−1/2∇L−γ ♣❛r❛ 1/2 < γ ≤ 1✳ ▲❧❛♠❡♠♦s
Kγ ❛❧ ♥ú❝❧❡♦ ❛s♦❝✐❛❞♦ ❛❧ ♦♣❡r❛❞♦r ∇L−γ✳ ❙✐ γ = 1✱ t❡♥❡♠♦s q✉❡✱ ♣❛r❛ s✐ f ∈ L1

❧♦❝✱

V 1/2∇L−1f(x) = V 1/2(x)

ˆ

∇1Γ(x, y)f(y)dy = V 1/2(x)

ˆ

K1(x, y)f(y)dy.

▼✐❡♥tr❛s q✉❡✱ ♣❛r❛ 1/2 < γ < 1✱

Kγ(x, y) =
1

2π

ˆ

R

(−iτ)−γ∇1Γ(x, y, τ)dτ, ✭✹✳✷✳✶✮

❞♦♥❞❡ Γ(x, y, τ) ❡s ❧❛ s♦❧✉❝✐ó♥ ❢✉♥❞❛♠❡♥t❛❧ ❞❡❧ ♦♣❡r❛❞♦r −∆+ (V + iτ)✳

❱❛♠♦s ❛ ✉s❛r ❡st❛ ❡①♣r❡s✐ó♥ ❞❡❧ ♥ú❝❧❡♦ ♣❛r❛ ♣r♦❜❛r q✉❡✱ ❜❛❥♦ ❧❛s ❤✐♣ót❡s✐s ❛❞✐❝✐♦♥❛❧❡s
s♦❜r❡ ❡❧ ♣♦t❡♥❝✐❛❧✱ V γ−1/2∇L−γ ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞✳ P❛r❛
❡❧❧♦✱ ♥❡❝❡s✐t❛r❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❡st✐♠❛❝✐ó♥ ♣❛r❛ Γ(x, y, τ)✱ q✉❡ ♣✉❡❞❡ ❡♥❝♦♥tr❛rs❡ ❡♥ ❧❛
♣á❣✐♥❛ ✺✸✽ ❞❡ ❬✸✶❪✳ ❙✐ V ∈ RHq ❝♦♥ q > d/2✱ ♣❛r❛ ❝❛❞❛ N > 0 ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ CN
t❛❧ q✉❡

|∇1Γ(x, y, τ)| ≤CN
(

1 + τ 1/2|x− y|
)−N

(

1 +
|x− y|
ρ(x)

)−N

×
(

1

|x− y|d−2

ˆ

B(x,|x−y|/4)

V (u)

|x− u|d−1
du+

1

|x− y|d−1

)

.

✭✹✳✷✳✷✮

❆♥t❡s ❞❡ ♣r♦❜❛r q✉❡ ❡❧ ♥ú❝❧❡♦ ❛s♦❝✐❛❞♦ ❛ V γ−1/2∇L−γ s❛t✐s❢❛❝❡ ❝♦♥❞✐❝✐♦♥❡s ❞❡ t❛♠❛ñ♦
② s✉❛✈✐❞❛❞ ♥❡❝❡s✐t❛♠♦s ♣r♦❜❛r ❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛ q✉❡ ♥♦s ❞❛ ✉♥❛ ❡st✐♠❛❝✐ó♥ ♣❛r❛ ❧❛ ❞❡r✐✲
✈❛❞❛ s❡❣✉♥❞❛ ❞❡ Γ(x, y, τ) ❜❛❥♦ ❧❛s ❤✐♣ót❡s✐s s♦❜r❡ ❡❧ ♣♦t❡♥❝✐❛❧ q✉❡ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦
❡♥ ❡st❡ ❝❛♣ít✉❧♦✳

▲❡♠❛ ✹✳✷✳✸✳ ❙❡❛ Γ(x, y, τ) ❧❛ s♦❧✉❝✐ó♥ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ −∆ + (V + iτ)✳ ❙❡❛ V ∈ RHq

❝♦♥ q > d/2 ② t❛❧ q✉❡ s❛t✐s❢❛❝❡ ✭✹✳✵✳✷✮ ♣❛r❛ ❝✐❡rt♦ α > 0✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ ❝❛❞❛ N > 0
❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ CN t❛❧ q✉❡

|∇2
1Γ(x, y, τ)| ≤

CN
|x− y|d

(

1 + τ 1/2|x− y|
)−3
(

1 +
|x− y|
ρ(x)

)−N
, ♣❛r❛ x 6= y.

❉❡♠♦str❛❝✐ó♥✳ ▲❧❛♠❛♠❛♥❞♦ Γ(x, y, τ) ❛ ❧❛ s♦❧✉❝✐ó♥ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ −∆ + (V + iτ) ②
Γ0(x, y, τ) ❛ ❧❛ s♦❧✉❝✐ó♥ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ −∆+ iτ ❡s ♣♦s✐❜❧❡ ♦❜t❡♥❡r ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠✉❧❛
s✐♠✐❧❛r ❛ ✭✹✳✶✳✶✮✱



✽✽ ▼ás r❡s✉❧t❛❞♦s ❞❡ s✉❛✈✐❞❛❞ ❜❛❥♦ s✉♣♦s✐❝✐♦♥❡s ♠ás ❢✉❡rt❡s ❡♥ ❡❧ ♣♦t❡♥❝✐❛❧

∇2
1Γ(x, y, τ) = −∇2

1

ˆ

Rd

Γ0(x, ξ, τ)ηx0(ξ)Γ(ξ, y, τ)V (ξ)dξ

−
ˆ

Rd

∇2
1Γ0(x, ξ, τ)Γ(ξ, y, τ)∆ηx0(ξ)dξ

+ 2

ˆ

Rd

∇2
1∇2Γ0(x, ξ, τ) · ∇ηx0(ξ)Γ(ξ, y, τ)dξ = A+B + C.

✭✹✳✷✳✸✮

❆q✉í |x − x0| < |x − y|/8 ② η ❡s ✉♥❛ ❢✉♥❝✐ó♥ ✐♥✜♥✐t❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐❛❜❧❡ t❛❧ q✉❡
s♦♣(η) ⊂ B(x0, 3|x− y|/8) ② η ≡ 1 ❡♥ B(x0, |x− y|/4)✳

P❛r❛ ❧❛ s♦❧✉❝✐ó♥ ❢✉♥❞❛♠❡♥t❛❧ Γ(x, y, τ) t❡♥❡♠♦s ❧❛s s✐❣✉✐❡♥t❡s ❞❡s✐❣✉❛❧❞❛❞❡s q✉❡ ♣✉❡✲
❞❡♥ ❡♥❝♦♥tr❛rs❡ ❡♥ ❬✸✶❪ ✭♣á❣✳ ✺✸✺ ② ❚❡♦r❡♠❛ ✷✳✼✮✳ P❛r❛ ❝❛❞❛ N > 0 ❡①✐st❡ CN t❛❧ q✉❡

|Γ(ξ, y, τ)| ≤ CN
|ξ − y|d−2

(

1 + τ 1/2|ξ − y|
)−N

(

1 +
|ξ − y|
ρ(y)

)−N
. ✭✹✳✷✳✹✮

❆❞❡♠ás✱ s✐ |ξ − x| ≤ |x− y|/2

|Γ(ξ, y, τ)− Γ(x, y, τ)| ≤ C

(1 + τ 1/2|x− y|)3
|x− ξ|δ

|x− y|d−2+δ
, ✭✹✳✷✳✺✮

❝♦♥ δ = mı́n{1, 2 − d/q}✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ♣♦❞❡♠♦s ❡st✐♠❛r B ② C ❛❧ ✐❣✉❛❧ q✉❡ s❡ ❤✐③♦
❡♥ ✭✹✳✶✳✸✮✳

❊❧ tér♠✐♥♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ A ♣✉❡❞❡ ♣❡♥s❛rs❡ ❝♦♠♦ ✉♥❛ ✐♥t❡❣r❛❧ s✐♥❣✉❧❛r ❝♦♥ ♥ú❝❧❡♦
K
τ
2✳ ❊st❡ ♥ú❝❧❡♦ ♣✉❡❞❡ ♥♦ t❡♥❡r ♣r♦♠❡❞✐♦ ❝❡r♦ s♦❜r❡ ❝♦r♦♥❛s✱ s✐♥ ❡♠❜❛r❣♦✱ ♣♦❞❡♠♦s

❡s❝r✐❜✐r

K
τ
2(x, y) = (Kτ

2(x, y)−K
0
2(x, y)) +K

0
2(x, y) ✭✹✳✷✳✻✮

❊❧ ♥ú❝❧❡♦ K
0
2 t✐❡♥❡ ♣r♦♠❡❞✐♦ ❝❡r♦ s♦❜r❡ ❝♦r♦♥❛s✳ ❉❡ ❡st❛ ♠❛♥❡r❛ ♣♦❞❡♠♦s s❡❣✉✐r ❧❛

❡st✐♠❛❝✐ó♥ q✉❡ ❤✐❝✐♠♦s ❡♥ ✭✹✳✶✳✷✮ ✉s❛♥❞♦ ❛❤♦r❛ ✭✹✳✷✳✹✮ ② ✭✹✳✷✳✺✮ ❥✉♥t♦ ❝♦♥ ❧❛s ❤✐♣ót❡s✐s
❛❞✐❝✐♦♥❛❧❡s s♦❜r❡ ❡❧ ♣♦t❡♥❝✐❛❧ ♣❛r❛ ♦❜t❡♥❡r ♣❛r❛ ❝❛❞❛ N > 0 ✉♥❛ ❝♦♥st❛♥t❡ CN t❛❧ q✉❡

∣

∣

∣

∣

ˆ

K
0
2(x, ξ)Γ(ξ, y, τ)ηx0(ξ)V (ξ)dξ

∣

∣

∣

∣

≤ CN
|ξ − y|d

(

1 + τ 1/2|x− y|
)−3
(

1 +
|x− y|
ρ(x)

)−N
.

✭✹✳✷✳✼✮

P❛r❛ ❡❧ tér♠✐♥♦ ❝♦rr❡s♣♦♥❞❡✐♥t❡ ❛ ❧❛ ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ K
τ
2 ② K

0
2 ✉s❛♠♦s ❧❛ s✐❣✉✐❡♥t❡

❡st✐♠❛❝✐ó♥

|Kτ
2(x, y)−K

0
2(x, y)| ≤

Cτ

|x− y|d−2
. ✭✹✳✷✳✽✮



✹✳✷ ❖♣❡r❛❞♦r❡s q✉❡ ✐♥✈♦❧✉❝r❛♥ ❡❧ ♣♦t❡♥❝✐❛❧ ✽✾

❆♣❧✐❝❛♥❞♦ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞ ② ❧❛ ❡st✐♠❛❝✐ó♥ ✭✹✳✷✳✹✮ t❡♥❡♠♦s q✉❡

ˆ

B(x0,3|x−y|/8)
|Kτ

2(x, ξ)−K
0
2(x, ξ)|Γ(ξ, y, τ)ηx0(ξ)V (ξ)dξ

≤ CNτ

ˆ

B(x0,3|x−y|/8)

(

1 + τ 1/2|ξ − y|
)−N

(

1 + |y−ξ|
ρ(y)

)−N

|x− ξ|d−2|y − ξ|d−2ρ2(ξ)
dξ

≤ CNτ

(

1 + τ 1/2|x− y|
)−N

(

1 + |x−y|
ρ(x)

)−N+3N0+1

|x− y|d−2ρ2(x)

ˆ

B(x,|x−y|)

dξ

|x− ξ|d−2

≤ CNτ |x− y|2
|x− y|d

(

1 + τ 1/2|x− y|
)−N

(

1 +
|x− y|
ρ(x)

)−N+3N0+3

≤ CN
|x− y|d

(

1 + τ 1/2|x− y|
)−N+2

(

1 +
|x− y|
ρ(x)

)−N+3N0+3

✭✹✳✷✳✾✮

Pr♦♣♦s✐❝✐ó♥ ✹✳✷✳✹✳ ❙❡❛ V ∈ RHq ♣❛r❛ q > d/2✳ ❙✐ ❡①✐st❡ α > 0 t❛❧ q✉❡ V s❛t✐s✲
❢❛❝❡ ✭✹✳✵✳✷✮ ❡♥t♦♥❝❡s V γ−1/2∇L−γ ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡
t✐♣♦ (∞, δ̃)✱ ❝♦♥ δ̃ = mı́n{1, α(γ − 1/2)} ✳

❉❡♠♦str❛❝✐ó♥✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r ❡s❝r✐❜✐♠♦s

|∇1Γ(x, y, τ)| ≤ CN

(

1 +
|x− y|
ρ(x)

)−N (1 + τ 1/2|x− y|
)−N

|x− y|d−2

ˆ

B(x,|x−y|/4)

V (u)

|x− u|d−1
du

+ CN

(

1 +
|x− y|
ρ(x)

)−N (1 + τ 1/2|x− y|
)−N

|x− y|d−1
= I + II.

❆❤♦r❛ ✉s❛♥❞♦ ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✹✳✵✳✶✮ ♣♦❞❡♠♦s ❡st✐♠❛r I ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

I ≤ CN

(

1 +
|x− y|
ρ(x)

)−N (1 + τ 1/2|x− y|
)−N

|x− y|d−2

ˆ

B(x,|x−y|/4)

du

ρ2(u)|x− u|d−1

≤ CN

(

1 +
|x− y|
ρ(x)

)−N+2N0
(

1 + τ 1/2|x− y|
)−N

ρ2(x)|x− y|d−2

ˆ

B(x,|x−y|/4)

du

|x− u|d−1

≤ CN

(

1 +
|x− y|
ρ(x)

)−N+2N0+2
(

1 + τ 1/2|x− y|
)−N

|x− y|d−1
,

✭✹✳✷✳✶✵✮

❞♦♥❞❡ ❤❡♠♦s ✉s❛❞♦ t❛♠❜✐é♥ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✶✳✷✳✼✮✳



✾✵ ▼ás r❡s✉❧t❛❞♦s ❞❡ s✉❛✈✐❞❛❞ ❜❛❥♦ s✉♣♦s✐❝✐♦♥❡s ♠ás ❢✉❡rt❡s ❡♥ ❡❧ ♣♦t❡♥❝✐❛❧

❉❡ ❡st❛ ♠❛♥❡r❛✱ t❡♥❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ N > 0 ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ CN t❛❧ q✉❡

|K1(x, y)| ≤
CN

|x− y|d−1

(

1 +
|x− y|
ρ(x)

)−N
. ✭✹✳✷✳✶✶✮

P❛r❛ 1/2 < γ < 1✱ ✉s❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✷✳✶✮ ② ❤❛❝✐❡♥❞♦ ✉♥ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡s τ |x−y|2 =
s2✱ ♦❜t❡♥❡♠♦s

|Kγ(x, y)| ≤ CN

(

1 +
|x− y|
ρ(x)

)−N+2N0+2
1

|x− y|d−1

ˆ

R

(

s

|x− y|

)−2γ
2s

(1 + s)N |x− y|2ds

≤ CN

(

1 +
|x− y|
ρ(x)

)−N+2N0+2
1

|x− y|d−(2γ−1)

ˆ

R

s−2γ+1

(1 + s)N
ds

≤ CN

(

1 +
|x− y|
ρ(x)

)−N+2N0+2
1

|x− y|d−(2γ−1)

✭✹✳✷✳✶✷✮

▲✉❡❣♦✱ s✐ 1/2 < γ ≤ 1 ♣♦❞❡♠♦s ✉s❛r ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✹✳✵✳✶✮ ② ♦❜t❡♥❡r ♣❛r❛ ❝❛❞❛ N > 0
✉♥❛ ❝♦♥st❛♥t❡ CN > 0 t❛❧ q✉❡

|V γ−1/2(x)Kγ(x, y)| ≤
CN

ρ(x)2γ−1|x− y|d−(2γ−1)

(

1 +
|x− y|
ρ(x)

)−N+2N0+2

≤ CN
|x− y|d

(

1 +
|x− y|
ρ(x)

)−N+2N0+2γ+1

.

✭✹✳✷✳✶✸✮

❱❡❛♠♦s ❛❤♦r❛ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ s✉❛✈✐❞❛❞✳ ❙❡❛♥ |x − x′| < |x − y|/2✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r
♥♦t❛♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡❧ ▲❡♠❛ ✹✳✷✳✸✳ P❛r❛ ❝❛❞❛ N > 0 ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡
CN t❛❧ q✉❡

|∇1Γ(x, y, τ)−∇1Γ(x
′, y, τ) ≤ CN |x− x′|

|x− y|d
(

1 + τ 1/2|x− y|
)−3
(

1 +
|x− y|
ρ(x)

)−N
.

✭✹✳✷✳✶✹✮
❯s❛♥❞♦ ❡st❛ ❡st✐♠❛❝✐ó♥ ② ♣r♦❝❡❞✐❡♥❞♦ ❝♦♠♦ ❡♥ ✭✹✳✷✳✶✷✮ t❡♥❡♠♦s q✉❡ s✐ 1/2 < γ ≤ 1✱ ♣❛r❛
❝❛❞❛ N > 0 ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ CN t❛❧ q✉❡

|Kγ(x, y)−Kγ(x
′, y)| ≤ CN |x− x′|

|x− y|d+1−(2γ−1)

(

1 +
|x− y|
ρ(x)

)−N
. ✭✹✳✷✳✶✺✮

❆❤♦r❛✱ ❡s❝r✐❜✐♠♦s

|V γ−1/2(x)Kγ(x, y)− V γ−1/2(x′)Kγ(x
′, y)| = |V γ−1/2(x)|Kγ(x, y)−Kγ(x

′, y)|
+ |Kγ(x

′, y)||V γ−1/2(x)− V γ−1/2(x′)| = A+B.

✭✹✳✷✳✶✻✮



✹✳✷ ❖♣❡r❛❞♦r❡s q✉❡ ✐♥✈♦❧✉❝r❛♥ ❡❧ ♣♦t❡♥❝✐❛❧ ✾✶

❯s❛♥❞♦ ❧❛ ❡st✐♠❛❝✐ó♥ ✭✹✳✷✳✶✺✮ ❥✉♥t♦ ❝♦♥ ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✹✳✵✳✶✮ t❡♥❡♠♦s ♣❛r❛ ❝❛❞❛ N > 0
✉♥❛ ❝♦♥st❛♥t❡ CN t❛❧ q✉❡

A ≤ CN |x− x′|
ρ(x)2γ−1|x− y|d+1−(2γ−1)

(

1 +
|x− y|
ρ(x)

)−N

≤ CN |x− x′|
|x− y|d+1

(

1 +
|x− y|
ρ(x)

)−N+2γ−1

.

✭✹✳✷✳✶✼✮

P❛r❛ ❡st✐♠❛r B ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❞♦s ❝❛s♦s✳ ❙✐ |x − x′| < ρ(x) ♣♦❞❡♠♦s ✉s❛r ❧❛
❝♦♥❞✐❝✐ó♥ ✭✹✳✵✳✷✮ ❥✉♥t♦ ❝♦♥ ❧❛ ❡st✐♠❛❝✐ó♥ ✭✹✳✷✳✶✷✮ ♣❛r❛ ♦❜t❡♥❡r✱ ♣❛r❛ ❝❛❞❛ N > 0✱

B ≤ CN
|x− y|d−(2γ−1)

(

1 +
|x− y|
ρ(x)

)−N
|V (x)− V (x′)|γ−1/2

≤ CN
|x− y|d−(2γ−1)

(

1 +
|x− y|
ρ(x)

)−N |x− x′|α(γ−1/2)

ρ(x)(2+α)(γ−1/2)

≤ CN |x− x′|α(γ−1/2)

|x− y|d+α(γ−1/2)

(

1 +
|x− y|
ρ(x)

)−N+2γ−1+α(γ−1/2)

.

✭✹✳✷✳✶✽✮

❋✐♥❛❧♠❡♥t❡✱ s✐ |x−x′| > ρ(x)✱ ✈❛♠♦s ❛❝♦t❛r ❧❛ ❞✐❢❡r❡♥❝✐❛ ❞❡ ❧♦s ♣♦t❡♥❝✐❛❧❡s ♣♦r ❧❛ s✉♠❛✳
❊♥ ❡❧ ♣r✐♠❡r tér♠✐♥♦ ♣♦❞❡♠♦s ✉s❛r ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✹✳✵✳✶✮ ❥✉♥t♦ ❝♦♥ ❧❛ ❡st✐♠❛❝✐ó♥ ✭✹✳✷✳✶✷✮
♣❛r❛ ♦❜t❡♥❡r ❡♥ ❝❛❞❛ tér♠✐♥♦✱

B ≤ CN
ρ(x)2γ−1|x− y|d−(2γ−1)

(

1 +
|x− y|
ρ(x)

)−N

≤ CN |x− x′|
|x− y|d+1

(

1 +
|x− y|
ρ(x)

)−N+2γ

.

✭✹✳✷✳✶✾✮

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ❛♣❧✐❝❛r❡♠♦s ❧❛ ♣r♦♣♦s✐❝✐ó♥ ❛♥t❡r✐♦r ② ❡❧ ❈♦r♦❧❛r✐♦ ✸✳✷✳✺ ♣❛r❛ ♦❜t❡♥❡r
❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦ ❞❡ r❡❣✉❧❛r✐❞❛❞ ♣❛r❛ ❡❧ ♦♣❡r❛❞♦r V γ−1/2∇L−γ✳

❚❡♦r❡♠❛ ✹✳✷✳✺✳ ❙❡❛ V ∈ RHq ♣❛r❛ q > d/2 ② s✉♣♦♥❣❛♠♦s q✉❡ V s❛t✐s❢❛❝❡ ✭✹✳✵✳✷✮ ♣❛r❛
❝✐❡rt♦ 0 < α ≤ 1✳ ❙❡❛ δ̃ = mı́n{1, α(γ − 1/2)} ② 0 ≤ β < δ̃✱ ❡♥t♦♥❝❡s V γ−1/2∇L−γ ❡s

❛❝♦t❛❞♦ ❡♥ BMOβ
ρ (w) s✐❡♠♣r❡ q✉❡ w ∈ Aρ∞ ∩Dρ

µ ② 1 ≤ µ < 1 + δ̃−β
d

✳

❉❡♠♦str❛❝✐ó♥✳ P♦r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✹✳✷✳✹ t❡♥❡♠♦s q✉❡ V γ−1/2∇L−γ ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡
❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (∞, δ̃)✱ ❝♦♥ δ = mı́n{1, α(γ − 1/2)}✳ P❛r❛ ♣♦❞❡r
❛♣❧✐❝❛r ❡❧ ❈♦r♦❧❛r✐♦ ✸✳✷✳✺ t❡♥❡♠♦s q✉❡ ♠♦str❛r q✉❡ ❡❧ ♦♣❡r❛❞♦r s❛t✐s❢❛❝❡ ✉♥❛ ❝♦♥❞✐❝✐ó♥



✾✷ ▼ás r❡s✉❧t❛❞♦s ❞❡ s✉❛✈✐❞❛❞ ❜❛❥♦ s✉♣♦s✐❝✐♦♥❡s ♠ás ❢✉❡rt❡s ❡♥ ❡❧ ♣♦t❡♥❝✐❛❧

t✐♣♦ T1✳ ❙❡❛♥ x✱ z ∈ B(x0, r) ❝♦♥ r < ρ(x0)/2✳ ❊s❝r✐❜✐♠♦s

|V γ−1/2∇L−γ1(x)− V γ−1/2∇L−γ1(z)| = V γ−1/2(x)

ˆ

Kγ(x, y)dy − V 1/2(z)

ˆ

Kγ(z, y)dy

≤ |V γ−1/2(x)− V γ−1/2(z)|
ˆ

|Kγ(x, y)|dy

+ V γ−1/2(z)

ˆ

|Kγ(x, y)−Kγ(z, y)|dy = A+B.

❊♥ A ✈❛♠♦s ❛ ✉s❛r ✭✹✳✵✳✷✮ ❥✉♥t♦ ❝♦♥ ❧❛ ❡st✐♠❛❝✐ó♥ ✭✹✳✷✳✶✷✮ ♣❛r❛ ♦❜t❡♥❡r

A ≤ CN |V (x)− V (z)|γ−1/2

ˆ

1

|x− y|d−(2γ−1)

(

1 +
|x− y|
ρ(x)

)−N
dy

≤ CN
|x− z|α(γ−1/2)

ρ(x)(2+α)(γ−1/2)(x)

(
ˆ

|x−y|<ρ(x)

dy

|x− y|d−(2γ−1)
+ ρN(x)

ˆ

|x−y|≥ρ(x)

dy

|x− y|d−(2γ−1)+N

)

≤ CN
|x− z|α(γ−1/2)

ρ(x)(2+α)(γ−1/2)(x)
ρ(x)2γ−1

≤ C

( |x− z|
ρ(x0)

)α(γ−1/2)

,

❡❧✐❣✐❡♥❞♦ N > 1✳

❊♥ B ❡s❝r✐❜✐♠♦s

B ≤ V γ−1/2(z)

ˆ

|x−y|≥2|x−z|
|Kγ(x, y)−Kγ(z, y)|dy

+ V γ−1/2(z)

ˆ

|x−y|<2|x−z|
|Kγ(x, y)−Kγ(z, y)|dy = B1 +B2.

❊♥ B1 ♣♦❞❡♠♦s ✉s❛r ❧❛ ❡st✐♠❛❝✐ó♥ ❞❡ s✉❛✈✐❞❛❞ ♣❛r❛Kγ ❞❛❞❛ ❡♥ ✭✹✳✷✳✶✺✮ ❥✉♥t♦ ❝♦♥ ✭✹✳✵✳✶✮✱
❡❧✐❣✐❡♥❞♦ N > 0 ❛r❜✐tr❛r✐❛♠❡♥t❡ ♣❡q✉❡ñ♦

B1 ≤ CN
|x− z|
ρ(x0)2γ−1

ρ(x)N
ˆ

|x−y|≥2|x−z|

dy

|x− y|d+1−(2γ−1)+N
≤ CN

( |x− z|
ρ(x0)

)(2γ−1)−N
.

❋✐♥❛❧♠❡♥t❡✱ ❡♥ B2✱ ❛❝♦t❛♠♦s |Kγ(x, y)−Kγ(z, y)| ≤ |Kγ(x, y)|+|Kγ(z, y)|✱ ♦❜t❡♥✐❡♥❞♦
❞♦s t➹➞r♠✐♥♦s✳ ❊st✐♠❛♠♦s ❛♠❜♦s ❞❡ ✐❣✉❛❧ ♠❛♥❡r❛✳

V γ−1/2(z)

ˆ

|x−y|<2|x−z|
|Kγ(x, y)| ≤

C

ρ(z)2γ−1

ˆ

|x−y|<2|x−z|

dy

|x− y|d−(2γ−1)

≤ C

( |x− z|
ρ(x0)

)2γ−1

.



❈❛♣ít✉❧♦ ✺

❉❡s✐❣✉❛❧❞❛❞❡s ❞❡ t✐♣♦ ❋❡✛❡r♠❛♥✲❙t❡✐♥

❊♥ ❧❛ t❡♦rí❛ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ♣❡s❛❞❛s ❡♥ Lp ✉♥ ♣r♦❜❧❡♠❛ r❡❧❡✈❛♥t❡ ❡s ❡❧ s✐❣✉✐❡♥t❡✿ ❞❛❞♦
✉♥ ♦♣❡r❛❞♦r T ② 1 < p < ∞✱ ❡♥❝♦♥tr❛r ✉♥ ♦♣❡r❛❞♦r ♣♦s✐t✐✈♦ M t❛❧ q✉❡ ❞❡s✐❣✉❛❧❞❛❞❡s
❞❡❧ t✐♣♦

ˆ

|Tf |pw ≤
ˆ

|f |pMw, ✭✺✳✵✳✶✮

✈❛❧❣❛♥ ♣❛r❛ ❛❧❣✉♥❛ ❢❛♠✐❧✐❛ r❛③♦♥❛❜❧❡ ❞❡ ❢✉♥❝✐♦♥❡s✱ ❜❛❥♦ ♠í♥✐♠❛s ❤✐♣ót❡s✐s s♦❜r❡ ❡❧ ♣❡s♦
w✳ ❙✐♥ ❡♠❜❛r❣♦✱ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ❝♦♠♦ ❡st❛ só❧♦ t✐❡♥❡ s❡♥t✐❞♦ ❝✉❛♥❞♦ Mw ❡s ✜♥✐t♦ ❝✳t✳♣✳
②✱ ♣♦r s✉♣✉❡st♦✱ ❡s ❞❡s❡❛❜❧❡ ♦❜t❡♥❡r ✉♥ ♦♣❡r❛❞♦r M ❧♦ ♠ás ♣❡q✉❡ñ♦ ♣♦s✐❜❧❡✳

▲❛ ♣r✐♠❡r ❛♣❛r✐❝✐ó♥ ❞❡ ❡st❡ t✐♣♦ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ❡s ✉♥ ❝❧ás✐❝♦ r❡s✉❧t❛❞♦ ❞❡ ❋❡✛❡r♠❛♥✲
❙t❡✐♥ ✭❬✶✻❪✮ ♣❛r❛ T = M =M ❡❧ ♦♣❡r❛❞♦r ♠❛①✐♠❛❧ ❞❡ ❍❛r❞②✲▲✐tt❧❡✇♦♦❞✱ ❡st♦ ❡s✱

ˆ

|Mf |pw ≤
ˆ

|f |pMw, ✭✺✳✵✳✷✮

♣❛r❛ 1 < p <∞✳

❈✉❛♥❞♦ T ❡s ✉♥ ♦♣❡r❛❞♦r ✐♥t❡❣r❛❧ s✐♥❣✉❧❛r✱ ❈ór❞♦❜❛ ② ❋❡✛❡r♠❛♥ ♠♦str❛r♦♥ ❡♥ ❬✶✵❪
q✉❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✺✳✵✳✶✮ ✈❛❧❡ t♦♠❛♥❞♦ Mw = Mrw = (M(wr))1/r✱ ♣❛r❛ ❝✉❛❧q✉✐❡r
1 < r < ∞✳ ❙✐♥ ❡♠❜❛r❣♦✱ s❡ s❛❜❡ q✉❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ♥♦ ✈❛❧❡ ❝✉❛♥❞♦ r = 1 ② T ❡s ❧❛
tr❛♥s❢♦r♠❛❞❛ ❞❡ ❍✐❧❜❡rt✳

P♦st❡r✐♦r♠❡♥t❡✱ ❡♥ ❬✸✸❪✱ ❲✐❧s♦♥ ♦❜t✐❡♥❡ ❞❡s✐❣✉❛❧❞❛❞❡s ♣❛r❛ 1 < p < 2 ② M =M ◦M ✱
♠❡❥♦r❛♥❞♦ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❬✶✵❪ ♣✉❡st♦ q✉❡ M ◦M(w) ≤ M(wr)1/r ♣❛r❛ t♦❞♦ r > 1 ②
✈❛❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❡str✐❝t❛ ♣❛r❛ ❝✐❡rt♦s ♣❡s♦s w

❊♥ ✶✾✾✺✱ ❈✳ Pér❡③ ✭❬✷✽❪✮ ❞✐♦ ✉♥❛ r❡s♣✉❡st❛ ❝♦♠♣❧❡t❛ ❛ ❡st❡ ♣r♦❜❧❡♠❛ ❝♦♥ té❝♥✐❝❛s
❞✐❢❡r❡♥t❡s ✐♥❝❧✉②❡♥❞♦ ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ t✐♣♦ ❞é❜✐❧ ♣❛r❛ p = 1✳ P❛r❛ ♦❜t❡♥❡r ✉♥❛ ❞❡s✐❣✉❛❧✲
❞❛❞ ♠ás ❥✉st❛ ♣r♦♣♦♥❡ tr❛❜❛❥❛r ❝♦♥ ♦♣❡r❛❞♦r❡s ♠❛①✐♠❛❧❡s q✉❡ ✐♥✈♦❧✉❝r❡♥ ♣r♦♠❡❞✐♦s
❛s♦❝✐❛❞♦s ❛ ❢✉♥❝✐♦♥❡s ❞❡ ❨♦✉♥❣ q✉❡ ♣✉❡❞❡♥ s❡r ♠ás ♣❡q✉❡ñ♦s q✉❡ Mr✳ ❊♥✉♥❝✐❛r❡♠♦s
♣r❡❝✐s❛♠❡♥t❡ ❡st♦s r❡s✉❧t❛❞♦s ♣✉❡s s❡rá♥ ❡s❡♥❝✐❛❧❡s ♣❛r❛ ♥✉❡str♦ tr❛❜❛❥♦✱ ♣❡r♦ ♣r✐♠❡r♦
♥❡❝❡s✐t❛♠♦s r❡❝♦r❞❛r ❡ ✐♥tr♦❞✉❝✐r ❛❧❣✉♥♦s ❝♦♥❝❡♣t♦s✳



✾✹ ❉❡s✐❣✉❛❧❞❛❞❡s ❞❡ t✐♣♦ ❋❡✛❡r♠❛♥✲❙t❡✐♥

▲❛s ❞❡✜♥✐❝✐♦♥❡s ❞❡ ❢✉♥❝✐♦♥❡s ❞❡ ❨♦✉♥❣ ② ❞❡ ❧♦s ♦♣❡r❛❞♦r❡s ♠❛①✐♠❛❧❡s ❛s♦❝✐❛❞♦s ❛
❡❧❧❛s ❢✉❡r♦♥ ❞❡✜♥✐❞♦s ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✶✳ ❆q✉í ♥❡❝❡s✐t❛♠♦s ❞❡✜♥✐r ❛❞❡♠ás Dp ❝♦♠♦ ❧❛ ❝❧❛s❡
❞❡ ❢✉♥❝✐♦♥❡s A ❞❡ ❨♦✉♥❣ q✉❡ s❛t✐s❢❛❝❡♥

ˆ ∞

c

(

t

A(t)

)p′−1
dt

t
<∞ ✭✺✳✵✳✸✮

♣❛r❛ ❛❧❣ú♥ c > 0✳

❚❡♦r❡♠❛ ✺✳✵✳✻✳ ✭✈❡r ❚❡♦r❡♠❛ ✶✳✺ ② ➓✸ ❡♥ ❬✷✽❪✮ ❙❡❛ 1 < p <∞✱ ② s❡❛ T ✉♥ ♦♣❡r❛❞♦r ❞❡
❈❛❧❞❡ró♥✲❩②❣♠✉♥❞✳ ❙✉♣♦♥❣❛♠♦s q✉❡ A ∈ Dp✳ ❊♥t♦♥❝❡s ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡
♣❛r❛ ❝❛❞❛ ♣❡s♦ w

ˆ

Rd

|Tf(y)|pw(y)dy ≤ C

ˆ

Rd

|f(y)|pMAw(y)dy. ✭✺✳✵✳✹✮

❊❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛ tr❛t❛ ❡❧ ❝❛s♦ ❧í♠✐t❡ p = 1 ② t❛♠❜✐é♥ ❡s ✉♥ r❡s✉❧t❛❞♦ ❞❡ ❈✳ Pér❡③✳
❆q✉í ❡♥✉♥❝✐❛♠♦s ✉♥❛ ✈❡rs✐ó♥ q✉❡ ♣✉❡❞❡ ❡♥❝♦♥tr❛rs❡ ❡♥ ❬✶✶❪ ❝♦♠♦ ❚❡♦r❡♠❛ ✾✳✸✶✳

❚❡♦r❡♠❛ ✺✳✵✳✼✳ ❙❡❛♥ T ✉♥ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ② A ∈ ⋃p>1 Dp✳ ❊♥t♦♥❝❡s
❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ ♣❡s♦ w ② ♣❛r❛ t♦❞♦ λ > 0 s❡ t✐❡♥❡

w({y ∈ Rd : |Tf(y)| > λ}) ≤ C

λ

ˆ

Rd

|f(y)|MAw(y)dy. ✭✺✳✵✳✺✮

❆❧❣✉♥♦s ❡❥❡♠♣❧♦s ❞❡ ❢✉♥❝✐♦♥❡s ❡♥ ❧❛ ❝❧❛s❡ Dp s♦♥ A(t) = t logp−1+ε(1 + t) ♦ A(t) =
t logp−1(1 + t) logp−1+ε(log(1 + t)) ♣❛r❛ ❝✉❛❧q✉✐❡r ε > 0✳ P❛r❛ ❧❛ ❝❧❛s❡

⋃

p>1 Dp✱ ♣♦❞❡♠♦s
t♦♠❛r A(t) = t logε(1 + t) ♣❛r❛ ❝✉❛❧q✉✐❡r ε > 0✳

❊♥ ❡st❡ ❝❛♣ít✉❧♦ ✈❛♠♦s ❛ ♣r♦❜❛r r❡s✉❧t❛❞♦s ❞❡ ❡st❡ t✐♣♦ ♣❛r❛ ♦♣❡r❛❞♦r❡s ❛s♦❝✐❛❞♦s
❛ L✳ ▲❛ ❝❧❛s❡ ❞❡ ♦♣❡r❛❞♦r❡s ❝♦♥ ❧❛ q✉❡ ✈❛♠♦s ❛ tr❛❜❛❥❛r ❡s ❧❛ ❢❛♠✐❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s ❞❡
❙❝❤rö❞✐♥❣❡r ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛r❛❜❧❡s ❝♦♥ ♦♣❡r❛❞♦r❡s ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡✜♥✐❞❛ ❡♥ ❧❛
❙❡❝❝✐ó♥ ✷✳✷✳ ❊❧❡❣✐♠♦s tr❛❜❛❥❛r ❝♦♥ ❡st❛ ❢❛♠✐❧✐❛ ②❛ q✉❡ ❧❛ té❝♥✐❝❛ q✉❡ ✉s❛r❡♠♦s ❝♦♥s✐st❡
❡♥ ❝♦♠♣❛r❛r ❧♦❝❛❧♠❡♥t❡ ❝♦♥ ♦♣❡r❛❞♦r❡s ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❝❧ás✐❝♦s✱ ♣❛r❛ ❧♦s ❝✉❛❧❡s
♣♦❞❡♠♦s ❛♣❧✐❝❛r ❧♦s ❚❡♦r❡♠❛s ✺✳✵✳✻ ② ✺✳✵✳✼✳ ❊♥✉♥❝✐❛♠♦s ❡st♦s r❡s✉❧t❛❞♦s ❣❡♥❡r❛❧❡s ❡♥ ❧❛
❙❡❝❝✐ó♥ ✺✳✶ ② ❞❛♠♦s ❧❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❞❡♠♦str❛❝✐♦♥❡s ❡♥ ❧❛ ❙❡❝❝✐ó♥ ✺✳✷✳

P♦st❡r✐♦r♠❡♥t❡✱ ❡♥ ❧❛ ❙❡❝❝✐ó♥ ✺✳✸ ✈❛♠♦s ❛♣❧✐❝❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❡st❡ ❝❛♣ít✉❧♦ ❛
❧♦s ❡❥❡♠♣❧♦s ❞❡ ♦♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛r❛❜❧❡s ❝♦♥ ♦♣❡r❛❞♦r❡s ❞❡
❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❛❞♦s ❡♥ ❧❛ s❡❝❝✐ó♥ ✷✳✸✱ ❡st♦ ❡s✱ ❧♦s ♦♣❡r❛❞♦r❡s R1 ② R2 ② s✉s ❛❞❥✉♥✲
t♦s R⋆

1 ② R⋆
2✳ P❛r❛ ❡st♦s ♦♣❡r❛❞♦r❡s✱ ❝♦♥s❡❣✉✐♠♦s ♦❜t❡♥❡r ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡❧ t✐♣♦ ✭✺✳✵✳✹✮

❝♦♥ ❛❧❣✉♥❛s ❞✐❢❡r❡♥❝✐❛s✳ ❊♥ t♦❞♦s ❧♦s ❝❛s♦s✱ ❡❧ ♦♣❡r❛❞♦r ♠❛①✐♠❛❧ q✉❡ ❛♣❛r❡❝❡ ❞❡❧ ❧❛❞♦
❞❡r❡❝❤♦ s❛t✐s❢❛❝❡ M1 ≤ 1✱ ❧✉❡❣♦ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s q✉❡ ♦❜t❡♥❣❛♠♦s ✐♠♣❧✐❝❛♥ ❛❝♦t❛❝✐ó♥
❡♥ Lp✳ P♦r ❧♦ t❛♥t♦✱ ❡❧ r❛♥❣♦ ❞❡ p s❡rá ❛ ✈❡❝❡s ❧✐♠✐t❛❞♦✱ ❡①❛❝t❛♠❡♥t❡ ❝♦♠♦ ❡♥ ❡❧ tr❛❜❛❥♦
♦r✐❣✐♥❛❧ ❞❡ ❙❤❡♥✳ P♦r ♦tr❛ ♣❛rt❡✱ ♣♦❞❡♠♦s ❡s♣❡r❛r ♦❜t❡♥❡r ✉♥ ♦♣❡r❛❞♦r M ♠ás ♣❡q✉❡ñ♦
❞❡❜✐❞♦ ❛❧ ❞❡❝❛✐♠✐❡♥t♦ ❞❡ ❡st❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r ❡♥ ❡❧ ✐♥✜♥✐t♦✳ ❆❞❡♠ás✱
♣✉❡st♦ q✉❡ ❧♦s ♥ú❝❧❡♦s ♥♦ s♦♥ s✐♠étr✐❝♦s✱ ❡s ❡s♣❡r❛❜❧❡ q✉❡ ❧♦s r❡s✉❧t❛❞♦s s❡❛♥ ❞✐st✐♥t♦s
♣❛r❛ T ② s✉ ❛❞❥✉♥t♦✳ ❆q✉í✱ q✉❡r❡♠♦s r❡♠❛r❝❛r q✉❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s q✉❡ ♠♦str❛♠♦s ♣❛r❛



✺✳✶ ❘❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❝♦♠♣❛r❛❝✐ó♥ ✾✺

❧♦s ♦♣❡r❛❞♦r❡s ❛❞❥✉♥t♦s ♥♦ s♦♥ ♦❜t❡♥✐❞❛s ♣♦r ✉♥ ❛r❣✉♠❡♥t♦ ❞❡ ❞✉❛❧✐❞❛❞✳ ❉❡ ❤❡❝❤♦✱ ♣r♦✲
❝❡❞✐❡♥❞♦ ❞❡ ❡st❛ ♠❛♥❡r❛ ♥♦ ♣♦❞rí❛♠♦s ♦❜t❡♥❡r ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ❝♦♥ ✉♥ ♣❡s♦ ❛r❜✐tr❛r✐♦
❡♥ ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❝♦♠♦ ❧❛s q✉❡ ❜✉s❝❛♠♦s✳

❊♥ ❧❛ ❙❡❝❝✐ó♥ ✺✳✸ t❛♠❜✐é♥ ♠♦str❛♠♦s r❡s✉❧t❛❞♦s ♣❛r❛ ♦♣❡r❛❞♦r❡s ❞❡ t✐♣♦ L−γV γ ♣❛r❛
0 < γ < d/2 ② L−γ∇V γ−1/2 ♣❛r❛ 1/2 < γ ≤ 1✳ ❊st♦s ♦♣❡r❛❞♦r❡s ♣❡rt❡♥❡❝❡♥ ❛ ❧❛
❢❛♠✐❧✐❛ ♠❡♥❝✐♦♥❛❞❛ ❡❧✐❣✐❡♥❞♦ T0 ≡ 0✳ ❊st♦ s❡ ❞❡❜❡ ❛ q✉❡ ❧♦s ♥ú❝❧❡♦s ♥♦ s♦♥ s✐♥❣✉❧❛r❡s
② ♣♦r ❧♦ t❛♥t♦ ❧❛s ✐♥t❡❣r❛❧❡s q✉❡ ❧♦s ❞❡✜♥❡♥ ❡①✐st❡♥ ❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ ▲❡❜❡s❣✉❡✳ ❉❡ ❤❡❝❤♦
s❛t✐s❢❛❝❡♥✱ ❛❞❡♠ás ❞❡❧ ❞❡❝❛✐♠✐❡♥t♦✱ ✉♥❛ ❝♦♥❞✐❝✐ó♥ ❞❡ t❛♠❛ñ♦ ❡♥ ❧❛ ❞✐❛❣♦♥❛❧ q✉❡ ❛s❡❣✉r❛✱
♣♦r ❡❥❡♠♣❧♦✱ ❧❛ ❛❝♦t❛❝✐ó♥ ❢✉❡rt❡ ❡♥ L1(w) ♣❛r❛ w ∈ Aρ1✳ ❍❡♠♦s ❡❧❡❣✐❞♦ ❡♥t♦♥❝❡s tr❛t❛r❧♦s
s❡♣❛r❛❞❛♠❡♥t❡ ❞❡ ❧♦s ❝❛s♦s R1 ② R2 ♣❛r❛ ❡♥❢❛t✐③❛r ❧❛s ♠❡❥♦r❡s ♣r♦♣✐❡❞❛❞❡s ❞❡ s✉s ♥ú❝❧❡♦s
q✉❡ ♥♦s ♣❡r♠✐t❡♥ ♦❜t❡♥❡r ♠❡❥♦r❡s ❞❡s✐❣✉❛❧❞❛❞❡s✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❝♦♠♦ ✈❡r❡♠♦s✱ ✉s❛r❡♠♦s
❡♥ ❧❛ ♣r✉❡❜❛ ❡st✐♠❛❝✐♦♥❡s ♦❜t❡♥✐❞❛s ❡♥ ❡❧ ❝❛s♦ ❛♥t❡r✐♦r✳

❋✐♥❛❧♠❡♥t❡✱ ❡♥ ❧❛ ❙❡❝❝✐ó♥ ✺✳✹ ✉s❛r❡♠♦s ❧♦s r❡s✉❧t❛❞♦s ♣r❡✈✐♦s ♣❛r❛ ❞❛r ❝♦♥❞✐❝✐♦♥❡s
s✉✜❝✐❡♥t❡s s♦❜r❡ ❧❛ ❢✉♥❝✐ó♥ f q✉❡ ❛s❡❣✉r❡♥ ✐♥t❡❣r❛❜✐❧✐❞❛❞ ❧♦❝❛❧ ❞❡ Tf ✱ s✐❡♥❞♦ T ❛❧❣✉♥♦
❞❡ ❧♦s ♦♣❡r❛❞♦r❡s ♠❡♥❝✐♦♥❛❞♦s✳ ❆ s✉ ✈❡③✱ ❡st♦s r❡s✉❧t❛❞♦s ♣✉❡❞❡♥ ❛♣❧✐❝❛rs❡ ❛ ❡❝✉❛❝✐♦♥❡s
❞✐❢❡r❡♥❝✐❛❧❡s ❛s♦❝✐❛❞❛s ❛ L ② ❞❡r✐✈❛r ❝♦♥❞✐❝✐♦♥❡s s✉✜❝✐❡♥t❡s ♣❛r❛ q✉❡✱ ♣♦r ❡❥❡♠♣❧♦✱ ❧❛s
♣r✐♠❡r❛s ♦ s❡❣✉♥❞❛s ❞❡r✐✈❛❞❛s s❡❛♥ ❧♦❝❛❧♠❡♥t❡ ✐♥t❡❣r❛❜❧❡s ❡♥ ♥♦r♠❛✲p✳ ❊st❛ ❛♣❧✐❝❛❝✐ó♥
❛♣❛r❡❝❡ ❛❧ ✜♥❛❧ ❞❡ ❧❛ ❙❡❝❝✐ó♥ ✺✳✹✳

✺✳✶✳ ❘❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❝♦♠♣❛r❛❝✐ó♥

❊♥ ❡st❛ s❡❝❝✐ó♥ ✈❛♠♦s ❛ ❝♦♥s✐❞❡r❛r ❡❧ ❡s♣❛❝✐♦ Rd ❝♦♥ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦
ρ : Rd → (0,∞)✱ ❡st♦ ❡s✱ ✉♥❛ ❢✉♥❝✐ó♥ q✉❡ s❛t✐s❢❛❝❡ ✭✶✳✷✳✼✮✳ ❱❛❧❡ r❡❝♦r❞❛r q✉❡ s✐ ρ ❡s ✉♥❛
❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦✱ ❡♥t♦♥❝❡s ♣❛r❛ ❝✉❛❧q✉✐❡r γ > 0✱ γρ t❛♠❜✐é♥ ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❞❡
r❛❞✐♦ ❝rít✐❝♦✳ ▼ás ❛ú♥✱ s✐ γ ≤ 1✱ γρ s❛t✐s❢❛❝❡ ✭✶✳✷✳✼✮ ❝♦♥ ❧❛s ♠✐s♠❛s ❝♦♥st❛♥t❡s q✉❡ ρ✳

▲❛ té❝♥✐❝❛ q✉❡ ❛q✉í ✉s❛r❡♠♦s ♣❛r❛ ❧♦❣r❛r ❞❡s✐❣✉❛❧❞❛❞❡s t✐♣♦ ❋❡✛❡r♠❛♥✲❙t❡✐♥ ❞✐✜❡r❛ ❞❡
❧❛ ❞❡ ❧♦s ❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s ② r❡s❝❛t❛ ❧❛s ✐❞❡❛s ♦r✐❣✐♥❛❧❡s ❞❡ ❙❤❡♥ s♦❜r❡ ❝♦♠♣❛r❛❝✐ó♥ ❧♦❝❛❧
❞❡ ❧♦s ♦♣❡r❛❞♦r❡s ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r ❝♦♥ ❧♦s ❞❡ ❧❛ t❡♦rí❛ ❛s♦❝✐❛❞❛ ❛❧ ♦♣❡r❛❞♦r ❞❡ ▲❛♣❧❛❝❡✳ ❙✐
❜✐❡♥ t❛♠❜✐é♥ ❡♥✉♥❝✐❛r❡♠♦s r❡s✉❧t❛❞♦s ❣❡♥❡r❛❧❡s✱ ❧❛s ❤✐♣ót❡s✐s ❡stá♥ ♦r✐❡♥t❛❞❛s ❛ ❡①♣❧♦t❛r
t❛❧ ❝♦♠♣❛r❛❝✐ó♥✱ ❛❧❡♥t❛❞♦s ♣♦r ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ②❛ ♠❡♥❝✐♦♥❛❞❛s ♣❛r❛ ♦♣❡r❛❞♦r❡s ❞❡
❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ✭❚❡♦r❡♠❛ ✺✳✵✳✻ ② ❚❡♦r❡♠❛ ✺✳✵✳✼✮✳

❊♥✉♥❝✐❛♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ❧♦s t❡♦r❡♠❛s ♣r✐♥❝✐♣❛❧❡s ❞❡ ❡st❡ ❝❛♣ít✉❧♦✳ ▲♦s ♦♣❡r❛❞♦r❡s
♠❛①✐♠❛❧❡s q✉❡ ❛♣❛r❡❝❡♥ ❛♣❧✐❝❛❞♦s ❛❧ ♣❡s♦ w s♦♥ ❧♦s ❞❡✜♥✐❞♦s ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✶✱ ❙❡❝✲
❝✐ó♥ ✶✳✷✳✺✳

❚❡♦r❡♠❛ ✺✳✶✳✶✳ ❙❡❛ T ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛r❛❜❧❡ ❝♦♥ ✉♥ ♦♣❡✲
r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, ε) ♣❛r❛ ❛❧❣ú♥ 1 < s <∞ ② ε > 0✳ ❊♥t♦♥❝❡s✱ ♣❛r❛
❝❛❞❛ θ ≥ 0 ② ❝✉❛❧q✉✐❡r w ∈ L1

❧♦❝✱ w ≥ 0✱ T ② T ⋆ s❛t✐s❢❛❝❡♥ ❧❛s s✐❣✉✐❡♥t❡s ❞❡s✐❣✉❛❧❞❛❞❡s

ˆ

|Tf |pw ≤ Cθ

ˆ

|f |pM θ
rw, ✭✺✳✶✳✶✮



✾✻ ❉❡s✐❣✉❛❧❞❛❞❡s ❞❡ t✐♣♦ ❋❡✛❡r♠❛♥✲❙t❡✐♥

s✐❡♠♣r❡ q✉❡ 1 < p < s ② r = (s/p)′✱

ˆ

|T ⋆f |pw ≤ Cθ,A

ˆ

|f |p(M ❧♦❝
A +M θ)w, ✭✺✳✶✳✷✮

❝♦♥ s′ < p <∞ ② ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ A ∈ Dp✳

❙✐ ❡❧ ♥ú❝❧❡♦ K s❛t✐s❢❛❝❡ ❡st✐♠❛❝✐♦♥❡s ♣✉♥t✉❛❧❡s ♣♦❞❡♠♦s ♦❜t❡♥❡r ✉♥ ❡st✐♠❛❝✐ó♥ ♠ás
♣r❡❝✐s❛ ♣❛r❛ T ✱ ❝♦♠♦ ❝♦r♦❧❛r✐♦ ❞❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r✳

❈♦r♦❧❛r✐♦ ✺✳✶✳✷✳ ❙❡❛ T ✉♥ ❖♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛r❛❜❧❡ ❝♦♥ ✉♥
♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (∞, ε) ♣❛r❛ ❛❧❣ú♥ ε > 0✳ ❊♥t♦♥❝❡s✱ T ② T ⋆ s❛t✐s✲
❢❛❝❡♥ ✭✺✳✶✳✷✮ ♣❛r❛ 1 < p <∞ ② ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ A ∈ Dp✳

❊❧ ❈♦r♦❧❛r✐♦ ✺✳✶✳✷ s❡ s✐❣✉❡ ✐♥♠❡❞✐❛t❛♠❡♥t❡ ❞❡❧ ❚❡♦r❡♠❛ ✺✳✶✳✶ ♣✉❡st♦ q✉❡ ❧❛s ❝♦♥❞✐✲
❝✐♦♥❡s (a∞) ② (b∞) ✐♠♣❧✐❝❛♥ ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s (as) ② (bs) ♣❛r❛ t♦❞♦ 1 < s < ∞✱ ② s♦♥
s✐♠étr✐❝❛s ❡♥ x ❡ y✳

P❛r❛ ❡❧ ❝❛s♦ ❧í♠✐t❡ p = 1 ♣♦❞❡♠♦s ♦❜t❡♥❡r ❧❛s s✐❣✉✐❡♥t❡s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ t✐♣♦ ❞é❜✐❧✳

❚❡♦r❡♠❛ ✺✳✶✳✸✳ ❙❡❛ T ✉♥ ❖♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛r❛❜❧❡ ❝♦♥ ✉♥ ♦♣❡✲
r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, ε) ♣❛r❛ ❛❧❣ú♥ 1 < s < ∞ ② ε > 0✳ ❊♥t♦♥❝❡s✱ ❚
s❛t✐s❢❛❝❡

w({|Tf | > λ}) ≤ Cθ
λ

ˆ

|f |M θ
s′w, ♣❛r❛ λ > 0, ✭✺✳✶✳✸✮

❝✉❛❧q✉✐❡r❛ s❡❛ ❡❧ ♣❡s♦ w ∈ L1
❧♦❝✱ w ≥ 0✳ ▼ás ❛ú♥✱ s✐ T ❡s ✉♥ ❖♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r

❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛r❛❜❧❡ ❝♦♥ ✉♥ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (∞, ε)✱ ❡♥t♦♥❝❡s✱
♣❛r❛ ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ A ∈ ⋃p>1 Dp✱

w({|Tf | > λ}) ≤ Cθ
λ

ˆ

|f |
(

M ❧♦❝
A +M θ

)

w, ♣❛r❛ λ > 0. ✭✺✳✶✳✹✮

❆s✐♠✐s♠♦✱ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✺✳✶✳✹✮ t❛♠❜✐é♥ ✈❛❧❡ ♣❛r❛ T ⋆✳

❊❧ ♥ú❝❧❡♦ ❛s♦❝✐❛❞♦ ❛ ❛❧❣✉♥♦s ♦♣❡r❛❞♦r❡s r❡❧❛❝✐♦♥❛❞♦s ❛ L s❛t✐s❢❛❝❡ ✉♥❛ ❝♦♥❞✐❝✐ó♥ ❞❡
t❛♠❛ñ♦ ♠❛s ❢✉❡rt❡ q✉❡ (as)✳ P❛r❛ ❡st♦s ♦♣❡r❛❞♦r❡s ♣♦❞❡♠♦s ♦❜t❡♥❡r ❞❡s✐❣✉❛❧❞❛❞❡s ♠ás
♣r❡❝✐s❛s s✐♥ ♥❡❝❡s✐❞❛❞ ❞❡ ✉s❛r ❧❛ té❝♥✐❝❛ ❞❡ ❝♦♠♣❛r❛❝✐ó♥✳

❚❡♦r❡♠❛ ✺✳✶✳✹✳ ❙❡❛ T ✉♥ ♦♣❡r❛❞♦r ❧✐♥❡❛❧ ❝♦♥ ♥ú❝❧❡♦ ❛s♦❝✐❛❞♦ K✳ ❙✉♣♦♥❣❛♠♦s q✉❡ ♣❛r❛
❛❧❣ú♥ s > 1 ② δ > 0✱ K s❛t✐s❢❛❝❡

(cs) P❛r❛ ❝❛❞❛ N > 0 ❡①✐st❡ CN t❛❧ q✉❡

(
ˆ

R<|x0−x|<2R

|K(x, y)|sdx
)1/s

≤ CR−d/s′
(

1 +
ρ(x0)

R

)−δ (

1 +
R

ρ(x0)

)−N

❈✉❛❧❡sq✉✐❡r❛ s❡❛♥ x0 ∈ Rd✱ R > 0✱ y ∈ Rd t❛❧❡s q✉❡ |y − x0| < R/2✳

❊♥t♦♥❝❡s✱ ♣❛r❛ ❝❛❞❛ θ ≥ 0✱ T s❛t✐s❢❛❝❡ ✭✺✳✶✳✶✮ ♣❛r❛ 1 ≤ p < s ② ❛❞❡♠ás



✺✳✷ Pr✉❡❜❛s ✾✼

ˆ

|T ⋆f |pw ≤ Cθ

ˆ

|f |pM θ(w), ✭✺✳✶✳✺✮

♣❛r❛ s′ < p <∞ ② ❝✉❛❧q✉✐❡r ② w ∈ L1
❧♦❝✱ w ≥ 0✳

✺✳✷✳ Pr✉❡❜❛s

❆♥t❡s ❞❡ ❞❛r ❧❛s ❞❡♠♦str❛❝✐♦♥❡s ❞❡ ❧♦s t❡♦r❡♠❛s ❞❡ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r ❞❡❜❡♠♦s ❡st❛✲
❜❧❡❝❡r ❛❧❣✉♥♦s ❧❡♠❛s té❝♥✐❝♦s q✉❡ s❡rá♥ út✐❧❡s ❡♥ ❧♦ q✉❡ s✐❣✉❡✳ ❊♥ ❣❡♥❡r❛❧✱ ❧♦s ♦♣❡r❛❞♦r❡s
♠❛①✐♠❛❧❡s ♥♦ ♣✉❡❞❡♥ ❝♦♥tr♦❧❛rs❡ ♣✉♥t✉❛❧♠❡♥t❡ ♣♦r ♦♣❡r❛❞♦r❡s ❧♦❝❛❧✐③❛❞♦s✳ ❙✐♥ ❡♠❜❛r❣♦✱
❡st♦ ❡s ♣♦s✐❜❧❡ s✐ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ❢✉♥❝✐♦♥❡s s♦♣♦rt❛❞❛s ❡♥ ❜♦❧❛s s✉❜✲❝rít✐❝❛s ② ♣❛r❛
♣✉♥t♦s ❝❡r❝❛♥♦s ❛❧ s♦♣♦rt❡✳ ❊♥ ❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛ ❞❡t❡r♠✐♥❛♠♦s ❝✉❛♥t♦ ❞❡❜❡♠♦s ❝♦♥tr❛❡r
✉♥❛ ❜♦❧❛ ❝rít✐❝❛ ♣❛r❛ q✉❡ ♣♦❞❛♠♦s ❡st❛❜❧❡❝❡r ❡st❡ t✐♣♦ ❞❡ ❝♦♥tr♦❧✳

▲❡♠❛ ✺✳✷✳✶✳ ❙❡❛ A ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ ② B0 ✉♥❛ ❜♦❧❛ ❝rít✐❝❛✳ ❊①✐st❡ γ0 > 0 t❛❧ q✉❡
s✐ 0 < γ ≤ γ0 ❡♥t♦♥❝❡s ♣❛r❛ t♦❞❛ ❢✉♥❝✐ó♥ f ♠❡❞✐❜❧❡✱

MA(fχγB0)(x) ≤ CM ❧♦❝
A (f)(x), ✭✺✳✷✳✶✮

♣❛r❛ t♦❞♦ x ∈ 2γB0✳ ❆q✉í✱ ❧❛ ❝♦♥st❛♥t❡ C ❞❡♣❡♥❞❡ só❧♦ ❞❡ ❧❛ ❞✐♠❡♥s✐ó♥ ② ❞❡ ❧❛ ❢✉♥❝✐ó♥
A✳

❉❡♠♦str❛❝✐ó♥✳ ❙✉♣♦♥❣❛♠♦s x ∈ 2γB0 ❝♦♥ γ ❛ ❡❧❡❣✐r✳ ❙❡❛M c
A ❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ♠❛①✐♠❛❧

❝❡♥tr❛❞❛✱ ❡st♦ ❡s✱ t♦♠❛♥❞♦ s✉♣r❡♠♦ só❧♦ s♦❜r❡ ❜♦❧❛s ❝♦♥ ❝❡♥tr♦ ❡♥ ❡❧ ♣✉♥t♦ x✳ ❈♦♠♦
MA(f)(x) ≤ CM c

A(f)(x) ♣❛r❛ ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ f ❝♦♥ ❝♦♥st❛♥t❡ ❞❡♣❡♥❞✐❡♥❞♦ só❧♦ ❞❡ ❧❛
❞✐♠❡♥s✐ó♥ ② ❞❡ ❧❛ ❢✉♥❝✐ó♥ A✱ ❡s s✉✜❝✐❡♥t❡ ❝♦♥s✐❞❡r❛r ❜♦❧❛s ❝❡♥tr❛❞❛s ❡♥ x✳ ❙❡❛ x0 ❡❧ ❝❡♥tr♦
❞❡ B0 ② s✉♣♦♥❣❛♠♦s r > 3γρ(x0)✳ ❊♥t♦♥❝❡s B(x, r) ⊃ B(x, 3γρ(x0)) ⊃ γB0 ②

1

|B(x, r)|

ˆ

B(x,r)∩γB0

|g| ≤ 1

|B(x, 3γρ(x0))

ˆ

γB0

|g| ≤ 1

|B(x, 3γρ(x0))|

ˆ

B(x,3γρ(x0))

|g|,

♣❛r❛ ❝✉❛❧q✉✐❡r g ♥♦ ♥❡❣❛t✐✈❛✳

❆❤♦r❛✱ ❙✐ λ > 0✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r ❛ g = A(|f |/λ) ♦❜t❡♥✐❡♥❞♦
q✉❡✱ ♣❛r❛ r ≥ 3γρ(x0)✱

‖fχγB0‖A,B(x,r) ≤ ‖f‖A,B(x,3γB0).

❊♥t♦♥❝❡s✱ s✐ x ∈ 2γB0✱

M c
A(fχγB0)(x) ≤ sup

r≤3γρ(x0)

‖f‖A,B(x,r).

P❛r❛ ❝♦♠♣❧❡t❛r ❧❛ ♣r✉❡❜❛✱ ❜❛st❛ t♦♠❛r γ t❛❧ q✉❡ 3γρ(x0) ≤ ρ(x) ♣❛r❛ t♦❞♦ x ∈ 2γB0✳

❉❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✶✳✷✳✼✮✱ t❡♥❡♠♦s q✉❡ ρ(x0) ≤ ρ(x)C0(1+2γ)N0 ✱ ❧✉❡❣♦ γ ❞❡❜❡ t♦♠❛rs❡
t❛❧ q✉❡

3γC0(1 + 2γ)N0 ≤ 1. ✭✺✳✷✳✷✮



✾✽ ❉❡s✐❣✉❛❧❞❛❞❡s ❞❡ t✐♣♦ ❋❡✛❡r♠❛♥✲❙t❡✐♥

❈♦♠♦ ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ t✐❡♥❞❡ ❛ 0 ❝♦♥ γ✱ ❡①✐st❡ γ0 > 0 t❛❧ q✉❡✱ ♣❛r❛ 0 < γ ≤ γ0 ✈❛❧❡ ❧❛
❞❡s✐❣✉❛❧❞❛❞✳

▲❛s ❝♦♥❞✐❝✐♦♥❡s (as) ② (bs) ❡stá♥ ❡s❝r✐t❛s ❞❡ ♠❛♥❡r❛ ❛♣r♦♣✐❛❞❛ ♣❛r❛ ♣r♦❜❛r ❧❛s ❞❡✲
s✐❣✉❛❧❞❛❞❡s ♣r♦♣✉❡st❛s ♣❛r❛ T ⋆✳ P❛r❛ ❡s❝❧❛r❡❝❡r ❧❛ ♣r✉❡❜❛ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❡♥✉♥❝✐❛❞❛s
♣❛r❛ T ♣r♦♣♦♥❡♠♦s ❧❛s s✐❣✉✐❡♥t❡s ❝♦♥❞✐❝✐♦♥❡s ❡q✉✐✈❛❧❡♥t❡s✳

▲❡♠❛ ✺✳✷✳✷✳ P❛r❛ ❝❛❞❛ s > 1✱ ❧❛s ❝♦♥❞✐❝✐♦♥❡s (as) ② (bs) s♦♥ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❡q✉✐✈❛✲
❧❡♥t❡s ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s

(a′s) P❛r❛ ❝❛❞❛ N > 0 ❡①✐st❡ CN t❛❧ q✉❡

(
ˆ

B(x0,R/2)

|K(x, y)|sdx
)1/s

≤ CNR
−d/s′

(

1 +
R

ρ(x0)

)−N
,

♣❛r❛ R < |y − x0| < 2R✳

(b′s) ❊①✐st❡♥ C ② ε > 0 t❛❧ q✉❡

(
ˆ

B(x0,R/2)

|K(x, y)−K0(x, y)|sdx
)1/s

≤ CR−d/s′
(

R

ρ(x0)

)ε

♣❛r❛ R < |y − x0| < 2R ② R ≤ ρ(x0)✳

❖❜s❡r✈❛❝✐ó♥ ✺✳✷✳✸✳ ❊♥ (as) ❧❛ ❝♦r♦♥❛ R < |x − x0| < 2R ♣✉❡❞❡ s❡r r❡❡♠♣❧❛③❛❞❛ ♣♦r ❧❛
❝♦r♦♥❛ R < |x− x0| < c0R✱ c0 ≥ 1 ❝♦♥ ✉♥ ❝❛♠❜✐♦ ✜❥♦ ❡♥ ❧❛ ❝♦♥st❛♥t❡ CN ✳ ❙✐♠✐❧❛r♠❡♥t❡✱
❡♥ (a′s)✱ ❧❛ ❝♦r♦♥❛ R < |y−x0| < 2R ♣✉❡❞❡ s✉st✐t✉✐rs❡ ♣♦r R < |y−x0| < c1R✳ ❊st♦ r❡s✉❧t❛
❞❡ ❛♣❧✐❝❛r (as) ♦ (a′s) ✉♥ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ✈❡❝❡s✳ ❈♦♠❡♥t❛r✐♦s ❛♥á❧♦❣♦s ✈❛❧❡♥ ♣❛r❛ (bs)
② (b′s)

❉❡♠♦str❛❝✐ó♥ ❞❡❧ ▲❡♠❛ ✺✳✷✳✷✳ ❙❡❛ K ✉♥ ♥ú❝❧❡♦ q✉❡ s❛t✐s❢❛❝❡ (as) ♣❛r❛ ❛❧❣ú♥ s > 1✳
❱❛♠♦s ❛ ♠♦str❛r✱ ❡♥ ♣r✐♠❡r ❧✉❣❛r✱ q✉❡ (as) =⇒ (a′s)✳ ❙❡❛♥ x0 ∈ Rd✱ R > 0 ❡ y t❛❧❡s
q✉❡ R < |x0 − y| < 2R✳ ❊s ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ B(x0, R/2) ⊂ {x : R/2 < |x − y| < 4R}✳
❊♥t♦♥❝❡s✱ ❛♣❧✐❝❛♥❞♦ ❧❛ ❝♦♥✐❞✐❝✐ó♥ (as) ② ❧❛ ♦❜s❡r✈❛❝✐ó♥ ❛♥t❡r✐♦r ♦❜t❡♥❡♠♦s

(
ˆ

B(x0,R/2)

|K(x, y)|sdx
)1/s

≤
(
ˆ

R/2<|y−x|<4R

|K(x, y)|sdx
)1/s

≤ CNR
−d/s′

(

1 +
R

ρ(y)

)−N

≤ CNR
−d/s′

(

1 +
R

ρ(x0)

)−Ñ
,

❞♦♥❞❡ ❤❡♠♦s ✉s❛❞♦ ❡❧ ▲❡♠❛ ✶✳✷✳✽ ❡♥ ❧❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞✳

P❛r ✈❡r q✉❡ (a′s) =⇒ (as) s❡❛♥ x0 ∈ Rd✱ R > 0 ❡ y ∈ B(x0, R/2)✳ ❊❧ ❛♥✐❧❧♦ {x : R <
|x− x0| < 2R} ♣✉❡❞❡ ❝✉❜r✐rs❡ ♣♦r M =M(d) ❜♦❧❛s ❞❡ r❛❞✐♦ R/4 ② ❝❡♥tr♦s xi✱ t❛❧❡s q✉❡



✺✳✷ Pr✉❡❜❛s ✾✾

R < |xi − x0| < 2R✱ ♣❛r❛ i = 1, . . . ,M ✳ P❛r❛ ❝❛❞❛ ✉♥❛ ❞❡ ❡st❛s ❜♦❧❛s ♣✉❡❞❡ ✈❡rs❡ q✉❡
R/2 < |xi − y| < 5R/2✳ ❆♣❧✐❝❛♥❞♦ ❧❛ ❝♦♥❞✐❝✐ó♥ (a′s) ❡♥ ❝❛❞❛ ❜♦❧❛✱

(
ˆ

R/2<|y−x|<4R

|K(x, y)|sdx
)1/s

≤
M
∑

i=1

(
ˆ

B(xi,R/4)

|K(x, y)|sdx
)1/s

≤
M
∑

i=1

CNR
−d/s′

(

1 +
R

ρ(xi)

)−N

≤ CNR
−d/s′

(

1 +
R

ρ(x0)

)−Ñ
,

❞♦♥❞❡ ✉s❛♠♦s ♥✉❡✈❛♠❡♥t❡ ❡❧ ▲❡♠❛ ✶✳✷✳✽ ❡♥ ❧❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞✳

❖♠✐t✐♠♦s ❧❛ ♣r✉❡❜❛ ❞❡ (bs) ⇐⇒ (b′s) ♣✉❡s s✐❣✉❡ ❧❛s ♠✐s♠❛s ❧✐♥❡❛s q✉❡ ❧❛ ❛♥t❡r✐♦r✳

❉❛r❡♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ❧❛s ❞❡♠♦str❛❝✐♦♥❡s ❞❡ ❧♦s t❡♦r❡♠❛s ❞❡ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r✳

❉❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✺✳✶✳✶✳ ❙❡❛ T ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r ❝♦♠♣❛r❛❜❧❡ ❛ ✉♥
♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, ε)✱ ♣❛r❛ ❛❧❣ú♥ s > 1✱ ε > 0✳ ❙❡❛ T0 ❡❧ ❝♦rr❡s✲
♣♦♥❞✐❡♥t❡ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❝♦♥ ♥ú❝❧❡♦ K0✳ ❙❡❛♥ K ❡❧ ♥ú❝❧❡♦ ❞❡ T ✱ w ✉♥
♣❡s♦✱ θ ≥ 0✱ 1 < p < s ② A ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ q✉❡ s❛t✐s❢❛❝❡ ✭✺✳✵✳✸✮✳

Pr♦❜❛r❡♠♦s ❡♥ ♣r✐♠❡r ❧✉❣❛r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✺✳✶✳✶✮✳ ❙❡❛ γ0 ❝♦♠♦ ❡♥ ❡❧ ▲❡♠♠❛ ✺✳✷✳✶✳
P❛r❛ ❛❧❣ú♥ γ ≤ γ0 ❛ ❡❧❡❣✐r✱ s❡❛ {Bn} ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❞❡❧ ❡s♣❛❝✐♦ ❞❛❞❛ ❡♥ ❧❛ Pr♦♣♦s✐✲
❝✐ó♥ ✶✳✷✳✻ ♣❛r❛ ❧❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦ γρ✳ P♦❞❡♠♦s ❡s❝r✐❜✐r

ˆ

|Tf |pw ≤
∑

n∈N

ˆ

Bn

|Tf |pw

=
∑

n∈N

ˆ

Bn

|T (fχ2Bn) + T (fχ(2Bn)c)± T0(fχ2Bn)|pw

≤ Cp

(

∑

n∈N

ˆ

Bn

|T (fχ2Bn)− T0(fχ2Bn)|pw +
∑

n∈N

ˆ

Bn

|T (fχ(2Bn)c)|pw

+
∑

n∈N

ˆ

Bn

|T0(fχ2Bn)|pw
)

= Cp (I + II + III) .

✭✺✳✷✳✸✮

❊♥ III✱ ❝♦♠♦ T0 ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❡❧ ❚❡♦r❡✲



✶✵✵ ❉❡s✐❣✉❛❧❞❛❞❡s ❞❡ t✐♣♦ ❋❡✛❡r♠❛♥✲❙t❡✐♥

♠❛ ✺✳✵✳✻ ② ❡❧ ▲❡♠❛ ✺✳✷✳✶ ♣❛r❛ ♦❜t❡♥❡r

III =
∑

n∈N

ˆ

|T0(fχ2Bn)|p(wχBn)

≤ C
∑

n∈N

ˆ

|fχ2Bn |pMA(wχBn)

≤ C
∑

n∈N

ˆ

2Bn

|f |pM ❧♦❝
A (w)

≤ C

ˆ

|f |pM ❧♦❝
A (w),

♣✉❡st♦ q✉❡ A ∈ Dp✳

P❛r❛ ❡st✐♠❛r II ✉s❛♠♦s ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ▼✐♥❦♦✇s❦✐ ② ❍ö❧❞❡r✱ ♦❜t❡♥✐❡♥❞♦

II =
∑

n∈N

ˆ

Bn

|T (fχ(2Bn)c)|pw

=
∑

n∈N

ˆ

Bn

[
ˆ

(2Bn)c
|K(x, y)||f(y)|dy

]p

w(x)dx

≤
∑

n∈N

[

ˆ

(2Bn)c
|f(y)|

(
ˆ

Bn

|K(x, y)|pw(x)dx
)1/p

dy

]p

≤
∑

n∈N

[

∑

k∈N

ˆ

2kBn\2kBn

|f(y)|
(
ˆ

Bn

|K(x, y)|sdx
)1/s(ˆ

Bn

wr(x)dx

)1/rp

dy

]p

.

❝♦♥ r = (s/p)′✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❛♣❧✐❝❛♠♦s ❧❛ ❝♦♥❞✐❝✐ó♥ (a′s) ♣❛r❛ K✱ q✉❡ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛
❧❛ ❝♦♥❞✐❝✐ó♥ (as) ♣♦r ❡❧ ▲❡♠❛ ✺✳✷✳✷✳ P❛r❛ ❝❛❞❛ N > 0✱

II ≤ CN
∑

n∈N

[

∑

k∈N
|2kBn|−1/s′2−kN

ˆ

2kBn

|f(y)|
(
ˆ

Bn

wr(x)dx

)1/rp

dy

]p

≤ CN
∑

n∈N





∑

k∈N
|2kBn|−1/s′+1/p′2−kN

(

ˆ

2kBn

|f(y)|p
(
ˆ

2kBn

wr(x)dx

)1/r

dy

)1/p




p

≤ CN
∑

n∈N





∑

k∈N
2−k(N−θ/p)

(

ˆ

2kBn

|f(y)|p 2kθ
(

1

|2kBn|

ˆ

2kBn

wr(x)dx

)1/r

dy

)1/p




p

≤ CN
∑

n∈N

[

∑

k∈N
2−k(N−θ/p)

(
ˆ

2kBn

|f(y)|pM θ
rw(y)dy

)1/p
]p

.



✺✳✷ Pr✉❡❜❛s ✶✵✶

❋✐♥❛❧♠❡♥t❡✱ ✉s❛♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r ♣❛r❛ ❧❛ s✉♠❛ ❡♥ k ② ❡❧✐❣✐❡♥❞♦ N =
N1 + θ/p+ 1✱ ❞♦♥❞❡ N1 ❡s ❧❛ ❝♦♥st❛♥t❡ ❡♥ Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✻✱ ♦❜t❡♥❡♠♦s

II ≤ Cθ
∑

n∈N

[

∑

k∈N
2−k(N1+1)

ˆ

2kBn

|f(y)|pM θ
rw(y)dy

][

∑

k∈N
2−k(N1+1)

]p/p′

≤ Cθ
∑

k∈N
2−k(N1+1)

ˆ

Rd

(

∑

n∈N
χ2kBn

)

|f |pM θ
rw

≤ Cθ

ˆ

Rd

|f |pM θ
rw.

❙ó❧♦ r❡st❛ ❡st✐♠❛r I✳ ❙❡❛ D(x, y) = K(x, y) −K0(x, y)✱ ♦❜s❡r✈❛♥❞♦ q✉❡ ♣❛r❛ x ∈ Bn

② ❞❡❜✐❞♦ ❛ ♥✉❡str❛ ❡❧❡❝❝✐ó♥ ❞❡ γ✱ 2Bn ⊂ B(x, ρ(x))✱ r❡s✉❧t❛

I =
∑

n∈N

ˆ

Bn

|T (fχ2Bn)− T0(fχ2Bn)|pw

≤
∑

n∈N

ˆ

Bn

[
ˆ

2Bn

|D(x, y)||f(y)|dy
]p

w(x)dx

≤
∑

n∈N

ˆ

Bn

[
ˆ

B(x,ρ(x))

|D(x, y)||f(y)|dy
]p

w(x)dx

≤
ˆ

Rd

|h(x)|pw(x)dx = ‖h‖p
Lp(Rd,w)

,

✭✺✳✷✳✹✮

❞♦♥❞❡

h(x) =

ˆ

B(x,ρ(x))

|D(x, y)||f(y)|dy.

❆❤♦r❛ ❜✐❡♥✱ ♣♦r ❧❛ ❡❧❡❝❝✐ó♥ ❞❡ Bn s❡ ♣✉❡❞❡ ✈❡r q✉❡ ♣❛r❛ ❝❛❞❛ k ✜❥♦ ② ❝✉❛❧q✉✐❡r❛ s❡❛ n
♣♦❞❡♠♦s t♦♠❛r 2dk ❜♦❧❛s ❞✐s❥✉♥t❛s ❞❡ ❧❛ ❢♦r♠❛ Bl

n,k = B(xln,k, 2
−kγρ(xn)) t❛❧❡s q✉❡ ♣❛r❛

σ >
√
d✱

Bn ⊂
2dk
⋃

l=1

σBl
n,k ⊂ 2σBn.

▼ás ❛ú♥✱ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ q✉❡ ❞❡♣❡♥❞❡ só❧♦ ❞❡ σ ② d t❛❧ q✉❡✱

2dk
∑

l=1

χσBl
n,k

≤ Cd,σχ2σBn .

❊♥t♦♥❝❡s✱ ♣♦r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✻✱ {σBl
n,k}l,n ❝✉❜r❡ Rd ②

∑

l,n

χσBl
n,k

≤ Cd,σ,ρ.



✶✵✷ ❉❡s✐❣✉❛❧❞❛❞❡s ❞❡ t✐♣♦ ❋❡✛❡r♠❛♥✲❙t❡✐♥

❋✐❥❡♠♦s σ = 2
√
d✳ ❊s ♣♦s✐❜❧❡ ❡❧❡❣✐r γ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡ñ♦ t❛❧ q✉❡✱ s✐ x ∈ 2

√
dBl

n,k

② 2−k−1ρ(x) ≤ |y − x| ≤ 2−kρ(x) ❡♥t♦♥❝❡s

y ∈ El
n,k = {y : 4

√
dγ2−kρ(xn) ≤ |y − xln,k| ≤ βγ2−kρ(xn)}.

♣❛r❛ ❝✐❡rt♦ β > 4
√
d ✭♣♦r ❡❥❡♠♣❧♦✱ ♣♦❞❡♠♦s t♦♠❛r γ = (2C0(5

√
d)N0+1)−1 ② β =

3C2
0(5

√
d)N0+2✮✳

❆❤♦r❛✱ ❡s❝r✐❜✐♠♦s h ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

h(x) =
∞
∑

k=0

hk(x) =
∞
∑

k=0

ˆ

B(x,2−kρ(x))\B(x,2−k−1ρ(x))

|D(x, y)||f(y)|dy.

❊♥t♦♥❝❡s✱ ♣❛r❛ ❡❧ ❝✉❜r✐♠✐❡♥t♦ ❞❡❧ ❡s♣❛❝✐♦ {2
√
dBl

n,k}n,l✱ s❡ t✐❡♥❡✱ ♣❛r❛ r = (s/p)′✱

‖hk‖pLp(w) ≤
∑

n,l

ˆ

2
√
dBl

n,k

[
ˆ

B(x,2−kρ(x))\B(x,2−k−1ρ(x))

|D(x, y)||f(y)|dy
]p

w(x)dx

≤
∑

n,l

ˆ

2
√
dBl

n,k

[

ˆ

El
n,k

|D(x, y)||f(y)|dy
]p

w(x)dx

≤
∑

n,l





ˆ

El
n,k

|f(y)|
(

ˆ

2
√
dBl

n,k

|D(x, y)|pw(x)dx
)1/p

dy





p

≤
∑

n,l





ˆ

El
n,k

|f(y)|
(

ˆ

2
√
dBl

n,k

|D(x, y)|sdx
)1/s(

ˆ

2
√
dBl

n,k

wr(x)dx

)1/(rp)

dy





p

,

✭✺✳✷✳✺✮

❞♦♥❞❡ ❤❡♠♦s ❛♣❧✐❝❛❞♦ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ▼✐♥❦♦✇s❦✐ ② ❍ö❧❞❡r ❡♥ ❧♦s ú❧t✐♠♦s ❞♦s ♣❛s♦s✳
❆❤♦r❛✱ ✉s❛♥❞♦ ❧❛ ❝♦♥❞✐❝✐ó♥ (b′s) ♣❛r❛ D(x, y) ② ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✺✳✷✳✸ ② ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡M θ

r

♣❛r❛ ❜♦❧❛s s✉❜✲❝rít✐❝❛s ♦❜t❡♥❡♠♦s

‖hk‖pLp(w) ≤ C
∑

n,l

(2−kρ(xn))
−dp/s′2−kεp





ˆ

βBl
n,k

|f(y)|
(

ˆ

βBl
n,k

wr(x)dx

)1/(rp)

dy





p

≤ C2−kεp
∑

n,l

ˆ

βBl
n,k

|f(y)|p
(

1

|βBl
n,k|

ˆ

βBl
n,k

wr(x)dx

)1/r

dy

≤ Cθ2
−kεp

∑

n,l

ˆ

βBl
n,k

|f(y)|pM θ
rw(y)dy

≤ Cθ2
−kεp‖f‖p

Lp(Mθ
rw)
.

✭✺✳✷✳✻✮

❋✐♥❛❧♠❡♥t❡✱

‖h‖Lp(w) ≤
∑

k≥0

‖hk‖Lp(w) ≤ C
∑

k≥0

2−kε‖f‖Lp(Mθ
rw)

≤ C‖f‖Lp(Mθ
rw)
. ✭✺✳✷✳✼✮



✺✳✷ Pr✉❡❜❛s ✶✵✸

❯s❛♥❞♦ ❛❤♦r❛ ❧❛s ❡st✐♠❛❝✐♦♥❡s ♦❜t❡♥✐❞❛s ♣❛r❛ I✱ II ② III ❧❧❡❣❛♠♦s ❛ ❧❛ ❞❡s✐❣✉❛❧✲
❞❛❞ ✭✺✳✶✳✶✮✳

❆❤♦r❛✱ ✈❛♠♦s ❛ ♣r♦❜❛r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✺✳✶✳✷✮✳ ❈♦♠♦ ❡♥ ✭✺✳✷✳✸✮ ♣♦❞❡♠♦s ❡s❝r✐❜✐r
ˆ

|T ⋆f |pw ≤ Cp(I
⋆ + II⋆ + III⋆),

② ❡st✐♠❛r III⋆ ❞❡ ❧❛ ♠✐s♠❛ ♠❛♥❡r❛ q✉❡ ❤✐❝✐♠♦s ♣❛r❛ III✱ ♣✉❡st♦ q✉❡ T ⋆0 t❛♠❜✐é♥ ❡s ✉♥
♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞✳

P❛r❛ II⋆✱ s❡ t✐❡♥❡

II⋆ =
∑

n∈N

ˆ

Bn

|T ⋆(fχ(2Bn)c)|pw

=
∑

n∈N

ˆ

Bn

(
ˆ

(2Bn)c
|K(x, y)||f(x)|dx

)p

w(y)dy

✭✺✳✷✳✽✮

❙✐ y ∈ Bn✱ ✉s❛♥❞♦ ♥✉❡✈❛♠❡♥t❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r ② ❧❛ ❝♦♥❞✐❝✐ó♥ (as)✱
ˆ

(2Bn)c
|K(x, y)||f(x)|dx

≤
∑

k∈N

(
ˆ

2k+1Bn\2kBn

|K(x, y)|p′dx
)1/p′ (ˆ

2k+1Bn

|f |p
)1/p

≤ C
∑

k∈N

(
ˆ

2k+1Bn\2kBn

|K(x, y|sdx
)1/s(ˆ

2k+1Bn

|f |p
)1/p

|2kBn|1/s
′−1/p

≤ CN
∑

k∈N
2−kN

(
 

2k+1Bn

|f |p
)1/p

≤ CN

[

∑

k∈N
2−kN

 

2k+1Bn

|f |p
]1/p [

∑

k∈N
2−kN

]1/p

≤ CN

[

∑

k∈N
2−kN

 

2k+1Bn

|f |p
]1/p

.

✭✺✳✷✳✾✮

❊♥t♦♥❝❡s✱ r❡❝♦r❞❛♥❞♦ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ M θ ♣❛r❛ ❜♦❧❛s s✉♣❡r✲❝rít✐❝❛s✱

II⋆ ≤ CN
∑

n∈N

∑

k∈N
2−kN

1

|2k+1Bn|

ˆ

2k+1Bn

|f |p
ˆ

2k+1Bn

w(y)dy

≤ CN
∑

n∈N

∑

k∈N
2−k(N−θ)

ˆ

2k+1Bn

|f |pM θw

≤ CN
∑

k∈N
2−k(N−θ)

ˆ

Rd

(

∑

n∈N
χ2k+1Bn

)

|f |pM θw

≤ Cθ

ˆ

Rd

|f |pM θw,

✭✺✳✷✳✶✵✮



✶✵✹ ❉❡s✐❣✉❛❧❞❛❞❡s ❞❡ t✐♣♦ ❋❡✛❡r♠❛♥✲❙t❡✐♥

❡❧✐❣✐❡♥❞♦ N = N1+θ+1✱ ❞♦♥❞❡ N1 ❡s ❧❛ ❝♦♥st❛♥t❡ q✉❡ ❛♣❛r❡❝❡ ❡♥ ❡❧ ❧❡♠❛ ❞❡ ❝✉❜r✐♠✐❡♥t♦
♣♦r ❜♦❧❛s ❝rít✐❝❛s ✭✈❡r Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✻✮✳

❙ó❧♦ r❡st❛ ❡st✐♠❛r I⋆✳ Pr♦❝❡❞❡♠♦s ❝♦♠♦ ❡♥ ✭✺✳✷✳✹✮ ♣❛r❛ ❧❧❡❣❛r ❛

I⋆ =
∑

n∈N

ˆ

Bn

|T ⋆(fχ2Bn)− T ⋆0 (fχ2Bn)|pw ≤ ‖h⋆‖pLp(w),

❞♦♥❞❡

h⋆(y) =

ˆ

B(y,ρ(y))

|D(x, y)||f(x)|dx.

❆❤♦r❛✱

h⋆(y) =
∞
∑

k=0

h⋆k(y) =
∞
∑

k=0

ˆ

B(y,2−kρ(y))\B(y,2−k−1ρ(y))

|D(x, y)||f(x)|dx.

P❛r❛ ❝❛❞❛ k ✜❥♦✱ ✉s❛♠♦s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r ② ❡s❝r✐❜✐❡♥❞♦ B(y, ρ(y)) = By✱

h⋆k(y) ≤ C

(

ˆ

2−kBy\2−k+1By

|D(x, y)|sdx
)1/s(

ˆ

2−kBy

|f |p
)1/p

(2−kρ(y))d/((s/p
′)′p′).

✭✺✳✷✳✶✶✮

❆❤♦r❛✱ ♣❛r❛ ✉♥ k ✜❥♦✱ ❝♦♥s✐❞❡r❛♠♦s ♥✉❡✈❛♠❡♥t❡ ❡❧ ❝✉❜r✐♠✐❡♥t♦ {B(xln,k, 2
√
dγ2−kρ(xn))}n,l✳

❯s❛♥❞♦ ❧❛ ❝♦♥❞✐❝✐ó♥ (bs)✱ t❡♥❡♠♦s q✉❡

‖h⋆k‖pLp(w) ≤
∑

n,l

ˆ

Bl
n,k

|h⋆k(y)|pw(y)dy

≤ C
∑

n,l

(

ˆ

βBl
n,k

|f |p
)

(2−kρ(yj))
dp(1/s′−1/p)

ˆ

Bl
n,k

(

ˆ

El
n,k

|D(x, y)|sdx
)p/s

w(y)dy

≤ C
∑

n,l

(

ˆ

βBl
n,k

|f |p
)

2−kp
′ε

(2−kρ(yn))d

ˆ

βBl
n,k

w(y)dy

≤ C
∑

n,l

2−kpε
ˆ

βBl
n,k

|f(x)|p 1

|βBl
n,k|

ˆ

βBl
n,k

w(y)dydx

≤ Cθ2
−kpε

∑

n,l

ˆ

βBl
n,k

|f |pM θw

≤ Cθ2
−kpε‖f‖p

Lp(Mθw)

✭✺✳✷✳✶✷✮

❊♥t♦♥❝❡s✱ ❝♦♠♦ ❤✐❝✐♠♦s ❡♥ ✭✺✳✷✳✼✮

‖h⋆‖Lp(w) ≤ C
∑

k

‖h⋆k‖Lp(w) ≤ C‖f‖Lp(Mθw) ✭✺✳✷✳✶✸✮



✺✳✷ Pr✉❡❜❛s ✶✵✺

❯s❛♥❞♦ ❧❛s ❡st✐♠❛❝✐♦♥❡s ♣❛r❛ I⋆✱ II⋆ ② III⋆ ♦❜t❡♥❡♠♦s ✭✺✳✶✳✷✮✳

❖❜s❡r✈❛❝✐ó♥ ✺✳✷✳✹✳ ❱❛❧❡ ♥♦t❛r q✉❡ ❧❛s ❡st✐♠❛❝✐♦♥❡s ♦❜t❡♥✐❞❛s ♣❛r❛ I ② II t❛♠❜✐é♥ s♦♥
✈á❧✐❞❛s ❡♥ ❡❧ ❝❛s♦ p = 1✳ ❙✐❣✉✐❡♥❞♦ ❧❛s ♠✐s♠❛s ✐❞❡❛s ❧❧❡❣❛♠♦s ❛

∑

n∈N

ˆ

Bn

|T (fχ(2Bn)c)|w ≤ Cθ

ˆ

Rd

|f |M θ
s′(w), ✭✺✳✷✳✶✹✮

∑

n∈N

ˆ

Bn

|T (fχ2Bn)− T0(fχ2Bn)|w ≤ Cθ

ˆ

Rd

|f |M θ
s′(w). ✭✺✳✷✳✶✺✮

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ❞❛♠♦s ✉♥❛ ♣r✉❡❜❛ ♣❛r❛ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ t✐♣♦ ❞é❜✐❧ (1, 1) ❞❡❧
❚❡♦r❡♠❛ ✺✳✶✳✸

❉❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✺✳✶✳✸✳ ❙❡❛ T ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r ❝♦♠♣❛r❛❜❧❡ ❧♦❝❛❧✲
♠❡♥t❡ ❝♦♥ ✉♥ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, ε)✳ ❙❡❛♥ T0 ❡❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡
♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞✱ K ② K0 ❧♦s ♥ú❝❧❡♦s ❛s♦❝✐❛❞♦s ❛ T ② T0 ② w ✉♥ ♣❡s♦✳
❙✉♣♦♥❣❛♠♦s ♣r✐♠❡r♦ q✉❡ 1 < s < ∞✳ ❈♦♥s✐❞❡r❛♠♦s ❞❡ ♥✉❡✈♦ {Bn}n∈N✱ ❧❛ ♣❛rt✐❝✐ó♥ ❞❡❧
❡s♣❛❝✐♦ ❛s♦❝✐❛❞❛ ❛ γρ✱ ❝♦♥ γ ❡❧❡❣✐❞♦ ❝♦♠♦ ❡♥ ❧❛ ♣r✉❡❜❛ ❞❡❧ ❚❡♦r❡♠❛ ✺✳✶✳✶✳ ❙❡❛ λ > 0✱
♣♦❞❡♠♦s ❡s❝r✐❜✐r

w({|Tf | > λ}) ≤
∑

n∈N
w({x ∈ Bn : |Tf(x)| > λ})

≤
∑

n∈N
w({x ∈ Bn : |T (fχ2Bn)(x)− T0(fχ2Bn)(x)| > λ/3})

+
∑

n∈N
w({x ∈ Bn : |T (fχ(2Bn)c)(x)| > λ/3}).

+
∑

n∈N
w({x ∈ Bn : |T0(fχ2Bn)(x)| > λ/3}) = I + II + III.

✭✺✳✷✳✶✻✮

P❛r❛ ❡st✐♠❛r III ♣♦❞❡♠♦s ✉s❛r ❡st❛ ✈❡③ ❡❧ ❚❡♦r❡♠❛ ✺✳✵✳✼ ❥✉♥t♦ ❝♦♥ ❡❧ ▲❡♠❛ ✺✳✷✳✶ ♣❛r❛
♦❜t❡♥❡r

III =
∑

n∈N
w({x ∈ Bn : |T0(fχ2Bn)(x)| > λ/3})

≤
∑

n∈N
wχBn({x : |T0(fχ2Bn)(x)| > λ/3})

≤ C

λ

∑

n∈N

ˆ

2Qn

|f |MA(wχBn)

≤ C

λ

∑

n∈N

ˆ

2Qn

|f |M ❧♦❝
A (w)

≤ C

λ

ˆ

Rd

|f |M ❧♦❝
A (w),

✭✺✳✷✳✶✼✮



✶✵✻ ❉❡s✐❣✉❛❧❞❛❞❡s ❞❡ t✐♣♦ ❋❡✛❡r♠❛♥✲❙t❡✐♥

♣❛r❛ t♦❞❛ A ∈ ⋃p>1 Dp✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ♣♦❞❡♠♦s ❡❧❡❣✐r A(t) = ts
′

②❛ q✉❡ ♥♦ ✈❛♠♦s ❛
♦❜t❡♥❡r ♥❛❞❛ ♠❡❥♦r ❡♥ ❧♦s ♦tr♦s tér♠✐♥♦s✳

P❛r❛ ❡st✐♠❛r I ② II ♣♦❞❡♠♦s ✉s❛r ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ t✐♣♦ ❢✉❡rt❡ ♣❛r❛ p = 1 ❡♥✉♥✲
❝✐❛❞❛s ❡♥ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✺✳✷✳✹✱ ♦❜t❡♥✐❡♥❞♦ ❛sí ✭✺✳✶✳✸✮✳

❆❤♦r❛✱ s✉♣♦♥❣❛♠♦s q✉❡ s = ∞✱ ❡st♦ ❡s✱ q✉❡ ❡❧ ♥ú❝❧❡♦ K s❛t✐s❢❛❝❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s
♣✉♥t✉❛❧❡s (a∞) ② (b∞)✳ ❙❡❛ λ > 0✱ ✉s❛♠♦s ❧❛ ♠✐s♠❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ q✉❡ ❡♥ ✭✺✳✷✳✶✻✮ ♣❛r❛
♦❜t❡♥❡r

w({|Tf > λ}) ≤ I + II + III,

② tr❛t❛♠♦s III ❞❡ ❧❛ ♠✐s♠❛ ❢♦r♠❛✱ ❛rr✐❜❛♥❞♦ ❛

III ≤ C

λ

ˆ

Rd

|f |M ❧♦❝
A (w),

♣❛r❛ ❝✉❛❧q✉✐❡r A ∈ ⋃p>1 Dp✳

P❛r❛ ❡st✐♠❛r II ✉s❛♠♦s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❈❤❡❜②s❤❡✈✱

II =
∑

n∈N
w({x ∈ Bn : |T (fχ(2Bn)c)(x)| > λ/3})

≤
∑

n∈N

3

λ

ˆ

Bn

|T (fχ(2Bn)c)|(x)w(x)dx

≤
∑

n∈N

3

λ

ˆ

Bn

(

∑

k∈N

ˆ

2k+1Bn\2kBn

|K(x, y)||f(y)|dy
)

w(x)dx.

✭✺✳✷✳✶✽✮

❆❤♦r❛✱ ✉s❛♥❞♦ ❧❛ ❝♦♥❞✐❝✐ó♥ (a∞) ② ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ M θ✱

II ≤ CN
λ

∑

n∈N

ˆ

Bn

∑

k∈N

2−kN

(2kρ(xn))d

(
ˆ

2k+1Bn

|f(y)|dy
)

w(x)dx

≤ CN
λ

∑

n∈N

∑

k∈N
2−kN

ˆ

2k+1Bn

|f(y)|
(

1

|2k+1Bn|

ˆ

2k+1Bn

w(x)dx

)

dy

≤ CN
λ

∑

n∈N

∑

k∈N
2−k(N−θ)

ˆ

2k+1Bn

|f(y)|M θ(w)dy

≤ CN
∑

k∈N
2−k(N−θ)

ˆ

Rd

(

∑

n∈N
χ2k+1Bn

)

|f(y)|M θ(w)dy

≤ Cθ

ˆ

Rd

|f(y)|M θ(w)dy,

✭✺✳✷✳✶✾✮

❡❧✐❣✐❡♥❞♦ N = N1 + θ + 1✳



✺✳✷ Pr✉❡❜❛s ✶✵✼

P❛r❛ ❡st✐♠❛r I ✉s❛♠♦s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❈❤❡❜②s❤❡✈ ② (b∞)✱ ♦❜t❡♥✐❡♥❞♦

I =
∑

j∈N
w({x ∈ Bn : |(T − T0)(fχ2Bn)(x)| > λ/3})

≤
∑

n∈N

3

λ

ˆ

Bn

(
ˆ

2Bn

|K(x, y)−K0(x, y)||f(y)|dy
)

w(x)dx

≤ C

λ

∑

j∈N

ˆ

Bn

(
ˆ

2Bn

|f(y)|
|x− y|d

( |x− y|
ρ(x)

)ε

dy

)

w(x)dx

≤ C

λ

∑

n∈N
ρ(xn)

d/q−2

ˆ

2Bn

|f(y)|
ˆ

Bn

|x− y|ε−dw(x)dx dy.

✭✺✳✷✳✷✵✮

❆❤♦r❛✱ s✐ y ∈ 2Bn✱ ❧❧❛♠❛♥❞♦ By
n = B(y, 3γρ(xn))✱ s❡ t✐❡♥❡

ˆ

Bn

|x− y|ε−dw(x)dx ≤
ˆ

By
n

|x− y|ε−dw(x)dx

≤
∑

k∈N

ˆ

2−k+1By
n\2−kBy

n

|x− y|ε−dw(x)dx

≤ Cρ(xn)
ε
∑

k∈N

2−kε

(2−kρ(xn))d

ˆ

2−k+1By
n

w(x)dx

≤ Cρ(xn)
εM ❧♦❝w(y).

❋✐♥❛❧♠❡♥t❡✱

I ≤ C

λ

∑

j∈N

ˆ

2Qj

|f(y)|M ❧♦❝w(y)dy ≤ C

λ

ˆ

Rd

|f(y)|M ❧♦❝w(y)dy. ✭✺✳✷✳✷✶✮

❘❡✉♥✐❡♥❞♦ ❧❛s ❡st✐♠❛❝✐♦♥❡s ♣❛r❛ I✱ II✱ ② III ❧❧❡❣❛♠♦s ❛ ✺✳✶✳✹✳ ▲❛ ♠✐s♠❛ ❞❡s✐❣✉❛❧❞❛❞
♣✉❡❞❡ ♦❜t❡♥❡rs❡ ♣❛r❛ T ⋆ ♣♦rq✉❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s (a∞) ② (b∞) s♦♥ s✐♠étr✐❝❛s ❡♥ x ❡ y ❡♥
✈✐st❛s ❞❡❧ ▲❡♠❛ ✶✳✷✳✽✳

❚❡r♠✐♥❛♠♦s ❡st❛ s❡❝❝✐ó♥ ❝♦♥ ❧❛ ♣r✉❡❜❛ ❞❡❧ ❚❡♦r❡♠❛ ✺✳✶✳✹✳

❉❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✺✳✶✳✹✳ ❙❡❛ T ✉♥ ♦♣❡r❛❞♦r ❧✐♥❡❛❧ ❝♦♥ ♥ú❝❧❡♦ K q✉❡ s❛t✐s❢❛✲
❝❡ (cs)✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r✱ ♦❜s❡r✈❛♠♦s q✉❡ ❧❛ ❝♦♥❞✐❝✐ó♥ (cs) ✐♠♣❧✐❝❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s (as)
② (bs) ❝♦♥ K0 = 0✳ ❊♥t♦♥❝❡s✱ ♣r♦❝❡❞✐❡♥❞♦ ❝♦♠♦ ❡♥ ✭✺✳✷✳✸✮ ❡s❝r✐❜✐♠♦s

ˆ

|Tf |pw =
∑

n∈N

ˆ

Bn

|T (fχ2Bn) + T (fχ2Bc
n
)|pw

≤ Cp

(

∑

n∈N

ˆ

Bn

|T (fχ2Bn)|pw +
∑

n∈N

ˆ

Bn

|T (fχ2Bc
n
)|pw

)

= Cp(I + II).

✭✺✳✷✳✷✷✮



✶✵✽ ❉❡s✐❣✉❛❧❞❛❞❡s ❞❡ t✐♣♦ ❋❡✛❡r♠❛♥✲❙t❡✐♥

❉❡ ❡st❛ ♠❛♥❡r❛✱ ❧❛ ❡st✐♠❛❝✐ó♥ ✭✺✳✶✳✶✮ ✈❛❧❡ ♣❛r❛ 1 ≤ p < s s✐❣✉✐❡♥❞♦ ❧❛ ♣r✉❡❜❛ ❞❡❧
❚❡♦r❡♠❛ ✺✳✶✳✶ ② t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✭✺✳✷✳✹✮ ❡♥ ❡❧ ❝❛s♦ p = 1✳

P❛r❛ ♦❜t❡♥❡r ❧❛ ❡st✐♠❛❝✐ó♥ ✭✺✳✶✳✺✮ ♣r♦❝❡❞❡♠♦s ❝♦♠♦ ❛rr✐❜❛ ♣❛r❛ ♦❜t❡♥❡r

ˆ

|T ⋆f |pw ≤ Cp

(

∑

n∈N

ˆ

Bn

|T ⋆(fχ2Bn)|pw +
∑

n∈N

ˆ

Bn

|T ⋆(fχ2Bc
n
)|pw

)

= Cp(I
⋆ + II⋆)

✭✺✳✷✳✷✸✮

② tr❛t❛♠♦s I⋆ ② II⋆ ❞❡ ❧❛ ♠✐s♠❛ ♠❛♥❡r❛ q✉❡ ❡♥ ❧❛ ♣r✉❡❜❛ ❞❡❧ ❚❡♦r❡♠❛ ✺✳✶✳✶✳

✺✳✸✳ ❆♣❧✐❝❛❝✐ó♥ ❛ ♦♣❡r❛❞♦r❡s r❡❧❛❝✐♦♥❛❞♦s ❛ L

❊♥ ❡st❛ s❡❝❝✐ó♥ ❛♣❧✐❝❛r❡♠♦s ❧♦s r❡s✉❧t❛❞♦s q✉❡ ❛❝❛❜❛♠♦s ❞❡ ♣r♦❜❛r ❛ ❛❧❣✉♥♦s ♦♣❡✲
r❛❞♦r❡s ❛s♦❝✐❛❞♦s ❛ L✳ P❛rt✐❝✉❧❛r♠❡♥t❡✱ tr❛❜❛❥❛r❡♠♦s ❝♦♥ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲
❙❝❤rö❞✐♥❣❡r s✐♥❣✉❧❛r❡s ♣r❡s❡♥t❛❞❛s ❡♥ ❧❛ s❡❝❝✐ó♥ ✷✳✸ ② ❛q✉❡❧❧❛s q✉❡ ✐♥✈♦❧✉❝r❛♥ ❛❧ ♣♦t❡♥❝✐❛❧
V ✐♥tr♦❞✉❝✐❞♦s ❡♥ ❧❛ s❡❝❝✐ó♥ ✷✳✹✳

P❛r❛ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r R1 ② R2 ♣r♦❜❛♠♦s q✉❡ s♦♥ ♦♣❡r❛❞♦r❡s
❞❡ ❙❝❤rö❞✐♥❣❡r ❝♦♠♣❛r❛❜❧❡s ❝♦♥ ✉♥ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❡♥ ❧❛s Pr♦♣♦s✐❝✐♦✲
♥❡s ✷✳✸✳✼ ② ✷✳✸✳✶✷✳ ▲✉❡❣♦✱ ❛♣❧✐❝❛♠♦s ❧♦s ❚❡♦r❡♠❛s ✺✳✶✳✶ ② ✺✳✶✳✸ ♣❛r❛ ♦❜t❡♥❡r ❞❡s✐❣✉❛❧❞❛❞❡s
❞❡ t✐♣♦ ❢✉❡rt❡ (p, p) ② ❞❡ t✐♣♦ ❞é❜✐❧ (1, 1) r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❘❡s✉♠✐♠♦s ❡st❛s ❞❡s✐❣✉❛❧❞❛❞❡s
❡♥ ❧♦s s✐❣✉✐❡♥t❡s t❡♦r❡♠❛s✳

❚❡♦r❡♠❛ ✺✳✸✳✶✳ ❙❡❛♥ V ∈ RHq ♣❛r❛ q > d/2✱ θ ≥ 0 ② p0 t❛❧ q✉❡ 1/p0 = 1/q − 1/d
❊♥t♦♥❝❡s✱ ♣❛r❛ t♦❞♦ ♣❡s♦ w ✈❛❧❡♥ ❧❛s s✐❣✉✐❡♥t❡s ❞❡s✐❣✉❛❧❞❛❞❡s ❝✉❛♥❞♦ q < d✿

ˆ

|R1f |pw ≤ Cθ

ˆ

|f |pM θ
rw, ✭✺✳✸✳✶✮

♣❛r❛ 1 < p < p0 ② r = (p0/p)
′✱

ˆ

|R⋆
1f |pw ≤ Cθ

ˆ

|f |p(M ❧♦❝
A w +M θ)w, ✭✺✳✸✳✷✮

♣❛r❛ p′0 < p <∞ ② ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ A ∈ Dp✱

w({|R1f | > λ}) ≤ Cθ
λ

ˆ

|f |M θ
p′0
w. ✭✺✳✸✳✸✮

❙✐ q > d✱ t❡♥❡♠♦s q✉❡
ˆ

|R1f |pw ≤ Cθ

ˆ

|f |p(M ❧♦❝
A w +M θ)w, ✭✺✳✸✳✹✮

♣❛r❛ 1 < p <∞ ② ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ A ∈ Dp ② ❛❞❡♠ás ♣❛r❛ p = 1✱

w({|R1f | > λ}) ≤ Cθ
λ

ˆ

|f |M θ
Aw, ✭✺✳✸✳✺✮



✺✳✸ ❆♣❧✐❝❛❝✐ó♥ ❛ ♦♣❡r❛❞♦r❡s r❡❧❛❝✐♦♥❛❞♦s ❛ L ✶✵✾

w({|R⋆
1f | > λ}) ≤ Cθ

λ

ˆ

|f |M θ
Aw, ✭✺✳✸✳✻✮

♣❛r❛ ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ A ∈ ⋃p>1 Dp✳

❚❡♦r❡♠❛ ✺✳✸✳✷✳ ❙❡❛♥ V ∈ RHq ♣❛r❛ q > d/2 ② θ ≥ 0✳ ❊♥t♦♥❝❡s ♣❛r❛ t♦❞♦ ♣❡s♦ w ✈❛❧❡♥
❧❛s s✐❣✉✐❡♥t❡s ❞❡s✐❣✉❛❧❞❛❞❡s✿

ˆ

|R2f |pw ≤ Cθ

ˆ

|f |pM θ
rw, ✭✺✳✸✳✼✮

♣❛r❛ 1 < p < q ② r = (q/p)′✱
ˆ

|R⋆
2f |pw ≤ Cθ,A

ˆ

|f |p(M ❧♦❝
A +M θ)w, ✭✺✳✸✳✽✮

♣❛r❛ q′ < p <∞ ② ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ A ∈ Dp✱

w({|R2f | > λ}) ≤ Cθ
λ

ˆ

|f |M θ
q′w. ✭✺✳✸✳✾✮

❖❜s❡r✈❛❝✐ó♥ ✺✳✸✳✸✳ ❊s ❝❧❛r♦ q✉❡ ❛ ♠❡❞✐❞❛ q✉❡ q ❝r❡❝❡ ❧♦s r❛♥❣♦s ❞❡ p s❡ ❤❛❝❡♥ ♠ás
❣r❛♥❞❡s✳ ❆❞❡♠ás ❡♥ ❧♦s ❝❛s♦s R1 s✐ q < d ② R2 ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ♣❛r❛ ❧♦s ❛❞❥✉♥t♦s s♦♥
♠❡❥♦r❡s ② ♥♦ ❞❡♣❡♥❞❡♥ ❞❡ q✳ ❊♥ ❝❛♠❜✐♦ ❧♦s ♦♣❡r❛❞♦r❡s ♠❛①✐♠❛❧❡s ❞❡ ✭✺✳✸✳✶✮ ② ✭✺✳✸✳✼✮ ✈❛♥
✈❛r✐❛♥❞♦ ❝♦♥ q ② ❛❝❡r❝á♥❞♦s❡ ❛ ❧❛ ❡st✐♠❛❝✐ó♥ ♦❜t❡♥✐❞❛ ♣❛r❛ ❧♦s ❛❞❥✉♥t♦s ❝✉❛♥❞♦ q t✐❡♥❞❡
❛ d ② ❛ ✐♥✜♥✐t♦ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❋✐♥❛❧✐③❛♠♦s ❡st❛ s❡❝❝✐ó♥ ❝♦♥s✐❞❡r❛♥❞♦✱ ♣❛r❛ V ∈ RHq✱ q > d/2✱ ❧♦s ♦♣❡r❛❞♦r❡s ❞❡
t✐♣♦ V γL−γ ♣❛r❛ 0 < γ < d/2 ② V γ−1/2∇L−γ q✉❡ ❢✉❡r♦♥ ✐♥tr♦❞✉❝✐❞❛s ❡♥ ❧❛ ❙❡❝❝✐ó♥ ✷✳✹✳
▼♦str❛r❡♠♦s q✉❡ ❡st♦s ♦♣❡r❛❞♦r❡s s❛t✐s❢❛❝❡♥ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ t❛♠❛ñ♦ (cs)✱ ❧♦ q✉❡ ♥♦s
♣❡r♠✐t✐rá ❛♣❧✐❝❛r ❡❧ ❚❡♦r❡♠❛ ✺✳✶✳✹✳

❈♦♠❡♥❝❡♠♦s ❝♦♥ ❧♦s ♦♣❡r❛❞♦r❡s ❞❡ ❧❛ ❢♦r♠❛ V γL−γ✳ P❛r❛ ❝❛❞❛ 0 < γ < d/2✱ ♣♦❞❡♠♦s
❡s❝r✐❜✐r Kγ✱ ❡❧ ♥ú❝❧❡♦ ❞❡ V γL−γ✱ ❝♦♠♦

Kγ(x, y) = V γ(x)Jγ(x, y)

❞♦♥❞❡ Jγ ❡s ❡❧ ♥ú❝❧❡♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❞❡❧ ♦♣❡r❛❞♦r ✐♥t❡❣r❛❧ ❢r❛❝❝✐♦♥❛r✐♦ L−γ✳ P❛r❛ Jγ
t❡♥❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❡st✐♠❛❝✐ó♥ ♣✉♥t✉❛❧ q✉❡ ♣✉❡❞❡ ❡♥❝♦♥tr❛rs❡ ❡♥ ❬✷✸❪✱ ♣á❣✐♥❛ 587✳ P❛r❛
❝❛❞❛ N > 0 ❡①✐st❡ CN t❛❧ q✉❡

|Jγ(x, y)| ≤
1

|x− y|d−2γ
CN

(

1 +
|x− y|
ρ(x)

)−N
. ✭✺✳✸✳✶✵✮

❱❛♠♦s ❛ ♠♦str❛r q✉❡ ❡st❛ ❡st✐♠❛❝✐ó♥ ♣❛r❛ Jγ ♥♦s ❞❛ ❧❛ ❝♦♥❞✐❝✐ó♥ (cs) ♣❛r❛ Kγ ❝♦♥
s = q/γ✳ ❊♥ ❡❢❡❝t♦✱ s❡❛♥ x0✱ y ∈ Rd ② R > 0 t❛❧❡s q✉❡ |y − x0| < R/2✳ ❆♣❧✐❝❛♥❞♦ ❧♦s
❧❡♠❛s ✶✳✷✳✼ ② ✶✳✷✳✽ ♦❜t❡♥❡♠♦s

(

ˆ

R<|x−x0|<2R

|Kγ(x, y)|q/γdx
)γ/q

≤ CN
Rd−2γ

(

1 +
R

ρ(x0)

)−N/(N0+1)(ˆ

B(x0,2R)

V q

)γ/q

≤ CNR
−d/(q/γ)′

(

1 +
R

ρ(x0)

)−Ñ (

1 +
ρ(x0)

R

)−γ(2−d/q)
,

✭✺✳✸✳✶✶✮



✶✶✵ ❉❡s✐❣✉❛❧❞❛❞❡s ❞❡ t✐♣♦ ❋❡✛❡r♠❛♥✲❙t❡✐♥

❝♦♥ Ñ = N/(N0 + 1)− γN2✳

❖❜s❡r✈❛❝✐ó♥ ✺✳✸✳✹✳ ❉❡ ❡st❛s ❡st✐♠❛❝✐♦♥❡s s❡ s✐❣✉❡ q✉❡ s✐ 0 < γ < d/2✱ ❡❧ ♦♣❡r❛❞♦r V γL−γ

❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛r❛❜❧❡ ❝♦♥ ✉♥ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲
❩②❣♠✉♥❞ ❞❡ t✐♣♦ (q/γ, γ(2− d/q))✳

❆♣❧✐❝❛♥❞♦ ❡st❛s ❡st✐♠❛❝✐♦♥❡s ❥✉♥t♦ ❝♦♥ ❡❧ ❚❡♦r❡♠❛ ✺✳✶✳✹ ❧❧❡❣❛♠♦s ❛❧ s✐❣✉✐❡♥t❡ r❡s✉❧✲
t❛❞♦✳

❚❡♦r❡♠❛ ✺✳✸✳✺✳ ❙❡❛♥ V ∈ RHq ♣❛r❛ q > d/2✱ 0 < γ < d/2 ② θ ≥ 0✳ ❊♥t♦♥❝❡s✱ ♣❛r❛
t♦❞♦ w ≥ 0✱ w ∈ L1

❧♦❝✱ s❡ ✈❡r✐✜❝❛♥

ˆ

|V γL−γf |pw ≤ Cθ

ˆ

|f |pM θ
rw, ✭✺✳✸✳✶✷✮

♣❛r❛ 1 ≤ p < q/γ✱ r = (q/(γp))′ ②

ˆ

|L−γV γf |pw ≤ Cθ

ˆ

|f |pM θw, ✭✺✳✸✳✶✸✮

♣❛r❛ (q/γ)′ < p <∞✳

❈♦♠♦ ♠❡♥❝✐♦♥❛♠♦s ❡♥ ❧❛ ✐♥tr♦❞✉❝❝✐ó♥ ❞❡ ❡st❛ s❡❝❝✐ó♥✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❡st❡ t❡♦r❡♠❛
♣❛r❛ ♦❜t❡♥❡r ❧❛ ❛❝♦t❛❝✐ó♥ ❡♥ L1(w) ❞❡ ❡st❡ ♦♣❡r❛❞♦r q✉❡ ♥♦ ❡st❛❜❛ ❣❛r❛♥t✐③❛❞❛ ❡♥ ❡❧
❚❡♦r❡♠❛ ✷✳✹✳✼✳

❈♦r♦❧❛r✐♦ ✺✳✸✳✻✳ ❙✐ V ∈ RHq ♣❛r❛ q > d/2✱ ② 0 < γ < d/2✱ ❡❧ ♦♣❡r❛❞♦r V γL−γ ❡s
❛❝♦t❛❞♦ ❡♥ L1(w) s✐❡♠♣r❡ q✉❡ w(q/γ)′ ∈ Aρ1✳ ▼ás ❛ú♥✱ s✐ V ∈ RHq ♣❛r❛ t♦❞♦ q ≥ 1
❡♥t♦♥❝❡s V γL−γ ❡s ❛❝♦t❛❞♦ ❡♥ L1(w) s✐❡♠♣r❡ q✉❡ w ∈ Aρ1✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ V ∈ RHq ♣❛r❛ ❛❧❣ú♥ q > d/2 ② w ✉♥ ♣❡s♦ t❛❧ q✉❡ w(q/γ)′ ∈ Aρ1✳ P♦r
❡❧ ❚❡♦r❡♠❛ ✶✳✷✳✶✾ t❡♥❡♠♦s q✉❡ ❡①✐st❡ θ ≥ 0 t❛❧ q✉❡ M θw(q/γ)′(x) ≤ Cw(q/γ)′(x) ♣❛r❛
❝❛s✐ t♦❞♦ ♣✉♥t♦ x ∈ Rd✳ ❊st♦ ❡s✱ M θ

(q/γ)′w(x) ≤ Cw(x) ♣❛r❛ ❝❛s✐ t♦❞♦ ♣✉♥t♦ x ∈ Rd✳
❆♣❧✐❝❛♥❞♦ ❡❧ ❚❡♦r❡♠❛ ✺✳✸✳✺ ♣❛r❛ ❡❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡ θ t❡♥❡♠♦s q✉❡

ˆ

|V γL−γf |w ≤ C

ˆ

|f |M θ
(q/γ)′w ≤ C

ˆ

|f |w.

❆❤♦r❛✱ s✐ V ∈ RHq ♣❛r❛ t♦❞♦ q > d/2 t❡♥❡♠♦s q✉❡ ♣❛r❛ t♦❞♦ r > 1 ② ♣❛r❛ t♦❞♦ θ ≥ 0
❡①✐st❡ C t❛❧ q✉❡

ˆ

|V γL−γf |w ≤ Cθ

ˆ

|f |M θ
rw. ✭✺✳✸✳✶✹✮

P♦r ♦tr♦ ❧❛❞♦✱ s✐ w ∈ Aρ1 ❡①✐st❡ r > 1 t❛❧ q✉❡ wr ∈ Aρ1✱ ❧✉❡❣♦ ❡①✐st❡ θ ≥ 0 ② C > 0 t❛❧
q✉❡ M θ

rw(x) ≤ Cw(x) ♣❛r❛ ❝❛s✐ t♦❞♦ x ∈ Rd✳ ❈♦♠❜✐♥❛♥❞♦ ❡st♦ ❝♦♥ ✭✺✳✸✳✶✹✮ t❡♥❡♠♦s ❡❧
r❡s✉❧t❛❞♦ ❞❡s❡❛❞♦✳

❈♦♥s✐❞❡r❛♠♦s ❛❤♦r❛ ❧♦s ♦♣❡r❛❞♦r❡s V γ−1/2∇L−γ ♣❛r❛ 1/2 < γ ≤ 1 ✳ ❊♥ ❧❛ s❡❝❝✐ó♥ ✷✳✹
♠♦str❛♠♦s q✉❡ s✉ ♥ú❝❧❡♦ ❛s♦❝✐❛❞♦ Kγ ♣✉❡❞❡ ❡s❝r✐❜✐rs❡ ❝♦♠♦ ❡❧ ♣r♦❞✉❝t♦ Kγ(x, y) =



✺✳✸ ❆♣❧✐❝❛❝✐ó♥ ❛ ♦♣❡r❛❞♦r❡s r❡❧❛❝✐♦♥❛❞♦s ❛ L ✶✶✶

Kν(x, y)V
γ−1/2(x)✱ ❞♦♥❞❡ Kν ❡s ✉♥ ♥ú❝❧❡♦ ❢r❛❝❝✐♦♥❛r✐♦ ❞❡ ♦r❞❡♥ ν = 2γ − 1 t❛❧ q✉❡ ♣❛r❛

❝❛❞❛ N ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ CN t❛❧ q✉❡

|Kν(x, y)| ≤
CN

|x− y|d−2γ+1

(

1 +
|x− y|
ρ(y)

)−N
, ✭✺✳✸✳✶✺✮

s✐ V ∈ RHq ❝♦♥ q > d ② q✉❡ s✐ d/2 < q < d✱

(
ˆ

R<|x−y|<2R

|Kν(x, y)|p0dx
)1/p0

≤ CR−d/p′0+2γ−1

(

1 +
R

ρ(y)

)−N
, ✭✺✳✸✳✶✻✮

❝♦♥ p0 t❛❧ q✉❡ 1/p0 = 1/q − 1/d✳

❱❡r❡♠♦s q✉❡ ❡st❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞ ✐♠♣❧✐❝❛ (cs) ♣❛r❛ s = pγ ❞♦♥❞❡ pγ s❛t✐s❢❛❝❡

1

pγ
=

(

1

q
− 1

d

)+

+
2γ − 1

2q
. ✭✺✳✸✳✶✼✮

❙❡❛♥ x0✱ y ∈ Rd ② R > 0 t❛❧ q✉❡ |y − x0| < R/2✳ ❙✐ q > d✱ ② ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛ pγ =
2q/(2γ − 1)✱ ♣♦❞❡♠♦s ✉s❛r ❧❛ ❡st✐♠❛❝✐ó♥ ✭✺✳✸✳✶✺✮✱ ❧❛ ❝♦♥❞✐❝✐ó♥ r❡✈❡rs❡✲❍ö❧❞❡r ❞❡ V ② ❡❧
▲❡♠❛ ✶✳✷✳✼ ♣❛r❛ ♦❜t❡♥❡r

(

ˆ

R<|x−x0|<2R

|Kγ(x, y)V
γ−1/2(x)|

2q
2γ−1dx

)
2γ−1
2q

≤ CN
Rd−2γ+1

(
ˆ

B(x0,2R)

V q

)
2γ−1
2q
(

1 +
R

ρ(x0)

)−N

≤ CNR
−d/p′γ

(

1 +
ρ(x0)

R

)−(γ−1/2)(2−d/q)(

1 +
R

ρ(x0)

)−Ñ
,

✭✺✳✸✳✶✽✮

❝♦♥ Ñ = N −N2(γ − 1/2)✳

❙✐ d/2 < q < d s❡ t✐❡♥❡ q✉❡ 1/pγ = 1/p0 + (2γ − 1)/(2γ)✳ ▲❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r
❥✉♥t♦ ❝♦♥ ✭✺✳✸✳✶✻✮ ② ✉♥❛ ♥✉❡✈❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡❧ ▲❡♠❛ ✶✳✷✳✼ ♥♦s ❞❛

(

ˆ

R<|x−x0|<2R

|Kγ(x, y)V
γ−1/2(x)|pγdx

)1/pγ

≤
(

ˆ

R<|x−x0|<2R

|Kγ(x, y)|p0dx
)1/p0 (

ˆ

B(x0,2R)

V q

)
2γ−1
2q

≤ CR−d/p′γ
(

1 +
ρ(x0)

R

)−(γ−1/2)(2−d/q)(

1 +
R

ρ(x0)

)−Ñ
.

✭✺✳✸✳✶✾✮

❖❜s❡r✈❛❝✐ó♥ ✺✳✸✳✼✳ ❉❡ ❡st❛s ❡st✐♠❛❝✐♦♥❡s s❡ s✐❣✉❡ q✉❡ s✐ 1/2 < γ ≤ 1✱ ❡❧ ♦♣❡r❛❞♦r
V γ−1/2∇L−γ ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛r❛❜❧❡ ❝♦♥ ✉♥ ♦♣❡r❛❞♦r ❞❡
❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (pγ, (γ − 1/2)(2− d/q)) ❝♦♥ pγ ❝♦♠♦ ❡♥ ✭✺✳✸✳✶✼✮✳



✶✶✷ ❉❡s✐❣✉❛❧❞❛❞❡s ❞❡ t✐♣♦ ❋❡✛❡r♠❛♥✲❙t❡✐♥

❆♣❧✐❝❛♥❞♦ ❡st❛s ❡st✐♠❛❝✐♦♥❡s ❥✉♥t♦ ❝♦♥ ❡❧ ❚❡♦r❡♠❛ ✺✳✶✳✹ ❧❧❡❣❛♠♦s ❛❧ s✐❣✉✐❡♥t❡ r❡s✉❧✲
t❛❞♦✳

❚❡♦r❡♠❛ ✺✳✸✳✽✳ ❙❡❛♥ V ∈ RHq ♣❛r❛ q > d/2✱ 1/2 < γ ≤ 1 ② θ ≥ 0✳ ❊♥t♦♥❝❡s✱ s✐ pγ
s❛t✐s❢❛❝❡ ✭✺✳✸✳✶✼✮✱ ❧❛s s✐❣✉✐❡♥t❡s ❞❡s✐❣✉❛❧❞❛❞❡s ✈❛❧❡♥ ♣❛r❛ t♦❞♦ w ≥ 0✱ w ∈ L1

❧♦❝✱
ˆ

|V γ−1/2∇L−γf |pw ≤ Cθ

ˆ

|f |pM θ
rw, ✭✺✳✸✳✷✵✮

♣❛r❛ 1 ≤ p < pγ✱ r = (pγ/p)
′ ②

ˆ

|L−γ∇V γ−1/2f |pw ≤ Cθ

ˆ

|f |pM θw, ✭✺✳✸✳✷✶✮

♣❛r❛ p′γ < p <∞✳

❆❧ ✐❣✉❛❧ q✉❡ ❤✐❝✐♠♦s ❝♦♥ ❡❧ ♦♣❡r❛❞♦r V γL−γ ♣♦❞❡♠♦s ♦❜t❡♥❡r ❧❛ ❛❝♦t❛❝✐ó♥ ❡♥ L1(w)
♣❛r❛ ❡st❡ ♦♣❡r❛❞♦r✱ ❣❡♥❡r❛❧✐③❛♥❞♦ ❡❧ r❡s✉❧t❛❞♦ ❞❛❞♦ ❡♥ ❡❧ ❚❡♦r❡♠❛ ✷✳✹✳✹ ❡♥ ❡❧ ❡①tr❡♠♦
p = 1✳ ❖♠✐t✐♠♦s ❧❛ ♣r✉❡❜❛ ♣✉❡s ❡s ❛♥á❧♦❣❛ ❛ ❧❛ ❞❡❧ ❈♦r♦❧❛r✐♦ ✺✳✸✳✻✳

❈♦r♦❧❛r✐♦ ✺✳✸✳✾✳ ❙✐ V ∈ RHq ♣❛r❛ q > d/2✱ ② 1/2 < γ ≤ 1✱ ❡❧ ♦♣❡r❛❞♦r V γ−1/2∇L−γ ❡s
❛❝♦t❛❞♦ ❡♥ L1(w) s✐❡♠♣r❡ q✉❡ wp

′

γ ∈ Aρ1✳ ▼ás ❛ú♥✱ s✐ V ∈ RHq ♣❛r❛ t♦❞♦ q ≥ 1 ❡♥t♦♥❝❡s
V γ−1/2∇L−γ ❡s ❛❝♦t❛❞♦ ❡♥ L1(w) s✐❡♠♣r❡ q✉❡ w ∈ Aρ1✳

✺✳✹✳ ❙♦❜r❡ ❧❛ ✐♥t❡❣r❛❜✐❧✐❞❛❞ ❧♦❝❛❧ ❞❡ Tf ② T ⋆f

❊♥ ❡st❛ s❡❝❝✐ó♥ ❛♣❧✐❝❛r❡♠♦s ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧❛ s❡❝❝✐ó♥ ✺✳✶ ❛ ✉♥ ♣❡s♦ ❞❡ ❧❛ ❢♦r♠❛
w = χB✳ ❊st✉❞✐❛♥❞♦ ❡❧ ❡❢❡❝t♦ ❞❡ ❧♦s ♦♣❡r❛❞♦r❡s ♠❛①✐♠❛❧❡s ♦❜t❡♥✐❞♦s ❛❝t✉❛♥❞♦ s♦❜r❡ w
✈❛♠♦s ❛ ♦❜t❡♥❡r ❝♦♥❞✐❝✐♦♥❡s s♦❜r❡ f q✉❡ ❛s❡❣✉r❡♥ ❛❧❣ú♥ t✐♣♦ ❞❡ ✐♥t❡❣r❛❜✐❧✐❞❛❞ ❧♦❝❛❧ ❞❡
Tf ✳

▲❡♠❛ ✺✳✹✳✶✳ ❙❡❛♥ θ ≥ 0✱ φ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ ② Q = B(xQ, ρ(xQ))✳ ❊①✐st❡♥ ❝♦♥s✲
t❛♥t❡s ♣♦s✐t✐✈❛s c1 ② c2 t❛❧❡s q✉❡

c1

(

1 +
|x− xQ|
ρ(xQ)

)−θ
≤M θ

φχQ(x) ≤ c2

(

1 +
|x− xQ|
ρ(xQ)

)−θ/(N0+1)

✭✺✳✹✳✶✮

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛♥ Q = B(xQ, ρ(xQ)) ✉♥❛ ❜♦❧❛ ❝rít✐❝❛ ② θ ≥ 0✳ ❙❡❛ φ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡
❨♦✉♥❣✱ ♣♦❞❡♠♦s s✉♣♦♥❡r s✐♥ ♣ér❞✐❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞ q✉❡ φ(1) = 1✳ ❘❡❝♦r❞❛♥❞♦ q✉❡

M θ
φχQ(x) = sup

B(xB ,rB)∋x

(

1 +
rB

ρ(xB)

)−θ
‖χQ‖φ,B,

♦❜s❡r✈❛♠♦s q✉❡ ❜❛st❛ ❝♦♥s✐❞❡r❛r ❜♦❧❛sB t❛❧❡s q✉❡Q∩B 6= ∅✳ ❉❡ ❧♦ ❝♦♥tr❛r✐♦ ‖χQ‖φ,B = 0✱
②❛ q✉❡

‖χQ‖φ,B = ı́nf

{

λ :
1

|B|

ˆ

B

φ
(χQ
λ

)

≤ 1

}

= ı́nf

{

λ :
1

|B|

ˆ

B∩Q
φ

(

1

λ

)

≤ 1

}

.

✭✺✳✹✳✷✮



✺✳✹ ❙♦❜r❡ ❧❛ ✐♥t❡❣r❛❜✐❧✐❞❛❞ ❧♦❝❛❧ ❞❡ Tf ② T ⋆f ✶✶✸

❈♦♥s✐❞❡r❡♠♦s ❡♥ ♣r✐♠❡r ❧✉❣❛r ✉♥❛ ❜♦❧❛ B = B(xB, rB) ❝♦♥ rB ≤ ρ(xB)✳ ❙✐ x ∈ B ❡
y ∈ B ∩Q✱

|x− xQ| ≤ |x− y|+ |y − xQ| ≤ 2rB + ρ(xQ) ≤ 2ρ(xB) + ρ(xQ).

❆❞❡♠ás✱ ❝♦♠♦ B ❡s s✉❜✲❝rít✐❝❛✱ Q ❡s ✉♥❛ ❜♦❧❛ ❝rít✐❝❛ ② B ∩Q 6= ∅ t❡♥❡♠♦s q✉❡ ρ(xB) ≃
ρ(y) ≃ ρ(xQ)✳ ❊♥t♦♥❝❡s✱

|x− xQ| ≤ C̃ρ(xQ), ✭✺✳✹✳✸✮

♣❛r❛ ❛❧❣✉♥❛ ❝♦♥st❛♥t❡ C̃ > 0✳ ❊♥t♦♥❝❡s✱ s✐ x /∈ Q̃ = B(xQ, C̃ρ(xQ))

M ❧♦❝
φ (χQ)(x) = sup

B∋x
rB≤ρ(xB)

‖χQ‖φ,B = 0.

P♦r ♦tr❛ ♣❛rt❡✱ s✐ x ∈ Q̃ ② B ∩Q 6= ∅✱

‖χQ‖φ,B = ı́nf

{

λ :
|B ∩Q|
|B| φ

(

1

λ

)

≤ 1

}

≤ ı́nf

{

λ : φ

(

1

λ

)

≤ 1

}

= 1/φ−1(1) = 1.

✭✺✳✹✳✹✮

❊♥t♦♥❝❡s✱ t♦♠❛♥❞♦ ❡❧ s✉♣r❡♠♦ s♦❜r❡ t♦❞❛s ❧❛s ❜♦❧❛s t❡♥❡♠♦s q✉❡✱ s✐ x ∈ Q̃✱

M ❧♦❝
φ (χQ)(x) ≤ 1 ≤

(

1 +
|x− xQ|
ρ(xQ)

)−σ
, ✭✺✳✹✳✺✮

♣❛r❛ ❝✉❛❧q✉✐❡r σ > 0✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❝♦♥s✐❞❡r❛♠♦s ❡❧ ♦♣❡r❛❞♦r

M θ.glob
φ (χQ)(x) = sup

B∋x
rB≥ρ(xB)

(

1 +
rB

ρ(xB)

)−θ
‖χQ‖φ,B. ✭✺✳✹✳✻✮

❈♦♠♦ ❛♥t❡s✱ ❜❛st❛ t♦♠❛r ❡❧ s✉♣r❡♠♦ s♦❜r❡ t♦❞❛s ❧❛s ❜♦❧❛s B t❛❧❡s q✉❡ Q ∩ B 6= ∅✳
❙❡❛ y ∈ Q ∩ B✱ ❡♥t♦♥❝❡s ρ(y) ≃ ρ(xQ)✳ ❆♣❧✐❝❛♥❞♦ ❡❧ ▲❡♠❛ ✶✳✷✳✽

(

1 +
rB

ρ(xB)

)−θ
≤ C

(

1 +
rB
ρ(y)

)−θ/(N0+1)

≤ C

(

1 +
rB

ρ(xQ)

)−θ/(N0+1)

.

❙❡❛ x ∈ B✳ ❙✉♣♦♥❣❛♠♦s ❡♥ ♣r✐♠❡r ❧✉❣❛r q✉❡ x /∈ 2Q✱ ❡♥t♦♥❝❡s

|x− xQ| ≤ |x− y|+ |y − xQ| ≤ 2rB + ρ(xQ) ≤ 2rB + |x− xQ|/2

② ♣♦r ❧♦ t❛♥t♦ |x− xQ| ≤ 4rB✳ ▲✉❡❣♦✱
(

1 +
rB

ρ(xB)

)−θ
≤ C

(

1 +
|x− xQ|
ρ(xQ)

)−θ/(N0+1)

.



✶✶✹ ❉❡s✐❣✉❛❧❞❛❞❡s ❞❡ t✐♣♦ ❋❡✛❡r♠❛♥✲❙t❡✐♥

❈♦♠♦ ❛♥t❡s✱ t❡♥❡♠♦s q✉❡ ‖χQ‖φ,B ≤ 1✳ ❊♥t♦♥❝❡s✱ s✐ x /∈ 2Q✱

M θ.glob
φ (χQ)(x) ≤ C

(

1 +
|x− xQ|
ρ(xQ)

)σ

,

❞♦♥❞❡ σ = θ/N0✳

P♦r ♦tr♦ ❧❛❞♦✱ s✐ x ∈ 2Q✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r

M θ.glob
φ (χQ)(x) ≤Mφ(χQ)(x) = sup

B∋x
‖χQ‖φ,B ≤ 1.

❊♥t♦♥❝❡s✱ ❝♦♠♦ |x− xQ|/ρ(xQ) ≤ 2✱

M θ.glob
φ (χQ)(x) ≤ C

(

1 +
|x− xQ|
ρ(xQ)

)−σ
,

♣❛r❛ ❝✉❛❧q✉✐❡r σ > 0✳

❯s❛♥❞♦ q✉❡ Mσ
φ ≤ M ❧♦❝

φ +M θ,glob
φ ✱ ❧❛s ❡st✐♠❛❝✐♦♥❡s ❛♥t❡r✐♦r❡s ♥♦s ❞❛♥ ❧❛ ❞❡s✐❣✉❛❧❞❛❞

❞❡ ❧❛ ❞❡r❡❝❤❛ ❡♥ ✭✺✳✹✳✶✮✳ P❛r❛ ❧❛ ♦tr❛ ❞❡s✐❣✉❛❧❞❛❞✱ ❞❛❞♦ x ❝♦♥s✐❞❡r❛♠♦s Bx = B(xQ, |x−
xQ|+ ρ(xQ))✿ ❊♥t♦♥❝❡s x ∈ Bx ② ‖χQ‖φ,Bx = 1✳ ❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱

M θ
φ(χQ)(x) ≥

(

1 +
|x− xQ|+ ρ(xQ)

ρ(xQ)

)−θ
≥ 2−θ

(

1 +
|x− xQ|
ρ(xQ)

)−θ
.

❖❜s❡r✈❛❝✐ó♥ ✺✳✹✳✷✳ ❈♦♠♦ ✉♥❛ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡❧ ▲❡♠❛ ✺✳✹✳✶✱ t♦❞♦s ❧♦s ♦♣❡r❛❞♦r❡s ♠❛①✐✲
♠❛❧❡s q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ❧♦s ❚❡♦r❡♠❛s ✺✳✶✳✶✱ ✺✳✶✳✸ ② ✺✳✶✳✹ ② ❡♥ ❡❧ ❈♦r♦❧❛r✐♦ ✺✳✶✳✷ s❛t✐s❢❛❝❡♥
❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✺✳✹✳✷✮ ♣❛r❛ ❝✐❡rt❛s ❝♦♥st❛♥t❡s c1 ② c2 ❝✉❛♥❞♦ s♦♥ ❛♣❧✐❝❛❞♦s ❛ ❧❛ ❢✉♥❝✐ó♥
χQ ♣❛r❛ Q ✉♥❛ ❜♦❧❛ ❝rít✐❝❛✳

Pr♦♣♦s✐❝✐ó♥ ✺✳✹✳✸✳ ❙❡❛♥ p ≥ 1 ② φ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣✳ ❊①✐st❡ θ ≥ 0 t❛❧ q✉❡✱ ♣❛r❛
t♦❞❛ ❜♦❧❛ ❝rít✐❝❛ Q = B(x0, ρ(x0))

ˆ

|f |pM θ
φ(χQ) <∞ ✭✺✳✹✳✼✮

s✐ ② só❧♦ s✐ ❡①✐st❡ σ > 0 t❛❧ q✉❡
ˆ |f |p

(1 + |x|)σ <∞. ✭✺✳✹✳✽✮

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛♥ p ≥ 1 ② φ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣✳ ❙❡❛ Q = B(x0, ρ(x0)) ✉♥❛ ❜♦❧❛
❝rít✐❝❛✳ ❊s ✐♥♠❡❞✐❛t♦ q✉❡ ❡①✐st❡♥ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s c ② c̃ q✉❡ ❞❡♣❡♥❞❡♥ só❧♦ ❞❡ x0 ② ρ
t❛❧❡s q✉❡

c

1 + |x−x0|
ρ(x0)

≤ 1

1 + |x| ≤
c̃

1 + |x−x0|
ρ(x0)

✭✺✳✹✳✾✮

✈❛❧❡✳ ❊♥t♦♥❝❡s✱ ❧❛ ❡q✉✐✈❛❧❡♥❝✐❛ ❡♥tr❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✭✺✳✹✳✼✮ ② ✭✺✳✹✳✽✮ s❡ s✐❣✉❡ ❞❡ ❧❛ ❡❝✉❛✲
❝✐ó♥ ✭✺✳✹✳✾✮ ② ❡❧ ▲❡♠❛ ✺✳✹✳✶✳



✺✳✹ ❙♦❜r❡ ❧❛ ✐♥t❡❣r❛❜✐❧✐❞❛❞ ❧♦❝❛❧ ❞❡ Tf ② T ⋆f ✶✶✺

❚❡♦r❡♠❛ ✺✳✹✳✹✳ ❙❡❛♥ 1 ≤ p <∞ ② T ✉♥ ♦♣❡r❛❞♦r t❛❧ q✉❡ ♣❛r❛ ❛❧❣✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣
φ ② t♦❞♦ θ ≥ 0 ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

ˆ

|Tf |pw ≤ C

ˆ

|f |pM θ
φw, ✭✺✳✹✳✶✵✮

♣❛r❛ t♦❞♦ ♣❡s♦ w✳ ❊♥t♦♥❝❡s✱ s✐ ✉♥❛ ❢✉♥❝✐ó♥ f s❛t✐s❢❛❝❡ ✭✺✳✹✳✽✮✱ Tf ∈ Lp❧♦❝✳ ❊♥ ♣❛rt✐❝✉❧❛r
Tf ❡s ✜♥✐t❛ ❡♥ ❝❛s✐ t♦❞♦ ♣✉♥t♦✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛♥ 1 ≤ p < ∞ ② T ❝♦♠♦ s❡ ❡♥✉♥❝✐ó✳ ❙❡❛ f ✉♥❛ ❢✉♥❝✐ó♥ q✉❡ s❛t✐s❢❛✲
❝❡ ✭✺✳✹✳✽✮ ♣❛r❛ ❛❧❣ú♥ σ > 0✳ ❊♥t♦♥❝❡s✱ ❛♣❧✐❝❛♥❞♦ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✺✳✹✳✸✱ ❡①✐st❡ ❛❧❣ú♥ θ ≥ 0
t❛❧ q✉❡ ✭✺✳✹✳✼✮ ✈❛❧❡ ♣❛r❛ t♦❞❛ ❜♦❧❛ ❝rít✐❝❛ Q✳

❙❡❛ B ✉♥❛ ❜♦❧❛ ❡♥ Rd✱ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✻ ♣♦❞❡♠♦s ❝✉❜r✐r B ♣♦r ✉♥❛
❝❛♥t✐❞❛❞ ✜♥✐t❛ ❞❡ ❜♦❧❛s ❝rít✐❝❛s B1, . . . BN ✳ ❯s❛♥❞♦ ❧❛ ❤✐♣ót❡s✐s ❡♥ ❡❧ ♦♣❡r❛❞♦r ♣❛r❛ t❛❧ θ✱

ˆ

B

|Tf |p ≤
N
∑

i=1

ˆ

|Tf |pχBi

≤ C

N
∑

i=1

ˆ

|f |pM θ
φχBi

<∞,

②❛ q✉❡ f ❝✉♠♣❧❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✺✳✹✳✽✮✳

P❛r❛ ❧♦s ♦♣❡r❛❞♦r❡s q✉❡ s❛t✐s❢❛❝❡♥ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ t✐♣♦ ❞é❜✐❧ ♣❛r❛ p = 1 s❡ ♣✉❡❞❡
♦❜t❡♥❡r ✉♥ r❡s✉❧t❛❞♦ ❛♥á❧♦❣♦ s✐❣✉✐❡♥❞♦ ❧❛s ♠✐s♠❛s ❧í♥❡❛s q✉❡ ❡♥ ❧❛ ♣r✉❡❜❛ ❞❡❧ t❡♦r❡♠❛
❛♥t❡r✐♦r✳

❚❡♦r❡♠❛ ✺✳✹✳✺✳ ❙❡❛ T ✉♥ ♦♣❡r❛❞♦r t❛❧ q✉❡ ♣❛r❛ ❛❧❣✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ φ ② ♣❛r❛ t♦❞♦
θ ≥ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

w({|Tf | > λ}) ≤ C

ˆ

|f |M θ
φw, ♣❛r❛ t♦❞♦ λ > 0, ✭✺✳✹✳✶✶✮

♣❛r❛ t♦❞♦ ♣❡s♦ w✳ ❊♥t♦♥❝❡s✱ s✐ ✉♥❛ ❢✉♥❝✐ó♥ f s❛t✐s❢❛❝❡ ✭✺✳✹✳✽✮ ❝♦♥ p = 1✱ Tf ∈ L1,∞
❧♦❝ ✳ ❊♥

♣❛rt✐❝✉❧❛r Tf ❡s ✜♥✐t♦ ❡♥ ❝❛s✐ t♦❞♦ ♣✉♥t♦✳

❊st♦s r❡s✉❧t❛❞♦s ♣✉❡❞❡♥ s❡r ❛♣❧✐❝❛❞♦s ❛ t♦❞♦s ❧♦s ♦♣❡r❛❞♦r❡s ❝♦♥s✐❞❡r❛❞♦s ❡♥ ❧❛ s❡❝✲
❝✐ó♥ ✺✳✸ ②❛ q✉❡✱ ❝♦♠♦ ✈✐♠♦s✱ ❧♦s t♦❡r❡♠❛s ❞❡ ❧❛ s❡❝❝✐ó♥ ✺✳✶ ✈❛❧❡♥ ❡♥ ❡st♦s ❝❛s♦s✳ ❊♥ ♣❛rt✐✲
❝✉❧❛r✱ ❞❡st❛❝❛♠♦s q✉❡ ♣❛r❛ R1 ② R⋆

1 ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❧♦s t❡♦r❡♠❛s ✺✳✹✳✹✱ ♣❛r❛ 1 < p <∞✱
② ✺✳✹✳✺✱ s✐ V ∈ RHq ❝♦♥ q > d✳ P❛r❛ ❡❧ ❝❛s♦ d/2 < q < d✱ ❧❛ ❝♦♥❝❧✉s✐ó♥ ✈❛❧❡ ♣❛r❛ 1 < p < p0
② p > p′0 r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P♦r ♦tr♦ ❧❛❞♦✱ ❧♦s ❚❡♦r❡♠❛s ✺✳✹✳✹ ② ✺✳✹✳✺ s❡ ♣✉❡❞❡♥ ❛♣❧✐❝❛r ❛
R2 ♣❛r❛ 1 < p < q ② q > d/2✳ ❉❡ ♠❛♥❡r❛ s✐♠✐❧❛r V L−1✱ V 1/2∇L−1 ② V 1/2L−1/2 ❝✉♠♣❧❡♥
❧❛s ❤✐♣ót❡s✐s ❞❡❧ ❚❡♦r❡♠❛ ✺✳✹✳✹ ♣❛r❛ 1 ≤ p < q✱ 1 ≤ p < p1 ② 1 ≤ p < 2q r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❊♥ ❬✸✶❪✱ ❙❤❡♥ ♦❜t✉✈♦ ❡st✐♠❛❝✐♦♥❡s ❡♥ Lp ♣❛r❛ ❧❛s ❞❡r✐✈❛❞❛s ❞❡ s♦❧✉❝✐♦♥❡s ❞❡ ❡❝✉❛❝✐♦♥❡s
❞✐❢❡r❡♥❝✐❛❧❡s r❡❧❛❝✐♦♥❛❞❛s ❛❧ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r ❝♦♠♦ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❧❛ ❝♦♥t✐♥✉✐❞❛❞
❡♥ Lp ❞❡ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r ✭✈❡r ❝♦r♦❧❛r✐♦s 0,9 ② 0,10✮✳ ❆q✉í✱ ❝♦♥
♥✉❡str♦s r❡s✉❧t❛❞♦s✱ ♣♦❞❡♠♦s ❞❛r ✐♥❢♦r♠❛❝✐ó♥ ❝✉❛❧✐t❛t✐✈❛ s♦❜r❡ s✉ ✐♥t❡❣r❛❜✐❧✐❞❛❞ ❧♦❝❛❧✳



✶✶✻ ❉❡s✐❣✉❛❧❞❛❞❡s ❞❡ t✐♣♦ ❋❡✛❡r♠❛♥✲❙t❡✐♥

❈♦r♦❧❛r✐♦ ✺✳✹✳✻✳ ❙✉♣♦♥❣❛♠♦s V ∈ RHq ♣❛r❛ ❛❧❣ú♥ q > d/2 ② q✉❡ −∆u + V u = f ❡♥
Rd✱ ❝♦♥ f q✉❡ s❛t✐s❢❛❝❡ ✭✺✳✹✳✽✮ ♣❛r❛ ❛❧❣ú♥ σ > 0 ② p ≥ 1✳ ❊♥t♦♥❝❡s✱

✶✳ s✐ 1 < p < q✱ ∇2u ∈ Lp❧♦❝✱

✷✳ s✐ 1 ≤ p < q✱ V u ∈ Lp❧♦❝ ✱

✸✳ s✐ 1 ≤ p < p1✱ V
1/2∇u ∈ Lp❧♦❝✱

❞♦♥❞❡ p1 s❛t✐s❢❛❝❡ 1/p1 = (1/q − 1/d)+ + 1/(2q)✳

❉❡♠♦str❛❝✐ó♥✳ P♦♥✐❡♥❞♦ u = L−1f r❡s✉❧t❛ ∇2u = ∇L−1f ✱ V u = V L−1f ② V 1/2∇u =
V 1/2∇L−1f ✳ ❈♦♠♦ ❤❡♠♦s ❤❡❝❤♦ ♥♦t❛r✱ ❧♦s ♦♣❡r❛❞♦r❡s R2✱ V L−1 ② V 1/2∇L−1 s❛t✐s❢❛❝❡♥
❧❛s ❤✐♣ót❡s✐s ❞❡❧ ❚❡♦r❡♠❛ ✺✳✹✳✹ ♣❛r❛ ❧♦s ✈❛❧♦r❡s ❞❡ p ✐♥❞✐❝❛❞♦s ♣♦r ❧♦ q✉❡ ❡st❡ ❝♦r♦❧❛r✐♦
❡s ✉♥❛ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❡s❡ ❚❡♦r❡♠❛✳

❈♦r♦❧❛r✐♦ ✺✳✹✳✼✳ ❙❡❛ V ∈ RHq ♣❛r❛ ❛❧❣ú♥ q > d/2 ② s❡❛ p0 t❛❧ q✉❡ 1/p0 = (1/q − 1/d)+✳
❙✉♣♦♥❣❛♠♦s q✉❡ −∆u + V u = ∇ · F ✱ ❝♦♥ F ✉♥❛ ❢✉♥❝✐ó♥ ✈❡❝t♦r✐❛❧ t❛❧ q✉❡ |F | s❛t✐s❢❛✲
❝❡ ✭✺✳✹✳✽✮ ♣❛r❛ ❛❧❣ú♥ σ > 0✳ ❊♥t♦♥❝❡s✱

✶✳ s✐ p′0 < p < p0✱ ∇u ∈ Lp❧♦❝✱

✷✳ s✐ p′0 < p < 2q✱ V 1/2u ∈ Lp❧♦❝✳

❉❡♠♦str❛❝✐ó♥✳ ❉❡♠♦str❛r❡♠♦s s♦❧❛♠❡♥t❡ ✶ ②❛ q✉❡ ✷ ❡s ❛♥á❧♦❣♦✳ ❙✐ ♣♦♥❡♠♦s u = L−1∇·F
r❡s✉❧t❛ ∇u = R1(R⋆

1 · F )✳ P♦r ❧♦ t❛♥t♦✱ ♣❛r❛ ❞❡♠♦str❛r q✉❡ ∇u ∈ Lp❧♦❝ s❡rá s✉✜❝✐❡♥t❡
✈❡r✐✜❝❛r q✉❡ ❧♦s ♦♣❡r❛❞♦r❡s Tj = R1 · R⋆

1,j s❛t✐s❢❛❝❡♥ ❧❛s ❤✐♣ót❡s✐s ❞❡❧ ❚❡♦r❡♠❛ ♣❛r❛
p′0 < p < p0✳ ❉❡ ❤❡❝❤♦✱ ♣❛r❛ ✉♥ t❛❧ ✈❛❧♦r ❞❡ p✱ ✉s❛♥❞♦ ❡❧ ❚❡♦r❡♠❛ ✺✳✸✳✶ s❡ t✐❡♥❡

ˆ

|R1(R⋆
1,jg)|pw ≤ Cθ

ˆ

|R⋆
1,jg|pM θ

rw

≤ Cθ

ˆ

|g|pM θ
νM

θ
rw,

♣❛r❛ ❝✉❛❧q✉✐❡r ν > 1 ②❛ q✉❡ A(t) = tν ∈ Dp✳ ❊❧✐❣✐❡♥❞♦ ν > r r❡s✉❧t❛ ❢á❝✐❧ ✈❡r q✉❡
M θ

ν ◦M θ
r ≤M θ

r ✱ ♣♦r ❧♦ q✉❡ ✶ s❡ s✐❣✉❡ ❛♣❧✐❝❛♥❞♦ ❡❧ ❚❡♦r❡♠❛ ✺✳✹✳✹ ②❛ q✉❡ |Fj| s❛t✐s❢❛❝❡ ✭✺✳✹✳✽✮
♣❛r❛ 1 ≤ j ≤ d✳



❈❛♣ít✉❧♦ ✻

❉❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s

❊❧ ♦❜❥❡t✐✈♦ ❞❡ ❡st❡ ❝❛♣ít✉❧♦ ❡s ♦❜t❡♥❡r ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ❞♦s ♣❡s♦s ♣❛r❛ ❧♦s ♦♣❡r❛❞♦r❡s
✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❛s♦❝✐❛❞♦s ❛ L q✉❡ ❢✉❡r♦♥ ❝♦♥s✐❞❡r❛❞♦s ❡♥ ❧♦s ❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s✳ ▲♦s
♣❛r❡s ❞❡ ♣❡s♦s q✉❡ ❡①❤✐❜✐r❡♠♦s s♦♥ ❜❛st❛♥t❡ ❣❡♥❡r❛❧❡s ② ❡stá♥ ❡①♣r❡s❛❞♦s ❝♦♠♦ ♣r♦❞✉❝t♦s
❝✉②♦s ❢❛❝t♦r❡s ❞❡♣❡♥❞❡♥ ❞❡ ❞♦s ♣❡s♦s ❛r❜✐tr❛r✐♦s w1 ② w2✳

▲❛ ♠♦t✐✈❛❝✐ó♥ ❞❡ ❡st❛ ❡❧❡❝❝✐ó♥ ❞❡ ♣❛r❡s ❞❡ ♣❡s♦s ✈✐❡♥❡ ❞❡ ✐♥t❡♥t❛r ❣❡♥❡r❛❧✐③❛r ❧❛s
❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ t✐♣♦ ❋❡✛❡r♠❛♥✲❙t❡✐♥ q✉❡ ❢✉❡r♦♥ ♦❜t❡♥✐❞❛s ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✺✳ ❙✐♥ ❡♠❜❛r❣♦✱
✈❡r❡♠♦s s♦❜r❡ ❡❧ ✜♥❛❧ ❞❡ ❡st❡ ❝❛♣ít✉❧♦ ✭✈❡r ❙❡❝❝✐ó♥ ✻✳✻✮ q✉❡ s✐ ❜✐❡♥ ♦❜t❡♥❡♠♦s ♠✉❝❤♦s
❡❥❡♠♣❧♦s ❞❡ ♣❛r❡s ❞❡ ♣❡s♦s✱ ♥♦ ❛❧❝❛♥③❛♠♦s ❛ r❡❝✉♣❡r❛r ❛❧❣✉♥❛s ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s
♠♦str❛❞❛s ❡♥ ❡❧ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳ P♦r ♦tr❛ ♣❛rt❡✱ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s
q✉❡ ❛q✉í ❛♥❛❧✐③❛r❡♠♦s sí ❝♦♥t✐❡♥❡♥ ❡❧ ❝❛s♦ ❞❡ ♣❡s♦s ✐❣✉❛❧❡s✱ r❡❝✉♣❡r❛♥❞♦ ❧❛s ❛❝♦t❛❝✐♦♥❡s
❡♥ Lp(w) ♣r❡s❡♥t❛❞❛s ❡♥ ❡❧ ❚❡♦r❡♠❛ ✷✳✶✳✺✳ ❊st♦ ♥♦ ❡s ♣♦s✐❜❧❡ ❛❧ ♠❡♥♦s ❡♥ ❢♦r♠❛ ❞✐r❡❝t❛✱
❛ ♣❛rt✐r ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ t✐♣♦ ❋❡✛❡r♠❛♥✲❙t❡✐♥✳

▲❛ ❢❛♠✐❧✐❛ ♣❛r❛ ❧❛ ❝✉❛❧ ❡st❛rá♥ ❡♥✉♥❝✐❛❞♦s ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❡st❡ ❝❛♣ít✉❧♦ ❡s ❧❛ ♣r✐✲
♠❡r ❢❛♠✐❧✐❛ ❞❡✜♥✐❞❛ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✷✱ ❡st♦ ❡s✱ ❧♦s ♦♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲
❩②❣♠✉♥❞✳ ❊st❛ ❡❧❡❝❝✐ó♥ s❡ ❞❡❜❡ ❡♥ ♣❛rt❡ ❛ q✉❡ ❞❛ ♣✐é ♣❛r❛ ♣r♦❜❛r ❡♥ ❡❧ ❝♦♥t❡①t♦ ❙❝❤rö✲
❞✐♥❣❡r ✉♥❛ s❡r✐❡ ❞❡ ❤❡❝❤♦s q✉❡ r❡s✉❧t❛♥ ❞❡ ✐♥t❡rés ❡♥ sí ♠✐s♠♦s ② q✉❡ ♣♦❞rí❛♥ t❡♥❡r ♦tr❛s
❛♣❧✐❝❛❝✐♦♥❡s✳

P♦r ♦tr♦ ❧❛❞♦✱ ✉♥❛ ❞❡ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❝❧❛✈❡s ❡♥ ❡st❡ ❝❛♣ít✉❧♦ s❡rá ❝♦♥♦❝❡r ❡❧ ❝♦♠✲
♣♦rt❛♠✐❡♥t♦ ❞❡ ✉♥❛ ❛♣r♦♣✐❛❞❛ ❢✉♥❝✐ó♥ s❤❛r♣ ❛♣❧✐❝❛❞❛ ❛ Tf ✳ ❈✉❛♥❞♦ T ❡s ✉♥ ♦♣❡r❛❞♦r
❞❡ t✐♣♦ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ s❡ ❝♦♥♦❝❡♥ ❛❧❣✉♥♦s r❡s✉❧t❛❞♦s ❞❛❞♦s ♣♦r ❈❛❜r❛❧✱
❇♦♥❣✐♦❛♥♥✐ ② ❍❛r❜♦✉r❡ ❡♥ ❬✸❪✳ P❛r❛ s❡r ♠ás ♣r❡❝✐s♦s✱ ❞❛❞❛ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦ ρ
s❡ ❞❡✜♥❡ ❧❛ ♠❛①✐♠❛❧ s❤❛r♣ ❧♦❝❛❧ ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ f ∈ L1

❧♦❝ ❝♦♠♦

M ♯
ρf(x) = sup

B∋x
B∈Bρ

1

|B|

ˆ

B

|f(y)− fB|dy + sup
B(z,ρ(z))

1

|B(z, ρ(z))|

ˆ

B(z,ρ(z))

|f(y)|dy, ✭✻✳✵✳✶✮

P❛r❛ ❧♦s ♦♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡✜♥✐❞♦s ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✷ t❡♥❡♠♦s
❧❛ s✐❣✉✐❡♥t❡ ❞❡s✐❣✉❛❧❞❛❞ q✉❡ ✐♥✈♦❧✉❝r❛ ❧❛ ♠❛①✐♠❛❧ s❤❛r♣✳

Pr♦♣♦s✐❝✐ó♥ ✻✳✵✳✽✳ ❙❡❛♥ 1 < s < ∞ ② T ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲



✶✶✽ ❉❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s

❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ)✳ ❊♥t♦♥❝❡s✱ s✐ 0 < η ≤ 1 ② σ ≥ 0 ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧
q✉❡

[

M ♯
ρ(|Tf |η)(x)

]1/η ≤ CMσ
s′f(x), ✭✻✳✵✳✷✮

♣❛r❛ t♦❞❛ ❢✉♥❝✐ó♥ f ∈ Ls
′

❧♦❝✳ ❆❞❡♠ás✱ s✐ ❡❧ ♥ú❝❧❡♦ ❛s♦❝✐❛❞♦ K s❛t✐s❢❛❝❡ ❧❛s ❡st✐♠❛❝✐ó♥❡s
♣✉♥t✉❛❧❡s ✭✷✳✶✳✹✮ ② ✭✷✳✶✳✺✮✱ ♣❛r❛ 0 < η < 1 ② σ ≥ 0✱ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

[

M ♯
ρ(|Tf |η)(x)

]1/η ≤ CMσf(x), ✭✻✳✵✳✸✮

♣❛r❛ t♦❞❛ ❢✉♥❝✐ó♥ f ∈ L1
❧♦❝✳

▲❛ ♣r♦♣♦s✐❝✐ó♥ ✻✳✵✳✽ s❡ s✐❣✉❡ ✐♥♠❡❞✐❛t❛♠❡♥t❡ ❞❡ ❧❛s Pr♦♣♦s✐❝✐♦♥❡s ✸ ② ✹ ❡♥ ❬✸❪✳

✻✳✶✳ ❉❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s

▲♦s ♣❡s♦s ❝♦♥ ❧♦s q✉❡ tr❛❜❛❥❛r❡♠♦s s❡ ❧❧❛♠❛♥ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s ② t✐❡♥❡♥ ❧❛ ✈❡♥t❛❥❛
❞❡ ♣r♦♣♦r❝✐♦♥❛r ✉♥❛ ❢♦r♠❛ ❝♦♥str✉❝t✐✈❛ ❞❡ ❣❡♥❡r❛r ♣❛r❡s ❞❡ ♣❡s♦s ♣❛r❛ ❧♦s ❝✉❛❧❡s ✈❛❧❣❛♥
❞❡s✐❣✉❛❧❞❛❞❡s ❡♥ Lp ❝♦♥ ♣❡s♦s ❞✐st✐♥t♦s✳ ❊♥✉♥❝✐❛♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❞❡ ❢♦r♠❛ ♣r❡❝✐s❛✱
❡❧ r❡s✉❧t❛❞♦ ❝❡♥tr❛❧ ❞❡ ❡st❡ ❝❛♣ít✉❧♦✳ P❛r❛ ♦♣❡r❛❞♦r❡s q✉❡ s❛t✐s❢❛❝❡♥ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞
❝♦♠♦ ✭✻✳✵✳✷✮✱ ❡♥ ♣❛rt✐❝✉❧❛r ❧♦s ♦♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞✱ ♣♦❞❡♠♦s
♦❜t❡♥❡r ❧❛ s✐❣✉✐❡♥t❡ ❞❡s✐❣✉❛❧❞❛❞ ❡♥ ♥♦r♠❛ p ❝♦♥ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s✳

❚❡♦r❡♠❛ ✻✳✶✳✶✳ ❙❡❛♥ 1 < s ≤ ∞ ② T ✉♥ ♦♣❡r❛❞♦r q✉❡ s❛t✐s❢❛❝❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✻✳✵✳✷✮
♣❛r❛ t♦❞♦ θ ≥ 0 ② 0 < η < 1✳ ❉❛❞♦s s′ < p < ∞ ② ❞♦s ♣❡s♦s w1 ② w2✱ s❡❛♥ φ ② ψ ✉♥ ♣❛r
❞❡ ❢✉♥❝✐♦♥❡s ❞❡ ❨♦✉♥❣ t❛❧❡s q✉❡ φ(t) = t logp+δ(1 + t)✱ ♣❛r❛ δ > 0 ② ξ(t) = ψ(t(p/s

′)′) ❡s
t❛❧ q✉❡ ξ̄ ∈ E(p/s′)✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ ❝❛❞❛ θ ≥ 0 ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C = C(p, θ, φ, ψ) t❛❧
q✉❡

ˆ

|Tf |pw1(M
θ
ψw2)

1−p/s′ ≤ C

ˆ

|f |p(M θ
φw1)w

1−p/s′
2 . ✭✻✳✶✳✶✮

❊♥ ♣❛rt✐❝✉❧❛r✱ s✐ ψ ❞✉♣❧✐❝❛ ② s❛t✐s❢❛❝❡

ˆ ∞

c

(

t

ψ(t)

)p/s′−1
dt

t
<∞, ✭✻✳✶✳✷✮

s❡ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✻✳✶✳✶✮✳

❉❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❡st❡ ❡st✐❧♦ ❛♣❛r❡❝❡♥ ❡♥ ❬✶✶❪ ❡♥ ❡❧ ❝❛s♦ ❝❧ás✐❝♦✳ ❖❜s❡r✈❡♠♦s q✉❡✱
❜❛❥♦ ❧❛ s✉♣♦s✐❝✐ó♥ ❞❡ V ∈ RHq ❝♦♥ q > d/2✱ ❧♦s ♦♣❡r❛❞♦r❡s ❛ ❧♦s ❝✉❛❧❡s ❛♣❧✐❝❛r❡♠♦s ❡st❡
t❡♦r❡♠❛ s❡rá♥ ❧♦s ❛❞❥✉♥t♦s ❞❡ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r✳ ❉❡ t♦❞❛s ♠❛♥❡r❛s✱
❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ♦❜t❡♥✐❞❛s s❡ ♣✉❡❞❡♥ ❞✉❛❧✐③❛r ② ♥♦s ❞❛♥ r❡s✉❧t❛❞♦s s✐♠✐❧❛r❡s ♣❛r❛ ❧❛s
tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r✳

❘❡s❡r✈❛♠♦s ❧❛ ♣r✉❡❜❛ ❞❡❧ ❚❡♦r❡♠❛ ✻✳✶✳✶ ♣❛r❛ ❧❛ ❙❡❝❝✐ó♥ ✻✳✺✱ ②❛ q✉❡ ♥❡❝❡s✐t❛♠♦s
❛❧❣✉♥❛s ❤❡rr❛♠✐❡♥t❛s q✉❡ ❞❡s❛rr♦❧❧❛r❡♠♦s ❡♥ ❧❛s s❡❝❝✐♦♥❡s s✐❣✉✐❡♥t❡s ② q✉❡ ♣✉❡❞❡♥ t❡♥❡r
✐♥t❡rés ❡♥ sí ♠✐s♠❛s✳



✻✳✶ ❉❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s ✶✶✾

❊s ♥❛t✉r❛❧ ♣❡♥s❛r q✉❡ ✉♥❛ ❜✉❡♥❛ ❞❡s✐❣✉❛❧❞❛❞ ❝♦♥ ♣❛r❡s ❞❡ ♣❡s♦s ♣❛r❛ ✉♥ ♦♣❡r❛❞♦r
T ✱ r❡❝✉♣❡r❡ ❧♦s r❡s✉❧t❛❞♦s ❝♦♥♦❝✐❞♦s ♣❛r❛ ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ❡❧ ♠✐s♠♦ ♣❡s♦✳ ❊♥ ❧♦ q✉❡
s✐❣✉❡ ✈❡r❡♠♦s q✉❡ ❞❡❧ t❡♦r❡♠❛ q✉❡ ❛❝❛❜❛♠♦s ❞❡ ❡♥✉♥❝✐❛r s❡ ♦❜t✐❡♥❡♥ ❧♦s r❡s✉❧t❛❞♦s
❡st❛❜❧❡❝✐❞♦s ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✷ ♣❛r❛ ♦♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞✳ P❛r❛
❡❧❧♦ ♥❡❝❡s✐t❛♠♦s ❡♥✉♥❝✐❛r ② ❞❡♠♦str❛r ❧❛ s✐❣✉✐❡♥t❡ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡❧ ❝❧ás✐❝♦ ❧❡♠❛ ❞❡
❢❛❝t♦r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s Ap✳

▲❡♠❛ ✻✳✶✳✷✳ ❙❡❛♥ 1 < p <∞ ② w ✉♥ ♣❡s♦ ❡♥ Aρp✱ ❡①✐st❡♥ ❞♦s ♣❡s♦s w1 ② w2 ∈ Aρ1 t❛❧❡s

q✉❡ w = w1w
1−p
2 ✳

❉❡♠♦str❛❝✐ó♥✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r ❝♦♥s✐❞❡r❛♠♦s p ≥ 2 ② w ∈ Aρp✱ ❡st♦ ❡s✱ ❡①✐st❡ θ ≥ 0

t❛❧ q✉❡ w ∈ Aρ,θp ✳ P♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✶✳✷✳✶✷ t❡♥❡♠♦s q✉❡ w1−p′ ∈ Aρ,θp′ ✳ ❆♣❧✐❝❛♥❞♦ ❡❧
❚❡♦r❡♠❛ ✶✳✷✳✷✵ ♣♦❞❡♠♦s ❡❧❡❣✐r σ > máx{θ/p+N1, θ/p

′+N1} ❞❡ ♠❛♥❡r❛ q✉❡ Mσ r❡s✉❧t❡
❛❝♦t❛❞♦ ❡♥ Lp(w) ② ❡♥ Lp

′

(w1−p′)✳ P❛r❛ ❡s❡ σ ❞❡✜♥✐♠♦s ❡❧ ♦♣❡r❛❞♦r

Sσf =
(

w−1/pMσ(f p−1w1/p)
)1/(p−1)

+ w1/pMσ(fw−1/p).

❊s ❢á❝✐❧ ✈❡r q✉❡ Sσ ❡stá ❜✐❡♥ ❞❡✜♥✐❞♦ ② ❡s ❛❝♦t❛❞♦ ❡♥ Lp(Rd)✳ ❆❞❡♠ás ♣❛r❛ f ✱ g ≥ 0 ②
λ ≥ 0

Sσ(f + g) ≤ Sσ(f) + Sσ(g), Sσ(λf) = λSσ(f).

P❛r❛ ✈❡r ❡st♦ ♦❜s❡r✈❛♠♦s q✉❡ ❝❛❞❛ ♣r♦♠❡❞✐♦

(

1 +
r

ρ(x0)

)−σ (
1

|B(x0, r)|

ˆ

B(x0,r)

|f |p−1w1/p

)1/(p−1)

❡s s✉❜❧✐♥❡❛❧ r❡s♣❡❝t♦ ❛ f ✱ ②❛ q✉❡ p − 1 ≥ 1✳ ❚♦♠❛♥❞♦ ❡❧ s✉♣r❡♠♦ s♦❜r❡ ❧❛s ❜♦❧❛s q✉❡
❝♦♥t✐❡♥❡♥ ❛ x ♦❜t❡♥❡♠♦s ❧❛ s✉❜❧✐♥❡❛❧✐❞❛❞ ❞❡❧ ♣r✐♠❡r tér♠✐♥♦ ❞❡ Sσ✳ ▲❛ s✉❜❧✐♥❡❛❧✐❞❛❞ ❞❡❧
s❡❣✉♥❞♦ tér♠✐♥♦ s❡ s✐❣✉❡ ❞❡ ❧❛ s✉❜❧✐♥❡❛❧✐❞❛❞ ❞❡ Mσ✳

▲❧❛♠❛♥❞♦ C(w) = ‖Sσ‖Lp(Rd) ② t♦♠❛♥❞♦ ✉♥❛ ❢✉♥❝✐ó♥ g ∈ Lp(Rd) ❝♦♥ ‖g‖Lp(Rd) = 1✱
❞❡✜♥✐♠♦s ❧❛ ❢✉♥❝✐ó♥ ϕσ ∈ Lp ❝♦♠♦ ❧❛ s✉♠❛ ❞❡ ❧❛ s❡r✐❡ ❝♦♥✈❡r❣❡♥t❡

ϕσ =
∑

j∈N
(2C(w))−jSjσ(g),

❞♦♥❞❡ Sjσ ❡s ❧❛ ❝♦♠♣♦s✐❝✐ó♥ j ✈❡❝❡s ❞❡❧ ♦♣❡r❛❞♦r Sσ✳ ❊st❛ s❡r✐❡ ❝♦♥✈❡r❣❡ ❛❜s♦❧✉t❛♠❡♥t❡
❡♥ Lp ♣✉❡st♦ q✉❡ ‖Sjσ‖ ≤ C(w)j✳ ❚♦♠❡♠♦s ❛❤♦r❛✱

w1 = w1/pϕp−1 ② w2 = w−1/pϕ.

❊s ✐♥♠❡❞✐❛t♦ q✉❡ w = w1w
1−p
2 ✱ ♠ás ❛ú♥✱ ♣♦❞❡♠♦s ✈❡r w1 ② w2 ❡stá♥ ❡♥ ❧❛ ❝❧❛s❡ Aσ1 ✳ ❉❡

❤❡❝❤♦✱
Sσ(ϕ) ≤ 2C(w)

∑

j∈N
(2C(w))−j−1Sj+1

σ (g) ≤ 2C(w)ϕ.

❊st♦ ❡s✱
(

w−1/pMσ(ϕp−1w1/p)
)1/(p−1)

+ w1/pMσ(ϕw−1/p) ≤ 2C(w)ϕ.



✶✷✵ ❉❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s

❊♥t♦♥❝❡s✱ ✉s❛♥❞♦ q✉❡ ϕ = (w−1/pw1)
1/(p−1) = w1/pw2✱

Mσw1 ≤ 2C(w)w1 ② Mσw2 = 2C(w)w2.

❆sí✱ ❛♣❧✐❝❛♥❞♦ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✶✾✱ t❡♥❡♠♦s q✉❡ w1✱ w2 ∈ Aσ1 ✳

P❛r❛ ❡❧ ❝❛s♦ 1 < p < 2 ✉s❛♠♦s q✉❡ s✐ w ∈ Aρ,θp ✱ ❡♥t♦♥❝❡s w1−p′ ∈ Aρ,θp′ ② p′ > 2✳ ▲✉❡❣♦✱

♣♦r ❧♦ ♣r♦❜❛❞♦✱ ❡①✐st❡♥ v1✱ v2 ∈ Aρ1 t❛❧❡s q✉❡ w1−p′ = v1v
1−p′
2 ✱ ❡st♦ ❡s✱ w = v2v

1−p
1 ✳

❆❤♦r❛✱ ❡st❛♠♦s ❡♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ♣r♦❜❛r q✉❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❝♦♥ ♣❡s♦s ❢❛❝t♦r✐③❛✲
❞♦s ✭✻✳✶✳✶✮ ✐♠♣❧✐❝❛ ❧❛ ❝♦♥t✐♥✉✐❞❛❞ ❡♥ Lp(w) ❞❛❞❛ ❡♥ ❡❧ ❚❡♦r❡♠❛ ✷✳✶✳✺✳ ❙❡❛ T ✉♥ ♦♣❡r❛❞♦r
❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ) ♣❛r❛ ❛❧❣ú♥ s > 1 ② 0 < δ ≤ 1✳ ❙❡❛♥
w ∈ Aρp/s′ ② f ∈ Lp(w) ♣❛r❛ ❛❧❣ú♥ p > s′✳ P♦r ❡❧ ❚❡♦r❡♠❛ ❞❡ ❢❛❝t♦r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s

t❡♥❡♠♦s q✉❡ ❡①✐st❡♥ ❞♦s ♣❡s♦s w1 ② w2 ❡♥ ❧❛ ❝❧❛s❡ Aρ1 t❛❧❡s q✉❡ w = w1w
1−p/s′
2 ✳ P❛r❛

w1 ❡①✐st❡ θ1 t❛❧ q✉❡ w1 ∈ Aρ,θ11 ✳ ❆❞❡♠ás✱ ❛♣❧✐❝❛♥❞♦ ❡❧ ▲❡♠❛ ✶✳✷✳✶✺✱ t❡♥❡♠♦s q✉❡ ❡①✐st❡♥
r1 > 1 ② ν1 ≥ 0 t❛❧❡s q✉❡ w1 ∈ RHρ,ν1

r1
✳ ❊st♦ ❡s✱ ♣❛r❛ ❝✉❛❧q✉✐❡r B = B(z, r)✱

‖w1‖r1,B =

(

1

|B|

ˆ

B

wr11

)1/r1

≤ C

(

1 +
r

ρ(z)

)ν1 1

|B|

ˆ

B

w1. ✭✻✳✶✳✸✮

❙❡❛♥ φ ❝♦♠♦ ❡♥ ❡❧ ❚❡♦r❡♠❛ ✻✳✶✳✶ ② θ ≥ 0 ❛ ❡❧❡❣✐r✱ ✉s❛♥❞♦ ❧❛ ❡st✐♠❛❝✐ó♥ ❛♥t❡r✐♦r ② q✉❡
w1 ∈ Aρ,θ11 t❡♥❡♠♦s q✉❡

M θ
φw1(x) = sup

B(z,r)∋x
‖w1‖φ,B(z,r)

(

1 +
r

ρ(z)

)−θ

≤ C sup
B(z,r)∋x

‖w1‖r1,B(z,r)

(

1 +
r

ρ(z)

)−θ

≤ C sup
B(z,r)∋x

(

1

|B(z, r)|

ˆ

B(z,r)

w1

)(

1 +
r

ρ(z)

)−θ+ν1

≤ Cw1(x) sup
B(z,r)∋x

(

1 +
r

ρ(z)

)−θ+ν1+θ1

≤ Cw1(x),

✭✻✳✶✳✹✮

❡❧✐❣✐❡♥❞♦ θ ≥ θ1 + ν1✳ ❉❡❧ ♠✐s♠♦ ♠♦❞♦✱ ♣♦❞❡♠♦s ❡❧❡❣✐r θ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ♣❛r❛
q✉❡ ❡①✐st❛ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡ M θ

ψw2(x) ≤ Cw2(x)✳



✻✳✷ ❉❡s❝♦♠♣♦s✐❝✐ó♥ ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❡♥ ✉♥ ❝✉❜♦ ✶✷✶

❊♥t♦♥❝❡s✱ ❛♣❧✐❝❛♥❞♦ ❡❧ ❚❡♦r❡♠❛ ✻✳✶✳✶ ❝♦♥ θ ❡❧❡❣✐❞♦ ❝♦♠♦ ❛rr✐❜❛ t❡♥❡♠♦s q✉❡
ˆ

|Tf |pw =

ˆ

|Tf |pw1w
1−p/s′
2

≤ C

ˆ

|Tf |pw1(M
θ
ψw2)

1−p/s′

≤ C

ˆ

|f |p(M θ
φw1)w

1−p/s′
2

≤ C

ˆ

|f |pw1w
1−p/s′
2

≤ C

ˆ

|f |pw.

✭✻✳✶✳✺✮

✻✳✷✳ ❉❡s❝♦♠♣♦s✐❝✐ó♥ ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❡♥ ✉♥ ❝✉❜♦

P❛r❛ ♣r♦❜❛r ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s ❞❡❧ ❚❡♦r❡♠❛ ✻✳✶✳✶ ✈❛♠♦s ❛ ♥❡❝❡✲
s✐t❛r ✈❡rs✐♦♥❡s ❛❞❛♣t❛❞❛s ❛❧ ❝♦♥t❡①t♦ ❙❝❤rö❞✐♥❣❡r ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ❝❧ás✐❝❛s ❝♦♠♦ ❧❛ ❞❡✲
s✐❣✉❛❧❞❛❞ ❞❡ ▲❡r♥❡r ② ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❝♦♥ ❞♦s ♣❡s♦s ♣❛r❛ ❧❛ ▼❛①✐♠❛❧ ❞❡ ❍❛r❞②✲▲✐tt❧❡✇♦♦❞✳

▲❛ té❝♥✐❝❛ q✉❡ ✉s❛r❡♠♦s ♣❛r❛ ❞❡♠♦str❛r ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s q✉❡ ♥❡❝❡s✐t❛♠♦s ❝♦♥s✐st❡
❡♥ ♣r♦❜❛r❧❛s✱ ❡♥ ♣r✐♠❡r ❧✉❣❛r✱ ❝✉❛♥❞♦ ❡❧ ❡s♣❛❝✐♦ ❡s ✉♥ ❝✉❜♦ R ⊂ Rd✳ ❊♥ ❡st❛ s✐t✉❛❝✐ó♥✱ ❡s
❞❡❝✐r ❝✉❛♥❞♦ ❡❧ ❡s♣❛❝✐♦ s❡❛ ✉♥ ❝✉❜♦✱ ✉s❛r❡♠♦s t❛♥t♦ ❡♥ ❧❛ ♠❛①✐♠❛❧ ❝♦♠♦ ❡♥ ❧❛ ❞❡✜♥✐❝✐ó♥
❞❡ ❧❛s ❝❧❛s❡s ❞❡ ♣❡s♦s✱ ❝✉❜♦s ❡♥ ❧✉❣❛r ❞❡ ❜♦❧❛s✳ ▲❛ r❛③ó♥ ❡s q✉❡ ♥♦s ❜❛s❛r❡♠♦s ❡♥ ❧❛ ❞❡s✲
❝♦♠♣♦s✐❝✐ó♥ ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ q✉❡ ♣r❡s❡♥t❛♠♦s ♠ás ❛❜❛❥♦✱ ♣❛r❛ ❧❛ ❝✉❛❧ ❧❛ ❣❡♦♠❡trí❛
❞❡ ❧♦s ❝✉❜♦s r❡s✉❧t❛ ♠ás ❛♣r♦♣✐❛❞❛✳ ▲✉❡❣♦✱ ❝✉❛♥❞♦ ❡①t❡♥❞❛♠♦s ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛ t♦❞♦
Rd ✈í❛ ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❡♥ ❜♦❧❛s ❝rít✐❝❛s✱ ✈♦❧✈❡r❡♠♦s ❛ ❧❛s ✈❡rs✐♦♥❡s ❞❡ ♠❛①✐♠❛❧❡s ②
♣❡s♦s ❜❛s❛❞❛s ❡♥ ❜♦❧❛s✳

P❛r❛ ✉♥ ❝✉❜♦ R ✜❥♦ ❡♥ Rd ② ✉♥❛ ❢✉♥❝✐ó♥ f ✐♥t❡❣r❛❜❧❡ s♦❜r❡ R ❞❡✜♥✐♠♦s ❧❛ ❢✉♥❝✐ó♥
♠❛①✐♠❛❧ s♦❜r❡ ❝✉❜♦s ❛s♦❝✐❛❞❛ ❛ R ❝♦♠♦

MRf(x) = sup
Q⊂R
Q∋x

1

|Q|

ˆ

Q

|f |. ✭✻✳✷✳✶✮

❉❡❧ ♠✐s♠♦ ♠♦❞♦✱ ✐♥tr♦❞✉❝✐♠♦s ❧❛ ♠❛①✐♠❛❧ ❞✐á❞✐❝❛ ❝♦♠♦

Md
Rf(x) = sup

Q∈DR
Q∋x

1

|Q|

ˆ

Q

|f |.

❉♦♥❞❡ DR ❡s ❧❛ ❢❛♠✐❧✐❛ ❞❡ s✉❜✲❝✉❜♦s ❞✐á❞✐❝♦s ♦❜t❡♥✐❞♦s ❛❧ ❜✐s❡❝❛r R✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ❞❡s❛rr♦❧❧❛r❡♠♦s ✉♥❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❞❡ t✐♣♦ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❝✉❛♥✲
❞♦ ❡❧ ❡s♣❛❝✐♦ ❡s ✉♥ ❝✉❜♦ R ⊂ Rd✳ ❊st❛ ❤❡rr❛♠✐❡♥t❛ s❡rá ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ♣♦❞❡r ♦❜t❡♥❡r
❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧❛s s✐❣✉✐❡♥t❡s s❡❝❝✐♦♥❡s✳ ▲❛ ♣r✉❡❜❛ ❞❡ ❡st❡ r❡s✉❧t❛❞♦ ❡s ♠✉② ♣❛r❡❝✐❞❛ ❛❧
❝❛s♦ ❞❡ Rd ❝♦♥ ♦❜✈✐❛s ♠♦❞✐✜❝❛❝✐♦♥❡s✳



✶✷✷ ❉❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s

▲❡♠❛ ✻✳✷✳✶✳ ❙❡❛♥ R ✉♥ ❝✉❜♦ ❡♥ Rd ② f ∈ L1(R)✳ ❊♥t♦♥❝❡s

✶✳ P❛r❛ ❝❛❞❛ λ >
1

|R|

ˆ

R

|f | ❡①✐st❡ ✉♥❛ ❝♦❧❡❝❝✐ó♥ ❞❡ ❝✉❜♦s {Qj} ❡♥ DR✱ ♠❛①✐♠❛❧❡s ②

❞✐s❥✉♥t♦s t❛❧❡s q✉❡

Ωd
λ =

{

x ∈ R :Md
Rf(x) > λ

}

=
⋃

j

Qj,

❝♦♥ ❧❛ ♣r♦♣✐❡❞❛❞

λ <
1

|Qj|

ˆ

Qj

|f | < 2dλ. ✭✻✳✷✳✷✮

✷✳ ❙❡❛♥ a > 2d ② k0 t❛❧ q✉❡ ak0−1 ≤ 1

|R|

ˆ

R

|f | < ak0✳ P❛r❛ k ≥ k0 ❞❡♥♦t❛♠♦s {Qk
j}

❧❛ ❢❛♠✐❧✐❛ ❞❡ ❝✉❜♦s ❞✐á❞✐❝♦s ❞❡ ❛❧t✉r❛ λ = ak ❞❛❞❛ ❡♥ ✶ ② Ωd
k = Ωd

ak
=
⋃

j Q
k
j ✳ ❙❡❛

Ek
j = Qk

j \ Ωd
k+1✳ ❊♥t♦♥❝❡s ❧♦s ❝♦♥❥✉♥t♦s Ek

j s♦♥ ❞✐s❥✉♥t♦s ❞♦s ❛ ❞♦s✱ Ek
j ⊂ Qk

j ②
|Ek

j | ≥ β|Qk
j | ♣❛r❛ ❛❧❣✉♥❛ ❝♦♥st❛♥t❡ ✜❥❛ β ∈ (0, 1) q✉❡ ❞❡♣❡♥❞❡ só❧♦ ❞❡ ❧❛ ❞✐♠❡♥s✐ó♥

② ❞❡ a✳

✸✳ ❙❡❛ Ωλ = {x ∈ R : MRf(x) > λ}✱ ♣❛r❛ λ > 4d

|R|
´

R
|f |✳ ❊♥t♦♥❝❡s s✐ {Qj}j ❡s ❧❛

❢❛♠✐❧✐❛ ❞❡ ❝✉❜♦s ❞✐á❞✐❝♦s ❞❛❞❛ ❡♥ ✶ ❞❡ ❛❧t✉r❛ λ/4d✱ t❡♥❡♠♦s q✉❡

Ωλ ⊂ ∪jQ̃j,

❞♦♥❞❡ Q̃j = 3Qj ∩R✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ f ∈ Lp(R)✳ P❛r❛ ♣r♦❜❛r ✶ ♣♦❞❡♠♦s s✉♣♦♥❡r Ωd
λ 6= ∅ ♣✉❡s ❞❡ ♦tr❛

♠❛♥❡r❛ ♥♦ ❤❛② ♥❛❞❛ q✉❡ ♣r♦❜❛r✳ ❙❡❛ λ >
ffl

R
|f |✱ ❝♦♥s✐❞❡r❛♠♦s

Λλ =

{

Q ∈ DR :

 

Q

|f | > λ

}

,

q✉❡ s❡rá ♥♦ ✈❛❝í♦✳ P♦r ❧❛ ❤✐♣ót❡s✐s s♦❜r❡ λ✱ t❡♥❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ Q ∈ Λλ ❡①✐st❡ ✉♥ ❝✉❜♦
Q′ ♠❛①✐♠❛❧ t❛❧ q✉❡ Q ⊂ Q′ ( R ② Q′ ∈ Λλ✳ ❉❡♥♦t❛♠♦s ♣♦r {Qj}j ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❡st♦s
❝✉❜♦s ♠❛①✐♠❛❧❡s✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ s✐ Q̃j ❡s ❡❧ ♣❛❞r❡ ❞✐á❞✐❝♦ ❞❡ Qj

1

|Qj|

ˆ

Qj

|f | ≤ 2d

|Q̃j|

ˆ

Q̃j

|f | < 2dλ.

P❛r❛ ✈❡r ✷ ♣r♦❝❡❞❡♠♦s ✐❣✉❛❧ q✉❡ ❡♥ Rd✳ ❙❡❛♥ a > 2d ② k0 t❛❧ q✉❡ ak0−1 ≤
ffl

R
|f | < ak0 ✳

P❛r❛ k ≥ k0 ❝♦♥s✐❞❡r❛♠♦s {Qk
j} ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❝✉❜♦s ❞✐á❞✐❝♦s ♣❛r❛ ❛❧t✉r❛ λ = ak ❞❛❞❛

❡♥ ✶ ② ❛sí t❡♥❞r❡♠♦s Ωd
k = Ωd

ak
=
⋃

j Q
k
j ✳ ❙❡❛ E

k
j = Qk

j \ Ωd
k+1✳ ❉❡ Ωd

k+1 ⊂ Ωd
k✱ s❡ s✐❣✉❡

q✉❡ ❧♦s ❝♦♥❥✉♥t♦s Ek
j s♦♥ ❞✐s❥✉♥t♦s ❞♦s ❛ ❞♦s✳ P♦r ♦tr♦ ❧❛❞♦✱ s✐ Qk

j ∩ Qk+1
i 6= ∅ ❡♥t♦♥❝❡s✱



✻✳✸ ❯♥❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ▲❡r♥❡r ♣❛r❛ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s ✶✷✸

❞❡ ❧❛ ♠❛①✐♠❛❧✐❞❛❞ ❞❡ ❧♦s ❝✉❜♦s s❡ ❞❡❞✉❝❡ Qk+1
i ( Qk

j ✳ ▲✉❡❣♦✱

|Qk
j ∩ Ωk+1| =

∑

i:Qk+1
i (Qk

j

|Qk+1
i | ≤

∑

i:Qk+1
i (Qk

j

1

ak+1

ˆ

Qk+1
i

|f |

≤ 1

ak+1

ˆ

Qk
j

|f | ≤ 2d

a
|Qk

j |.
✭✻✳✷✳✸✮

❆sí |Ek
j | ≥

a− 2d

a
|Qk

j |✳

❱❡❛♠♦s ✜♥❛❧♠❡♥t❡ ✸✳ ❙❡❛ λ̃ = λ/4d ≥
ffl

R
|f |✱ ❝♦♥s✐❞❡r❛♠♦s ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❝✉❜♦s ♠❛①✐✲

♠❛❧❡s ❞✐s❥✉♥t♦s {Qj} ❞❛❞❛ ❡♥ ✶ ♣❛r❛ ❛❧t✉r❛ λ̃✳ ❊♥t♦♥❝❡s✱ ✈❛❧❡ ✻✳✷✳✷ ♣❛r❛ ❝❛❞❛ j ② λ̃✳

❙✐ x ∈ Ωλ✱ ♣♦r ❞❡✜♥✐❝✐ó♥✱ ❡①✐st❡ Q ⊂ R t❛❧ q✉❡
ffl

Q
|f | > λ✳ ❚♦♠❛♠♦s n0 t❛❧ q✉❡

2n0−1 < l(Q)/l(R) ≤ 2n0 ✳ ❊①✐st❡♥ N ≤ 2d ❝✉❜♦s ❞✐st✐♥t♦s P1, P2, . . . PN ∈ DR✱ q✉❡
✐♥t❡rs❡❝❛♥ ❛ Q ② t❛❧❡s q✉❡ l(Pi) = 2n0l(R) ♣❛r❛ i = 1, . . . , N ✳ ▼ás ❛ú♥✱ Q ⊂ ⋃N

i=1 Pi✳
❉❡❜❡ ❡①✐st✐r ❡♥t♦♥❝❡s i0 ≤ N t❛❧ q✉❡

´

Pi0
|f | > λ

N
|Q|✱ ♣✉❡s ❞❡ ♦tr♦ ♠♦❞♦

λ <
1

|Q|

ˆ

Q

|f | ≤ 1

|Q|

N
∑

i=1

ˆ

Pi

|f | ≤ λ.

❆sí✱
1

|Pi0 |

ˆ

Pi0

|f | > λ|Q|
N |Pi0 |

≥ λ

4d
= λ̃.

❊♥t♦♥❝❡s✱ ❡①✐st❡ ✉♥ ❝✉❜♦ Qj0 ❡♥ ❧❛ ❢❛♠✐❧✐❛ ♠❛①✐♠❛❧ {Qj} ❞❡ ❛❧t✉r❛ λ̃ t❛❧ q✉❡ Pi0 ⊂ Qj0 ✳
❈♦♠♦ Q ∩ Pi0 6= ∅ ② l(Q) ≤ l(Pi0) ≤ l(Qj0) ❛✜r♠❛♠♦s q✉❡ Q ⊂ Q̃j0 = 3Qj0 ∩ R✳ ❊♥
❡❢❡❝t♦✱ s❡❛♥ y ∈ Q✱ z ∈ Q ∩ Pi0 ② ❧❧❛♠❡♠♦s xi0 ❛❧ ❝❡♥tr♦ ❞❡ Pi0 ✱ t❡♥❡♠♦s q✉❡

d∞(y, xi0) ≤ d∞(y, z) + d∞(z, xi0) ≤ l(Q) + l(Pi0)/2

≤ l(Pi0) + l(Pi0)/2 ≤ 3l(Qj0)/2.
✭✻✳✷✳✹✮

❊st♦ ❡s✱ Q ⊂ 3Qj0 ∩R✳

✻✳✸✳ ❯♥❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ▲❡r♥❡r ♣❛r❛ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s

❊♥ ❡st❛ s❡❝❝✐ó♥ ♣r♦❜❛r❡♠♦s ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ▲❡r♥❡r ♣❛r❛ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s q✉❡
❣❡♥❡r❛❧✐③❛rá ❧❛ ❞❛❞❛ ❡♥ ❬✷✶❪✳ ❈♦♠♦ ♠❡♥❝✐♦♥❛♠♦s✱ ❧❛ té❝♥✐❝❛ ❝♦♥s✐st❡ ❡♥ ♣r♦❜❛r ❡♥ ♣r✐♠❡r
❧✉❣❛r ✉♥❛ ✈❡rs✐ó♥ ❞❡ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞ ❝✉❛♥❞♦ ❡❧ ❡s♣❛❝✐♦ ❡s ✉♥ ❝✉❜♦ R ⊂ Rd✳ P❛r❛ ❡st♦✱
❞❡✜♥✐♠♦s ❡❧ s✐❣✉✐❡♥t❡ ♦♣❡r❛❞♦r ♠❛①✐♠❛❧ s❤❛r♣ ❛s♦❝✐❛❞♦ ❛ ✉♥ ❝✉❜♦✿

M ♯
Rf(x) = sup

Q∈DR
Q∋x

1

|Q|

ˆ

Q

|f − fQ|+
1

|R|

ˆ

R

|f |, ✭✻✳✸✳✶✮



✶✷✹ ❉❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s

❞♦♥❞❡ DR ❡s ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❝✉❜♦s ❞✐á❞✐❝♦s q✉❡ s❡ ♦❜t✐❡♥❡ ❛ ♣❛rt✐r ❞❡ R ♣♦r ❜✐s❡❝❝✐ó♥✳ P♦r
♦tr♦ ❧❛❞♦✱ ♥❡❝❡s✐t❛♠♦s ❞❡✜♥✐r ❧❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❝❧❛s❡s ❞❡ ♣❡s♦s ❝✉❛♥❞♦ ❡❧ ❡s♣❛❝✐♦ ❡s
✉♥ ❝✉❜♦ R✳ ❉❡❝✐♠♦s q✉❡ ✉♥ ♣❡s♦ w ∈ Ap(R) s✐ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

(
ˆ

Q

w

)1/p(ˆ

Q

w
− 1
p−1

)1/p′

≤ C|Q|, ✭✻✳✸✳✷✮

♣❛r❛ t♦❞♦ ❝✉❜♦ Q ⊂ R✳ ❉❡❧ ♠✐s♠♦ ♠♦❞♦✱ ❞❡❝✐♠♦s q✉❡ ✉♥ ♣❡s♦ w ❡stá ❡♥ ❧❛ ❝❧❛s❡ RH∞(R)
s✐ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

ess sup
x∈Q

w(x) ≤ C

|Q|

ˆ

Q

w ✭✻✳✸✳✸✮

♣❛r❛ t♦❞♦ ❝✉❜♦ Q ⊂ R✳ ❆❞❡♠ás ✈❛♠♦s ❛ ♥❡❝❡s✐t❛r ❧♦s s✐❣✉✐❡♥t❡s r❡s✉❧t❛❞♦s✱ ❝✉②❛s ❞❡✲
♠♦str❛❝✐♦♥❡s ♦♠✐t✐r❡♠♦s ♣♦r s❡r ❛♥á❧♦❣❛s ❛❧ ❝❛s♦ Rd✳

▲❡♠❛ ✻✳✸✳✶✳ ✶✳ ❙✐ w ∈ RH∞(R) ❡♥t♦♥❝❡s ❡①✐st❡ p ≥ 1 t❛❧ q✉❡ w ∈ Ap(R)✳

✷✳ ❙✐ w ∈ Ap(R)✱ 1 ≤ p <∞ ❡♥t♦♥❝❡s ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

( |E|
|Q|

)p

≤ C
w(E)

w(Q)
,

♣❛r❛ t♦❞♦ ❝✉❜♦ Q ② t♦❞♦ ❝♦♥❥✉♥t♦ E ⊂ Q ♠❡❞✐❜❧❡✳

❈♦♥ ❡st❛ ❤❡rr❛♠✐❡♥t❛ ❞❡♠♦str❛r❡♠♦s ✉♥❛ ✈❡rs✐ó♥ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ▲❡r♥❡r ❡♥ ❝✉❜♦s
② ❝♦♥ ❞♦s ♣❡s♦s✳

Pr♦♣♦s✐❝✐ó♥ ✻✳✸✳✷✳ ❙❡❛ R ✉♥ ❝✉❜♦ ❡♥ Rd ② s❡❛♥ w ② W ❞♦s ♣❡s♦s t❛❧❡s q✉❡ w✱ W ∈
L1(R) ② W ∈ RH∞(R)✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ f ≥ 0 s❡ t✐❡♥❡

ˆ

R

f wW ≤ C

ˆ

R

M ♯
Rf M

d
RwW, ✭✻✳✸✳✹✮

❝♦♥ C ✉♥❛ ❝♦♥st❛♥t❡ q✉❡ ❞❡♣❡♥❞❡ só❧♦ ❞❡ ❧❛ ❞✐♠❡♥s✐ó♥ ② ❞❡ ❧❛ ❝♦♥st❛♥t❡ ❞❡ RH∞ ❞❡ W ✳

❉❡♠♦str❛❝✐ó♥✳ ❈♦♠♦ W ∈ RH∞(R) t❡♥❡♠♦s q✉❡ W ∈ L∞(R)✳ ❆❞❡♠ás✱ s✐♥ ♣ér❞✐✲
❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞✱ ♣♦❞❡♠♦s s✉♣♦♥❡r q✉❡ w ∈ L∞(R)✳ ❊♥ ❡❢❡❝t♦✱ ❧❧❛♠❛♥❞♦ wn(x) =
mı́n{w(x), n}✱

ˆ

R

f wnW ≤ C

ˆ

R

M ♯
Rf M

d
RwnW ≤ C

ˆ

R

M ♯
Rf M

d
RwW,

②❛ q✉❡ Md
Rwn(x) ≤ Md

Rw(x)✳ ❊♥t♦♥❝❡s✱ ❝♦♠♦ wn ↑ w✱ ♣♦❞❡♠♦s ✉s❛r ❡❧ t❡♦r❡♠❛ ❞❡ ❧❛
❝♦♥✈❡r❣❡♥❝✐❛ ♠♦♥ót♦♥❛ ♣❛r❛ ♦❜t❡♥❡r

ˆ

R

f wW = ĺım
n→∞

ˆ

R

f wnW ≤ C

ˆ

R

M ♯
Rf M

d
Rw W.

❙❡❛ u = wW ✱ ♣♦r ❧❛ ♦❜s❡r✈❛❝✐ó♥ ❛♥t❡r✐♦r ♣♦❞❡♠♦s s✉♣♦♥❡r u ∈ L∞(R)✳ ❙❡❛♥ a > 2d

② m ② k0 ❧♦s ú♥✐❝♦s ❡♥t❡r♦s t❛❧❡s q✉❡ am−1 < ‖u‖L∞(R) ≤ am ② ak0−1 ≤ uR < ak0 ✳ P❛r❛



✻✳✸ ❯♥❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ▲❡r♥❡r ♣❛r❛ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s ✶✷✺

❝❛❞❛ k0 ≤ k ≤ m ❝♦♥s✐❞❡r❛♠♦s {Qk
j}j ❧♦s ❝✉❜♦s ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ ❛❧t✉r❛ ak ♣❛r❛

❧❛ ❢✉♥❝✐ó♥ u✱ ❞❛❞♦s ♣♦r ❡❧ ✐♥❝✐s♦ ✶ ❞❡❧ ▲❡♠❛ ✻✳✷✳✶✳ ❊♥t♦♥❝❡s

1

|Qk
j |

ˆ

Qk
j

u > ak, ♣❛r❛ ❝❛❞❛ j ≥ 1,

Ωd
k = {x ∈ R :Md

Ru(x) > ak} =
⋃

j∈N
Qk
j .

❊s ❝❧❛r♦ q✉❡ Ωd
m = ∅ ② Ωd

k0
= R✳

P❛r❛ k0 − 1 < k < m ❞❡✜♥✐♠♦s

bk(x) =
∑

j∈N
(u(x)− uQk

j
)χQk

j
(x),

gk(x) = u(x)− bk(x) =

{

uQk
j

s✐ x ∈ Qk
j

u(x) s✐ x ∈ R \ Ωk

② bk0−1(x) = u(x)− uR✱ gk0−1 = uR✱ bm(x) = 0✳ ❊♥t♦♥❝❡s✱ ♣♦❞❡♠♦s ❡s❝r✐❜✐r

u(x) =
m−1
∑

k=k0−1

(bk(x)− bk+1(x)) + gk0−1(x).

P❛r❛ ❝❛❞❛ k0 − 1 ≤ k ≤ m− 1 ② j ≥ 1✱

(bk(x)− bk+1(x))χQk
j
(x) = (u(x)− uQk

j
)χQk

j
(x)−

∑

i:Qk+1
i ⊂Qk

j

(u(x)− uQk+1
i

)χQk+1
i (x).

✭✻✳✸✳✺✮

❊♥t♦♥❝❡s✱ ❝♦♠♦ uQk
j
≤ 2dak✱ t❡♥❡♠♦s q✉❡ ♣❛r❛ ❝❛s✐ t♦❞♦ x ∈ Qk

j

|bk(x)− bk+1(x)| ≤

∣

∣

∣

∣

∣

∣

∣

u(x)χQk
j
(x)−

∑

i:Qk+1
i ⊂Qk

j

u(x)χQk+1
i

(x)

∣

∣

∣

∣

∣

∣

∣

+ uQk
j
+

∑

i:Qk+1
i ⊂Qk

j

uQk+1
i
χQk+1

i
(x)

≤ ak+1 + 2dak + 2dak+1 ≤ (1 + 2a)2dak = cak,

✭✻✳✸✳✻✮

❞♦♥❞❡✱ ♣❛r❛ ❡❧ ♣r✐♠❡r s✉♠❛♥❞♦✱ ❤❡♠♦s ✉s❛❞♦ q✉❡ ♣❛r❛ x ∈ Qk
j \ Ωd

k+1 t❡♥❡♠♦s q✉❡
ak < Md

Ru(x) < ak+1 ② ❛sí✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ ❞❡ ▲❡❜❡s❣✉❡✱ u(x) ≤ ak+1

❡♥ ❝❛s✐ t♦❞♦ ♣✉♥t♦ ❞❡ Qk
j \ Ωd

k+1✳

❆❞❡♠ás✱ ✐♥t❡❣r❛♥❞♦ ✭✻✳✸✳✺✮
ˆ

Qk
j

bk(x)− bk+1(x)dx = 0.



✶✷✻ ❉❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s

❊♥t♦♥❝❡s ♣♦❞❡♠♦s ❡s❝r✐❜✐r
ˆ

R

f(x)u(x)dx =

ˆ

R

f(x)gk0−1(x)dx+
m−1
∑

k0−1

ˆ

R

f(x)(bk(x)− bk+1(x))dx

= uR

ˆ

R

f(x)dx+
m−1
∑

k0−1

∑

j

ˆ

Qk
j

(f(x)− fQk
j
)(bk(x)− bk+1(x))dx

✭✻✳✸✳✼✮

❚♦♠❛♥❞♦ ✈❛❧♦r ❛❜s♦❧✉t♦✱ s✐❡♥❞♦ f ≥ 0 ② u ≥ 0✱
ˆ

R

f(x)u(x)dx ≤ uR

ˆ

R

f(x)dx+ c

m−1
∑

k0−1

∑

j

ak
ˆ

Qk
j

(f(x)− fQk
j
)dx

≤ uR

ˆ

R

f(x)dx+ c
m−1
∑

k0−1

∑

j

uQk
j

ˆ

Qk
j

|f(x)− fQk
j
|dx

= I + II.

✭✻✳✸✳✽✮

P❛r❛ ❡st✐♠❛r I ✉s❛♠♦s q✉❡ W ∈ RH∞(R)

I =
1

|R|

ˆ

R

w(x)W (x)dx

ˆ

R

f(x)dx

≤ 1

|R|

ˆ

R

w(x)dx
1

|R|

ˆ

R

W (x)dx

ˆ

R

f(x)dx

≤
ˆ

R

(

1

|R|

ˆ

R

w

)(

1

|R|

ˆ

R

f

)

W (x)dx

≤
ˆ

R

Md
RwM

♯
Rf W.

P❛r❛ ❡st✐♠❛r II ✈❛♠♦s ❛ ✉s❛r ❧❛ ♣❛rt❡ ✷ ❞❡❧ ▲❡♠❛ ✻✳✷✳✶✳ ❚❡♥❡♠♦s q✉❡✱ ♣❛r❛ ❝❛❞❛ Qk
j

❡①✐st❡ ✉♥ ❝♦♥❥✉♥t♦ Ek
j ⊂ Qk

j t❛❧ q✉❡ |Ek
j | ≥ β|Qk

j | ❝♦♥ β ∈ (0,1) ❞❡♣❡♥❞✐❡♥❞♦ s♦❧❛♠❡♥t❡
❞❡ ❧❛ ❞✐♠❡♥s✐ó♥ ② ❞❡❧ ♥ú♠❡r♦ a✳ ❆❞❡♠ás ❧♦s ❝♦♥❥✉♥t♦s Ek

j s♦♥ ❞✐s❥✉♥t♦s ❞♦s ❛ ❞♦s ❡♥ j ②
❡♥ k✳ ❈♦♠♦ W ∈ RH∞ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C ② p ≥ 1 t❛❧ q✉❡

(

|Ek
j |

|Qk
j |

)p

≤ C
W (Ek

j )

W (Qk
j )
,

P❛r❛ t♦❞♦ j✱ k✳

❊♥t♦♥❝❡s✱

uQk
j
=

1

|Qk
j |

ˆ

Qk
j

w(x)W (x)dx

≤ 1

|Qk
j |

ˆ

Qk
j

w(x)dx
1

|Qk
j |

ˆ

Qk
j

W (x)dx

≤ Cβ,p
1

|Qk
j |

ˆ

Qk
j

w(x)dx
1

|Qk
j |

ˆ

Ek
j

W (x)dx

✭✻✳✸✳✾✮



✻✳✸ ❯♥❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ▲❡r♥❡r ♣❛r❛ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s ✶✷✼

P♦r ❧♦ t❛♥t♦✱

II = c

m−1
∑

k0−1

∑

j

uQk
j

ˆ

Qk
j

|f(x)− fQk
j
|dx

≤ C
m−1
∑

k0−1

∑

j

1

|Qk
j |

ˆ

Qk
j

w(x)dx

ˆ

Ek
j

W (x)dx
1

|Qk
j |

ˆ

Qk
j

|f(x)− fQk
j
|dx

≤ C
m−1
∑

k0−1

∑

j

ˆ

Ek
j

M ♯
Rf M

d
Rw W

≤ C

ˆ

R

M ♯
Rf M

d
Rw W.

❉❡❧ ❧❡♠❛ ❛♥t❡r✐♦r ♣♦❞❡♠♦s ♣❛s❛r ❛ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ t❛♠❜✐é♥ ❞❡ t✐♣♦ ▲❡r♥❡r ❡♥ ❡❧
❡s♣❛❝✐♦ Rd q✉❡ t❡♥❣❛ ❡♥ ❝✉❡♥t❛ ❧❛ ❢✉♥❝✐ó♥ ρ✳ ❘❡❝♦r❞❡♠♦s q✉❡

Mρ,❧♦❝f(x) = sup
B∋x
B∈Bρ

1

|B|

ˆ

B

|f(y)|dy. ✭✻✳✸✳✶✵✮

❉♦♥❞❡✱ Bρ = {B(x, r) : r ≤ ρ(x)}✳ ❆❞❡♠ás✱ ❝♦♠♦ ❧♦s r❡s✉❧t❛❞♦s ♣r❡✈✐♦s s❡ ❤❛♥ ♦❜t❡♥✐❞♦
♣❛r❛ ❝✉❜♦s✱ ❤❛❝❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ♦❜s❡r✈❛❝✐ó♥ s♦❜r❡ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✻✳

❖❜s❡r✈❛❝✐ó♥ ✻✳✸✳✸✳ ❉❛❞❛ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦ ρ✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❧❛ Pr♦♣♦✲
s✐❝✐ó♥ ✶✳✷✳✻ ❛ ρ̃ = ρ/

√
d✱ ❧♦❣r❛♥❞♦ ✉♥ ❝✉❜r✐♠✐❡♥t♦ ♣♦r ❜♦❧❛s ❝rít✐❝❛s r❡s♣❡❝t♦ ❛ ρ✱

{Bn = B(xn, ρ(xn))}✱ ❞❡ ♠❛♥❡r❛ t❛❧ q✉❡ ❧❛ ❢❛♠✐❧✐❛ {B̃n = B(xn, ρ(xn)/
√
d)} t❛♠❜✐é♥

s❡❛ ✉♥ ❝✉❜r✐♠✐❡♥t♦✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ s✐ ❞❡♥♦t❛♠♦s ♣♦r Qn ❛❧ ❝✉❜♦ ✐♥s❝r✐♣t♦ ❡♥ Bn✱ ❧❛
❢❛♠✐❧✐❛ {Qn} s❡rá ✉♥ ❝✉❜r✐♠✐❡♥t♦ ♣♦r ❝✉❜♦s ❞❡ Rd ❝♦♥s❡r✈❛♥❞♦ ❧❛ ♠✐s♠❛ ♣r♦♣✐❡❞❛❞ ❞❡
s♦❧❛♣❛♠✐❡♥t♦ ❛❝♦t❛❞♦ ❡♥✉♥❝✐❛❞♦ ❡♥ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✻✳

❚❡♦r❡♠❛ ✻✳✸✳✹✳ ❙❡❛ ρ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦ ② {Qn} ❡❧ ❝✉❜r✐♠✐❡♥t♦ ♣♦r ❝✉❜♦s
❛s♦❝✐❛❞♦ ❛ ρ ❝♦♠♦ ❡❧ ❞❡s❝r✐♣t♦ ♣r❡✈✐❛♠❡♥t❡✳ ❙❡❛ W ✉♥ ♣❡s♦ ❡♥ Rd t❛❧ q✉❡ W ∈ RH∞(Qn)
✉♥✐❢♦r♠❡♠❡♥t❡ ❡♥ n✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ ❝✉❛❧q✉✐❡r ♣❡s♦ w ② f ∈ L1

❧♦❝✱ f ≥ 0✱ s❡ ✈❡r✐✜❝❛
ˆ

Rd

f wW ≤ C

ˆ

Rd

M ♯
ρf M

ρ,❧♦❝w W, ✭✻✳✸✳✶✶✮

♣❛r❛ C q✉❡ ❞❡♣❡♥❞❡ s♦❧❛♠❡♥t❡ ❞❡ ❧❛ ❞✐♠❡♥s✐ó♥ ② ❞❡ ❧❛s ❝♦♥st❛♥t❡s ❞❡ ρ ② ❞❡ r❡✈❡rs❡✲
❍ö❧❞❡r ❞❡ W ✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛♥ wn = wχQn ② fn = fχQn ✳ ❆✜r♠❛♠♦s q✉❡✱ ♣❛r❛ x ∈ Qn✱ ❡①✐st❡ ✉♥❛
❝♦♥st❛♥t❡ C ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ n t❛❧ q✉❡

Md
Qn

(wn)(x) ≤ CMρ,❧♦❝(w)(x) ② M ♯
Qn

(fn)(x) ≤ CM ♯
ρ(f)(x). ✭✻✳✸✳✶✷✮

P❛r❛ ✈❡r ❡st♦ t♦♠❡♠♦s x ∈ Qn ② ✉♥ ❝✉❜♦ Q ∈ DQn t❛❧ q✉❡ x ∈ Q✳ ❈♦♥s✐❞❡r❛♠♦s BQ =
B(xQ, rQ)✱ ❞♦♥❞❡ xQ ❡s ❡❧ ❝❡♥tr♦ ❞❡ Q ② rQ = d1/2l(Q)/2✳ ❉❡ ❡st❛ ♠❛♥❡r❛ Q ⊂ BQ ⊂ Bn



✶✷✽ ❉❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s

② |BQ| = cd|Q| ♣❛r❛ ❛❧❣✉♥❛ ❝♦♥st❛♥t❡ cd q✉❡ ❞❡♣❡♥❞❡ só❧♦ ❞❡ d✳ ❉❡✜♥✐♠♦s α = 2−N0C−1
0 ✱

❞♦♥❞❡ N0 ② C0 s♦♥ ❧❛s ❝♦♥st❛♥t❡s q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ✭✶✳✷✳✼✮✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ s✐ rQ ≤ αρ(xn)✱

rQ ≤ αcρ

(

1 +
|xn − xQ|
ρ(xn)

)N0

< αcρ2
N0ρ(xQ) = ρ(xQ).

▲✉❡❣♦✱ s✐ rQ ≤ αρ(xn)✱ BQ ❡s ✉♥❛ ❜♦❧❛ s✉❜✲❝rít✐❝❛ ② ❛sí

1

|Q|

ˆ

Q

wn ≤ cd
|BQ|

ˆ

BQ

w ≤ CMρ,❧♦❝w(x).

P♦r ♦tr♦ ❧❛❞♦✱ s✐ rQ > αρ(xn)✱

1

|Q|

ˆ

Q

wn ≤ cd
|BQ|

ˆ

BQ

w ≤ cd
αd|Bn|

ˆ

Bn

w ≤ CMρ,❧♦❝w(x).

❱❡❛♠♦s ❛❤♦r❛ ❧❛ ♦tr❛ ❞❡s✐❣✉❛❧❞❛❞✳ ❈♦♥s✐❞❡r❛♠♦s ♥✉❡✈❛♠❡♥t❡ x ∈ Qn ② Q ∈ DQn ❝♦♥
x ∈ Q✳ ❙❡❛♥ BQ✱ rQ ② α ❝♦♠♦ ❛♥t❡s✳ ❊♥t♦♥❝❡s s❡ t✐❡♥❡ q✉❡

1

|Qn|

ˆ

Qn

|f | ≤ cd
|Bn|

ˆ

Bn

|f |

②

|fQ − fBQ
| ≤ 1

|Q|

ˆ

Q

|f − fBQ
| ≤ cd

|BQ|

ˆ

BQ

|f − fBQ
|.

P♦r ❧♦ t❛♥t♦

1

|Q|

ˆ

Q

|f − fQ| ≤
cd

|BQ|

ˆ

BQ

|f − fQ|

≤ cd
|BQ|

ˆ

BQ

(

|f − fBQ
|+ |fBQ

− fQ|
)

≤ c̃d
|BQ|

ˆ

BQ

|f − fBQ
|.

✭✻✳✸✳✶✸✮

❈♦♥s✐❞❡r❛♠♦s ♥✉❡✈❛♠❡♥t❡ ❞♦s ❝❛s♦s✳ ❙✐ rQ ≤ αρ(xn) t❡♥❡♠♦s q✉❡ BQ ❡s ✉♥❛ ❜♦❧❛
s✉❜✲❝rít✐❝❛✳ ▲✉❡❣♦✱

1

|Q|

ˆ

Q

|f − fQ|+
1

|Qn|

ˆ

Qn

|f | ≤ c̃d
|BQ|

ˆ

BQ

|f − fBQ
|+ cd

|Bn|

ˆ

Bn

|f | ≤ CM ♯
ρf(x).

P♦r ♦tr♦ ❧❛❞♦✱ s✐ rQ > αρ(xn)✱ ❝♦♠♦ Q ⊂ Bn ② |Q| ≥ |Bn|/Cd,ρ✱ ♣♦❞❡♠♦s ♦❜t❡♥❡r

1

|Q|

ˆ

Q

|f − fQ|+
1

|Qn|

ˆ

Qn

|f | ≤ 1

|Q|

ˆ

Q

|f − fBn |+ |fBn − fQ|+
Cd
|Bn|

ˆ

Bn

|f |

≤ Cd,ρ
|Bn|

ˆ

Bn

|f − fBn |+
cd
|Bn|

ˆ

Bn

|f |

≤ CM ♯
ρf(x),



✻✳✹ ❉❡s✐❣✉❛❧❞❛❞ ❝♦♥ ❞♦s ♣❡s♦s ♣❛r❛ Mσ ✶✷✾

♣❛r❛ x ∈ Q ② ♣❛r❛ C q✉❡ ❞❡♣❡♥❞❡ só❧♦ ❞❡ d ② ❞❡ ρ✳ ❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✻✳✸✳✷✱
❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛♥t❡r✐♦r❡s ② ❡❧ s♦❧❛♣❛♠✐❡♥t♦ ❝♦♥tr♦❧❛❞♦ ❞❡ ❧♦s ❝✉❜♦s Qn r❡s✉❧t❛

ˆ

Rd

f wW ≤
∑

n∈N

ˆ

Qn

fnwnW

≤ C
∑

n∈N

ˆ

Qn

M ♯
Qn
fnM

d
Qn
wnW

≤ C
∑

n∈N

ˆ

Bn

M ♯
ρf M

ρ,❧♦❝wW

≤ C

ˆ

Rd

M ♯
ρf M

ρ,❧♦❝wW,

✭✻✳✸✳✶✹✮

❞♦♥❞❡ ❡♥ ❧❛ s❡❣✉♥❞❛ ❞❡s✐❣✉❛❧❞❛❞ ❤❡♠♦s ✉s❛❞♦ q✉❡ W ∈ RH∞(Qn) ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♥
n✳

✻✳✹✳ ❉❡s✐❣✉❛❧❞❛❞ ❝♦♥ ❞♦s ♣❡s♦s ♣❛r❛ Mσ

❊♥ ❡st❛ s❡❝❝✐ó♥ ❞❡s❛rr♦❧❧❛r❡♠♦s ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ❡♥ Lp ❝♦♥ ❞♦s ♣❡s♦s ♣❛r❛ ❧❛ ♠❛①✐♠❛❧
Mσ ❛s♦❝✐❛❞❛ ❛ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦ ρ✳ ❘❡❝♦r❞❡♠♦s q✉❡ ❧❛ ❢✉♥❝✐ó♥ ♠❛①✐♠❛❧ Mσf
♣❛r❛ ✉♥❛ ❢✉♥❝✐ó♥ ❧♦❝❛❧♠❡♥t❡ ✐♥t❡❣r❛❜❧❡ f s❡ ❞❡✜♥❡ ❝♦♠♦

Mσf(x) = sup
B=B(xB ,rB)∋x

(

1 +
rB

ρ(xB)

)−σ
1

|B|

ˆ

B

|f |. ✭✻✳✹✳✶✮

❆❧ ✐❣✉❛❧ q✉❡ ❡♥ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r✱ ♣r♦❜❛r❡♠♦s ❡♥ ♣r✐♠❡r ✐♥st❛♥❝✐❛ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞
❛♥á❧♦❣❛ ❛ ❧❛ ❜✉s❝❛❞❛ ❝✉❛♥❞♦ ❡❧ ❡s♣❛❝✐♦ ❡s ✉♥ ❝✉❜♦ R ⊂ Rd ② ❡❧ ♦♣❡r❛❞♦r ❡s ❧❛ ♠❛①✐♠❛❧
❞❡ ❍❛r❞②✲▲✐tt❧❡✇♦♦❞ ❝♦rr❡s♣♦♥❞✐❡♥t❡MR s♦❜r❡ ❝✉❜♦s✳ ◆✉❡str❛ ❤❡rr❛♠✐❡♥t❛ ♣r✐♥❝✐♣❛❧ s❡rá
♥✉❡✈❛♠❡♥t❡ ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❛❞❛ ❡♥ ❧❛ ❙❡❝❝✐ó♥ ✻✳✷ ② ♣♦r ❡st❛
r❛③ó♥ ❧❛ ♠❛①✐♠❛❧ s❡rá t♦♠❛❞❛ s♦❜r❡ ❝✉❜♦s✳

▼ás ♣r❡❝✐s❛♠❡♥t❡✱ ♣❛r❛ ✉♥ ❝✉❜♦ R ⊂ Rd✱ ❝♦♥s✐❞❡r❛♠♦s ❧❛ ♠❛①✐♠❛❧ MR ❞❡✜♥✐❞❛
❡♥ ✭✻✳✷✳✶✮✳ ❉❡❝✐♠♦s q✉❡ ✉♥ ♣❛r ❞❡ ♣❡s♦s (w, v) ❡stá ❡♥ Ap(R) s✐ ❡①✐st❡ ❛❧❣✉♥❛ ❝♦♥st❛♥t❡
C t❛❧ q✉❡

w(Q ∩R)1/p[v−p′/p(Q ∩R)]1/p′ ≤ C|Q ∩R|, ✭✻✳✹✳✷✮

♣❛r❛ t♦❞♦ ❝✉❜♦ Q ❝♦♥ ❝❡♥tr♦ xQ ∈ R✳ ❆❧ ✐❣✉❛❧ q✉❡ ❡♥ ❡❧ ❝❛s♦ ❞❡ Rd✱ ♥♦ ♣♦❞❡♠♦s ❛s❡❣✉r❛r
q✉❡ ❧❛ ♠❛①✐♠❛❧MR ❡sté ❛❝♦t❛❞❛ ❞❡ Lp(v) ❡♥ Lp(w) ❝♦♥ só❧♦ ❡st❛ ❤✐♣ót❡s✐s✳ ❯♥❛ ❝♦♥❞✐❝✐ó♥
s✉✜❝✐❡♥t❡ ✈✐❡♥❡ ❞❛❞❛ ♣♦r ❧♦ q✉❡ s❡ ❝♦♥♦❝❡ ❝♦♠♦ ❝♦♥❞✐❝✐ó♥ ❜✉♠♣✱ ❡st♦ ❡s✱ (w, v) s❛t✐s❢❛❝❡

‖w1/p‖p,Q∩R‖v−1/p‖φ,Q∩R ≤ C, ✭✻✳✹✳✸✮

♣❛r❛ t♦❞♦ ❝✉❜♦ Q ❝♦♥ ❝❡♥tr♦ xQ ∈ R ② ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ φ ❛❞❡❝✉❛❞❛✳ ❖❜s❡r✈❛r q✉❡
Q ∩ R ♣✉❡❞❡ ♥♦ s❡r ✉♥ ❝✉❜♦ ♣❡r♦ t❛♠♣♦❝♦ s❡rá ✉♥ r❡❝tá♥❣✉❧♦ ♠✉② ❡①❝é♥tr✐❝♦ ②❛ q✉❡ ❡❧
❝❡♥tr♦ ❞❡❧ ❝✉❜♦ Q ♣❡rt❡♥❡❝❡ ❛ R ♣♦r ❧♦ q✉❡ |Q ∩R| ≥ c|Q|✳



✶✸✵ ❉❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s

▼ás ♣r❡❝✐s❛♠❡♥t❡✱ ❞❛❞♦ 1 < r < ∞✱ ❞❡❝✐♠♦s q✉❡ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ ϕ ∈ Er s✐
♣❛r❛ ❛❧❣✉♥❛ ❝♦♥st❛♥t❡ c > 0✱

ˆ ∞

c

ϕ(t)

tr
dt

t
<∞. ✭✻✳✹✳✹✮

❇❛❥♦ ❡st❛ ❤✐♣ót❡s✐s ❡♥ ϕ ❡s ♣♦s✐❜❧❡ ❛s❡❣✉r❛r ❧❛ ❛❝♦t❛❝✐ó♥ ❡♥ Lp(Rd) ❞❡ ❧❛ ❢✉♥❝✐ó♥ ♠❛①✐♠❛❧

Mϕf(x) = sup
Q⊂Rd

Q∋x

‖f‖ϕ,Q.

❚❡♦r❡♠❛ ✻✳✹✳✶✳ ❙❡❛ 1 < p <∞✱ Mψ ❡stá ❛❝♦t❛❞♦ ❡♥ Lp(Rd) s✐ ② só❧♦ s✐ ψ ∈ Ep✳
P❛r❛ ✉♥❛ ♣r✉❡❜❛ ❞❡ ❡st❡ r❡s✉❧t❛❞♦ ♣✉❡❞❡ ✈❡rs❡ ❬✷✾❪✳

❖❜s❡r✈❛❝✐ó♥ ✻✳✹✳✷✳ ❙✐ ϕ ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ t❛❧ q✉❡ ❡❧❧❛ ② s✉ ❝♦♥❥✉❣❛❞❛ ϕ̄ ❞✉♣❧✐✲
❝❛♥✱ ✭✻✳✹✳✹✮ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛

ˆ ∞

c

(

tr
′

ϕ̄(t)

)r−1
dt

t
<∞. ✭✻✳✹✳✺✮

❯♥❛ ♣r✉❡❜❛ ❞❡ ❡st❡ r❡s✉❧t❛❞♦ ♣✉❡❞❡ ❡♥❝♦♥tr❛rs❡ ❡♥ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✺✳✶✵ ❞❡ ❬✶✶❪✳

❊♥✉♥❝✐❛♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ❡❧ r❡s✉❧t❛❞♦ ❞❡ ❛❝♦t❛❝✐ó♥ ❝♦♥ ❞♦s ♣❡s♦s ♣❛r❛ ❡❧ ♦♣❡r❛❞♦r
MR ❝✉❛♥❞♦ R ❡s ✉♥ ❝✉❜♦ ❡♥ Rd✳

❚❡♦r❡♠❛ ✻✳✹✳✸✳ ❙❡❛♥ 1 < p < ∞ ② φ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ t❛❧ q✉❡ s✉ ❝♦♥❥✉❣❛❞❛
φ̄ ∈ Ep✳ ❙✐ ❡❧ ♣❛r ❞❡ ♣❡s♦s (w, v) s❛t✐s❢❛❝❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✻✳✹✳✸✮ ❡♥t♦♥❝❡s MR ❡s ❛❝♦t❛❞❛ ❞❡
Lp(v,R) ❡♥ Lp(w,R) ❝♦♥ ♥♦r♠❛ ❞❡♣❡♥❞✐❡♥❞♦ só❧♦ ❞❡ p✱ d ② ❞❡ ❧❛ ❝♦♥st❛♥t❡ q✉❡ ❛♣❛r❡❝❡
❡♥ ✭✻✳✹✳✸✮✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛♥ R ✉♥ ❝✉❜♦ ❡♥ Rd✱ 1 < p < ∞ ② f ∈ Lp(v,R)✳ ❙✉♣♦♥❡♠♦s s✐♥
♣ér❞✐❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞ f ≥ 0✳ ❉❡✜♥✐♠♦s a = 2d+1 ② k0 ❝♦♠♦ ❡❧ ♠❡♥♦r ❡♥t❡r♦ t❛❧ q✉❡
1
|R|

´

R
f < ak0 ✳ ❈♦♥s✐❞❡r❛♠♦s ♣❛r❛ ❝❛❞❛ k ≥ k0 ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❝✉❜♦s ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞

{Qk
j}j≥1 ❞❡ ❛❧t✉r❛ ak ❞❛❞♦s ❡♥ ❡❧ ▲❡♠❛ ✻✳✷✳✶✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ ❝❛❞❛ j ≥ 1✱

ak <
1

|Qk
j |

ˆ

Qk
j

f ≤ 2dak.

❆♣❧✐❝❛♥❞♦ ❡❧ ▲❡♠❛ ✻✳✷✳✶ t❡♥❡♠♦s q✉❡✱ ♣❛r❛ ❝❛❞❛ k ≥ k0

Ω̃k = {x ∈ R :MRf(x) > 4dak} ⊂
⋃

j≥1

Q̃k
j ,

❞♦♥❞❡ Q̃k
j = 3Qk

j ∩R✳ ❙❡❛ (w, v) ✉♥ ♣❛r ❞❡ ♣❡s♦s q✉❡ s❛t✐s❢❛❝❡♥ ✭✻✳✹✳✸✮ ♣❛r❛ ❛❧❣✉♥❛ ❢✉♥❝✐ó♥
φ t❛❧ q✉❡ φ̄ ∈ Ep✳

ˆ

R

|MRf |pw =

ˆ

R\Ω̃k0

|MRf |pw +
∑

k≥k0

ˆ

Ω̃k\Ω̃k+1

|MRf |pw

≤
ˆ

R\Ω̃k0

|MRf |pw +
∑

k≥k0

4dak+1w(Ω̃k+1) = I + II.

✭✻✳✹✳✻✮



✻✳✹ ❉❡s✐❣✉❛❧❞❛❞ ❝♦♥ ❞♦s ♣❡s♦s ♣❛r❛ Mσ ✶✸✶

P❛r❛ ❛❝♦t❛r I ♥♦t❛♠♦s q✉❡ s✐ x ∈ R \ Ω̃k0 ✱

MRf(x) ≤ 4dak0 ≤ 4da

|R|

ˆ

R

f

② q✉❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✻✳✹✳✸✮ ♣❛r❛ ❡❧ ♣❛r (w, v) ✐♠♣❧✐❝❛

‖w1/p‖p,R‖v−1/p‖p′,R ≤ C,

❚♦♠❛♥❞♦ Q = R ② ✉s❛♥❞♦ φ̄ ∈ Ep✳ ❊♥t♦♥❝❡s✱

I ≤ ap4dp
(

1

|R|

ˆ

R

f

)p

w(R)

= ap4dp
(

1

|R|

ˆ

R

fv1/pv−1/p

)p

w(R)

≤ Cd,p‖fv1/p‖pp,R‖v−1/p‖pp′,Rw(R)
≤ C(d, p, v, w)|R|‖fv1/p‖pp,R
= C(d, p, v, w)

ˆ

R

f pv.

✭✻✳✹✳✼✮

P❛r❛ II✱ ❛♣❧✐❝❛♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r ② ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✻✳✹✳✸✮ ❛ 3Qk
j ∩ R ❧♦ ❝✉❛❧

❡s ♣♦s✐❜❧❡ ②❛ q✉❡ Qk
j ⊂ R✱

II ≤
∑

k≥k0

4dak+1
∑

j≥1

w(Q̃k
j )

≤ C(d)
∑

k≥k0
j≥1

(

1

|Qk
j |

ˆ

Qk
j

f

)p

w(Q̃k
j )

≤ C(d, p)
∑

k≥k0
j≥1

‖fv1/p‖p
φ̄,Qk

j
‖v−1/p‖φ,Q̃k

j
w(Q̃k

j )

≤ C(d, p, v, w)
∑

k≥k0
j≥1

‖fv1/p‖p
φ̄,Qk

j
|Q̃k

j |.

✭✻✳✹✳✽✮

❋✐♥❛❧♠❡♥t❡✱ ♣♦❞❡♠♦s ✉s❛r ❧❛ ♣❛rt❡ ✷ ❞❡❧ ▲❡♠❛ ✻✳✷✳✶ ❥✉♥t♦ ❝♦♥ ❡❧ ❚❡♦r❡♠❛ ✻✳✹✳✶ ♣❛r❛
♦❜t❡♥❡r

II ≤ C(d, p, v, w)
∑

k≥k0
j≥1

‖fv1/p‖p
φ̄,Qk

j
|Ek

j |

≤ C(d, p, v, w)
∑

k≥k0
j≥1

ˆ

Ek
j

Mφ̃(fv
1/pχR)

p

≤ C(d, p, v, w)

ˆ

Rd

Mφ̃(fv
1/pχR)

p

≤ C(d, p, v, w, φ)

ˆ

R

|f |pv,

✭✻✳✹✳✾✮



✶✸✷ ❉❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s

②❛ q✉❡ Ek
j s♦♥ ❞✐s❥✉♥t♦s✱ Ek

j ⊂ Qk
j ⊂ R ② |Ek

j | ≥ c|Qk
j |✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ✈❛♠♦s ❛ ❛♣❧✐❝❛r ❡❧ ❚❡♦r❡♠❛ ✻✳✹✳✸ ♣❛r❛ ♦❜t❡♥❡r ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ❝♦♥
❞♦s ♣❡s♦s ♣❛r❛Mσ✳ ❆♥t❡s✱ ❞❡❜❡♠♦s ❞❛r ❛❧❣✉♥❛s ❞❡✜♥✐❝✐♦♥❡s ② ❤❛❝❡r ❛❧❣✉♥❛s ❛❝❧❛r❛❝✐♦♥❡s
s♦❜r❡ ❧❛ ♥♦t❛❝✐ó♥✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r✱ ❞❛❞♦ ✉♥ ❝✉❜♦Q ❞❡ ❝❡♥tr♦ xQ ② ❧❛❞♦ lQ ✈❛♠♦s ❛ ❞❡♥♦t❛r
rQ ❛ ❧❛ ❝❛♥t✐❞❛❞ rQ =

√
dlQ/2✳ ❉❡ ❡st❛ ♠❛♥❡r❛ Q ⊂ B(xQ, rQ)✱ ❧❛ ❜♦❧❛ ❝✐r❝✉♥s❝r✐♣t❛✳

❈♦♠♦ ❡♥ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r✱ ♣❛r❛ ♦❜t❡♥❡r ❡❧ r❡s✉❧t❛❞♦ ♣❛r❛ Mσ✱ ❧❛ ✐❞❡❛ ❡s ❝✉❜r✐r Rd

♣♦r ❝✉❜♦s ② ❛♣❧✐❝❛r ❡❧ r❡s✉❧t❛❞♦ ♣r❡✈✐♦ ❡♥ ❝❛❞❛ ❝✉❜♦✳ P❛r❛ ❡❧❧♦ ✉s❛r❡♠♦s ❡❧ ❝✉❜r✐♠✐❡♥t♦
❞❡s❝r✐♣t♦ ❡♥ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✻✳✸✳✸✳

❆♥t❡s ❞❡ ❡♥✉♥❝✐❛r ❡❧ t❡♦r❡♠❛✱ ❞❡✜♥✐♠♦s ❧❛s ❝❧❛s❡s ❞❡ ♣❡s♦s q✉❡ r❡s✉❧t❛rá♥ ❛❞❡❝✉❛❞❛s
♣❛r❛ ❧❛ ❛❝♦t❛❝✐ó♥ ❞❡ ❡st❛ ♠❛①✐♠❛❧✳ ❉❛❞♦ 1 < p <∞✱ θ ≥ 0 ② ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦
ρ✱ ❞❡❝✐♠♦s q✉❡ ✉♥ ♣❛r ❞❡ ♣❡s♦s (w, v) s❛t✐s❢❛❝❡ ✉♥❛ ❝♦♥❞✐❝✐ó♥ (p, ρ, θ)✲❜✉♠♣ s✐ ❡①✐st❡ ✉♥❛
❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ φ ❝♦♥ φ̄ ∈ Ep t❛❧ q✉❡

‖w1/p‖p,B‖v−1/p‖φ,B ≤ A

(

1 +
rB

ρ(xB)

)θ

, ✭✻✳✹✳✶✵✮

♣❛r❛ t♦❞❛ ❜♦❧❛ B(xB, rB) ⊂ Rd✳

❖❜s❡r✈❛❝✐ó♥ ✻✳✹✳✹✳ ❙✐ ❡♥ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r r❡❡♠♣❧❛③❛♠♦s ❧❛s ❜♦❧❛s B ♣♦r ❝✉❜♦s
Q = Q(xQ, rQ)✱ ❛♠❜❛s ❞❡s✐❣✉❛❧❞❛❞❡s r❡s✉❧t❛♥ ❡q✉✐✈❛❧❡♥t❡s ❝♦♥ ✉♥ ❝❛♠❜✐♦ ❡♥ ❧❛ ❝♦♥st❛♥t❡
q✉❡ ❞❡♥♦♠✐♥❛♠♦s Ã ❞❡♣❡♥❞✐❡♥❞♦ só❧♦ ❞❡ ❧❛ ❞✐♠❡♥s✐ó♥ ② ❞❡ θ✳

❚❡♦r❡♠❛ ✻✳✹✳✺✳ ❙❡❛♥ 1 < p < ∞✱ θ ≥ 0 ② ✉♥ ♣❛r ❞❡ ♣❡s♦s (w, v) q✉❡ s❛t✐s❢❛❝❡ ✉♥❛
❝♦♥❞✐❝✐ó♥ (p, ρ, θ)✲❜✉♠♣✳ ❊♥t♦♥❝❡s✱ ❡①✐st❡ σ0 t❛❧ q✉❡ ♣❛r❛ t♦❞♦ σ ≥ σ0 ❡❧ ♦♣❡r❛❞♦r Mσ ❡s
❛❝♦t❛❞♦ ❞❡ Lp(v) ❡♥ Lp(w)✳

❉❡♠♦str❛❝✐ó♥✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r ♥♦t❡♠♦s q✉❡ s✐ ❝♦♥s✐❞❡r❛♠♦s ❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ♠❛①✐♠❛❧
❝❡♥tr❛❞❛

M̃σf(x) = sup
r>0

(

1 +
r

ρ(x)

)−σ
1

|B(x, r)|

ˆ

B(x,r)

|f |, ✭✻✳✹✳✶✶✮

s❡ t✐❡♥❡✱ ❞❡ ✭✶✳✷✳✼✮✱

M̃σf(x) ≤Mσf(x) ≤ 2dC0M̃
σ/(N0+1)f(x). ✭✻✳✹✳✶✷✮

P♦r ❧♦ t❛♥t♦✱ ❜❛st❛ ♠♦str❛r ❡❧ r❡s✉❧t❛❞♦ ♣❛r❛ M̃σ✳ ❈♦♠❡♥③❛♠♦s ❛❝♦t❛♥❞♦ M̃σf(x) ♣♦r

M̃σf(x) ≤ sup
0<r≤ρ(x)

1

|B|

ˆ

B

|f |+ sup
r>ρ(x)

(

1 +
r

ρ(x)

)−σ
1

|B(x, r)|

ˆ

B(x,r)

|f |

= M̃❧♦❝f(x) + M̃σ
❣❧♦❜f(x).

✭✻✳✹✳✶✸✮

❙❡❛ {Qn} ❡❧ ❝✉❜r✐♠✐❡♥t♦ ❞❡ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✻✳✸✳✸ q✉❡ ❝✉♠♣❧❡ B(xn, d
−1/2ρ(xn)) ⊂

Qn ⊂ Bn = B(xn, ρ(xn))✳ ❙❡❛ B = B(x, r)✱ ❝♦♥ r ≤ ρ(x) ② n t❛❧ q✉❡ x ∈ Qn✳ ❆✜r♠❛♠♦s



✻✳✹ ❉❡s✐❣✉❛❧❞❛❞ ❝♦♥ ❞♦s ♣❡s♦s ♣❛r❛ Mσ ✶✸✸

q✉❡ ❡①✐st❡ γ = γ(ρ) t❛❧ q✉❡ B ⊂ γQn✳ ❊♥ ❡❢❡❝t♦✱ s✐ y ∈ B✱

|y − xn| ≤ |y − x|+ |x− xn| ≤ rB + ρ(xn) ≤ ρ(x) + ρ(xn)

≤
(

1 + 2N0/(N0+1)
)

ρ(xn) = γd−1/2ρ(xn).

▲❧❛♠❛♥❞♦ Q̃n = γQn t❡♥❡♠♦s q✉❡ ♣❛r❛ x ∈ Qn✱

M̃❧♦❝f(x) ≤MQ̃n

(

fχQ̃n

)

(x), ✭✻✳✹✳✶✹✮

②❛ q✉❡ s✐ B ⊂ Q̃n✱ t❛♠❜✐é♥ ❧♦ ❡st❛rá ❡❧ ❝✉❜♦ ❝✐r❝✉♥s❝r✐♣t♦✳

❆❤♦r❛✱ ♣❛r❛ ♣♦❞❡r ❛♣❧✐❝❛r ❡❧ ❚❡♦r❡♠❛ ✻✳✹✳✸ ❞❡❜❡♠♦s ✈❡r q✉❡ ❡❧ ♣❛r ❞❡ ♣❡s♦swn = wχQ̃n

② vn = vχQ̃n
s❛t✐s❢❛❝❡♥ ✭✻✳✹✳✸✮ ♣❛r❛ R = Q̃n ② φ t❛❧ q✉❡ φ̄ ∈ Ep✳ P❛r❛ ❡❧❧♦ t♦♠❛♠♦s ✉♥

❝✉❜♦ Q ⊂ Rd ❝♦♥ ❝❡♥tr♦ xQ ∈ Q̃n ② ❝♦♥s✐❞❡r❛♠♦s ❞♦s ❝❛s♦s✳

❙✐ rQ ≥ 2γρ(xn) s❡ s✐❣✉❡ q✉❡ Q ⊃ Q̃n ②❛ q✉❡ xQ ∈ Q̃n ✐♠♣❧✐❝❛ q✉❡ |y − xQ| ≤
γd−1/2ρ(xn) ≤ d−1/2rQ✳ ▲✉❡❣♦✱ ❡♥ ❡st❡ ❝❛s♦✱

‖w1/p
n ‖p,Q∩Q̃n

‖v1/pn ‖φ,Q∩Q̃n
≤ ‖w1/p

n ‖p,Q̃n
‖v1/pn ‖φ,Q̃n

≤ Ã

(

1 +
γρ(xn)

ρ(xn)

)θ

= Cd,ρ,θÃ,

❝♦♥ Ã ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✻✳✹✳✹✳

P♦r ♦tr♦ ❧❛❞♦✱ s✐ rQ ≤ 2γρ(xn)✱ ✉♥ ❛r❣✉♠❡♥t♦ ❣❡♦♠étr✐❝♦ s✐♠♣❧❡ ♠✉❡str❛ q✉❡ |Q ∩
Q̃n| ≥ |Q|/2d✳ ❊♥t♦♥❝❡s

‖w1/p
n ‖p,Q∩Q̃n

‖v1/pn ‖φ,Q∩Q̃n
≤ Cd,φ‖w1/p

n ‖p,Q‖v1/pn ‖φ,Q ≤ Cd,φÃ

(

1 +
γρ(xn)

ρ(xn)

)θ

= Cd,φ,ρ,θÃ,

❆❤♦r❛✱ ✉s❛♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✻✳✹✳✶✹✮ ② ❡❧ ❚❡♦r❡♠❛ ✻✳✹✳✸✱
ˆ

Rd

|M̃❧♦❝f |pw ≤ C
∑

n∈N

ˆ

Q̃n

|f |pvn ≤
ˆ

Rd

|f |pv, ✭✻✳✹✳✶✺✮

②❛ q✉❡ ❧❛ ❝♦♥st❛♥t❡ ❞❡❧ ❚❡♦r❡♠❛ ✻✳✹✳✸ r❡s✉❧t❛ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ n✳

❱❡❛♠♦s ❛❤♦r❛ ❡❧ tér♠✐♥♦ ❝♦♥rr❡s♣♦♥❞✐❡♥t❡ ❛ M̃σ
❣❧♦❜✳ ❆q✉í ✈♦❧✈❡♠♦s ❛ ❝♦♥s✐❞❡r❛r ❡❧

❝✉❜r✐♠✐❡♥t♦ {Bn} ♣♦r ❜♦❧❛s ❝rít✐❝❛s✳ ❙❡❛ B = B(x, r) ❝♦♥ r > ρ(x) ② n t❛❧ q✉❡ x ∈ Bn

✳ ❊❧✐❥❛♠♦s k0 ∈ N t❛❧ q✉❡ 2k0−1ρ(x) ≤ r ≤ 2k0ρ(x)✳ ❈♦♠♦ x ∈ Bn✱ C−1
0 2−N0ρ(xn) ≤

ρ(x) ≤ 2C0ρ(xn)✳ ▲❧❛♠❛♥❞♦ B̃n = B(xn, 2C0ρ(xn)) t❡♥❡♠♦s q✉❡ B ⊂ 2k0B̃n ② |B| ≥
c−d0 2−N0d|2k0B̃n|✳ ❊♥t♦♥❝❡s

M̃σ
❣❧♦❜f(x) = sup

r>ρ(x)

(

1 +
r

ρ(x)

)−σ
1

|B(x, r)|

ˆ

B(x,r)

|f |

≤ C sup
k∈N

2−kσ
1

|2kB̃n|

ˆ

2kB̃n

|f |,
✭✻✳✹✳✶✻✮



✶✸✹ ❉❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s

❝♦♥ ❝♦♥st❛♥t❡ C ❞❡♣❡♥❞✐❡♥❞♦ só❧♦ ❞❡ ρ✱ d ② σ ♣❡r♦ ♥♦ ❞❡ n✳ ▲✉❡❣♦✱ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞
❛♥t❡r✐♦r✱ ❍ö❧❞❡r ② ❧❛ ❤✐♣ót❡s✐s ♣❛r❛ ❡❧ ♣❛r w✱ v✱

ˆ

|M̃σ
❣❧♦❜f |pw ≤ C

∑

n∈N

ˆ

Bn

|M̃σ
❣❧♦❜f |pw

≤ C
∑

n∈N
sup
k∈N

2−kpσ
(

1

|2kB̃n|

ˆ

2kB̃n

|f |
)p

w(Bn)

≤ C
∑

n∈N
w(Bn)

∑

k∈N
2−kpσ

(

1

|2kB̃n|

ˆ

2kB̃n

|f |pv
)

v−1/p(2kB̃n)
p/p′

≤ C
∑

k∈N
2−kpσ

∑

n∈N

w(2kB̃n)v
−1/p(2kB̃n)

p/p′

|2kB̃n|

ˆ

2kB̃n

|f |pv

≤ CÃ
∑

k∈N
2−kpσ

∑

n∈N
(1 + C02

k+1)pθ
ˆ

2kB̃n

|f |pv

≤ CÃ
∑

k∈N
2−kp(σ−θ)

∑

n∈N

ˆ

2kB̃n

|f |pv

≤ CÃ
∑

k∈N
2−kp(σ−θ−N1)

ˆ

Rd

|f |pv,

✭✻✳✹✳✶✼✮

❞♦♥❞❡ ❡♥ ❧❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞ ✉s❛♠♦s ❡❧ s♦❧❛♣❛♠✐❡♥t♦ ❛❝♦t❛❞♦ ❞❡ {Bn}✳ ❚♦♠❛♥❞♦ σ >
θ +N1✱ r❡s✉❧t❛ ❧❛ ❛❝♦t❛❝✐ó♥ ❜✉s❝❛❞❛ ♣❛r❛ M̃σ

❣❧♦❜ ② ❡❧ t❡♦r❡♠❛ q✉❡❞❛ ❞❡♠♦str❛❞♦✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ✈❛♠♦s ❛ ❛♣❧✐❝❛r ❡❧ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r ♣❛r❛ ♦❜t❡♥❡r ❞❡s✐❣✉❛❧❞❛❞❡s ♣❛r❛
Mσ

s ✳

❈♦r♦❧❛r✐♦ ✻✳✹✳✻✳ ❙❡❛♥ 1 < s < p < ∞✱ θ ≥ 0 ② (w, v) ✉♥ ♣❛r ❞❡ ♣❡s♦s q✉❡ s❛t✐s❢❛❝❡♥
✉♥❛ ❝♦♥❞✐❝✐ó♥ (p/s, ρ, θ)✲❜✉♠♣✳ ❊♥t♦♥❝❡s✱ ❡①✐st❡ σ0 t❛❧ q✉❡ s✐ σ ≥ σ0✱ M

σ
s ❡stá ❛❝♦t❛❞♦

❞❡ Lp(v) ❡♥ Lp(w)✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛♥ 1 < s < p ② (w, v) ✉♥ ♣❛r ❞❡ ♣❡s♦s q✉❡ s❛t✐s❢❛❝❡ ✉♥❛ ❝♦♥❞✐❝✐ó♥
(p/s, ρ, θ)✲❜✉♠♣✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❡❧ r❡s✉❧t❛❞♦ ♣❛r❛ s = 1 ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✱

ˆ

|Mσ
s f |pw =

ˆ

|Mσ(f s)|p/sw ≤ C

ˆ

|f |pv. ✭✻✳✹✳✶✽✮

P❛r❛ ✜♥❛❧✐③❛r ❡st❛ s❡❝❝✐ó♥ ♣r❡s❡♥t❛♠♦s ❡❥❡♠♣❧♦s ❞❡ ♣❛r❡s ❞❡ ♣❡s♦s q✉❡ s❛t✐s❢❛❝❡♥ ✉♥❛
❝♦♥❞✐❝✐ó♥ (r, ρ, θ)✲❜✉♠♣✳

❊❥❡♠♣❧♦ ✻✳✹✳✼✳ ❙❡❛♥ w1 ② w2 ❞♦s ♣❡s♦s✱ θ ≥ 0 ② ψ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ t❛❧ q✉❡ ξ(t) =
ψ(tr

′

) ❡s t❛❧ q✉❡ x̄i ∈ Er✳ ❊❧ ♣❛r (w̃, ṽ) = (w1(M
θ
ψw2)

1−r, (M θw1)w
1−r
2 ) s❛t✐s❢❛❝❡ ✉♥❛



✻✳✺ Pr✉❡❜❛ ❞❡❧ ❚❡♦r❡♠❛ ✻✳✶✳✶ ✶✸✺

❝♦♥❞✐❝✐ó♥ (r, ρ, θ)✲❜✉♠♣✳ ❊♥ ❡❢❡❝t♦✱ ♣❛r❛ ✉♥❛ ❜♦❧❛ B ⊂ Rd✱ r❡❡s❝❛❧❛♥❞♦ ② ✉s❛♥❞♦ ❧❛
❞❡✜♥✐❝✐ó♥ ❞❡❧ ♦♣❡r❛❞♦r ♠❛①✐♠❛❧✱

‖w̃1/r‖r,B = ‖w1(M
θ
ψw2)

1−r‖1/r1,B

≤ ‖w1‖1/r1,B‖w2‖−1/r′

ψ,B

(

1 +
rB

ρ(xB)

)θ/r′

.
✭✻✳✹✳✶✾✮

P♦r ♦tr♦ ❧❛❞♦✱

‖ṽ−1/r‖ξ,B = ‖(M θw1)
1−r′w2‖1/r

′

ψ,B

≤ ‖w1‖−1/r
1,B ‖w2‖1/r

′

ψ,B

(

1 +
rB

ρ(xB)

)θ/r

.
✭✻✳✹✳✷✵✮

▲❛s ❞♦s ❡st✐♠❛❝✐♦♥❡s ❥✉♥t❛s ♥♦s ❞❛♥ ❧❛ ❝♦♥❞✐❝✐ó♥ (p, ρ, θ) ❜✉♠♣ ♣❛r❛ ❡❧ ♣❛r (w̃, ṽ)✳

❖❜s❡r✈❛❝✐ó♥ ✻✳✹✳✽✳ ❙✐ ψ ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ ❞✉♣❧✐❝❛♥t❡ ❡s ❢á❝✐❧ ✈❡r q✉❡ ξ ② ξ̄ r❡s✉❧t❛♥
s❡r ❛♠❜❛s ❞✉♣❧✐❝❛♥t❡s✳ ❯s❛♥❞♦ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✻✳✹✳✷ r❡s✉❧t❛ q✉❡ ξ̄ ∈ Er s✐ ② só❧♦ s✐

ˆ ∞

c

(

t

ψ(t)

)r−1
dt

t
<∞. ✭✻✳✹✳✷✶✮

✻✳✺✳ Pr✉❡❜❛ ❞❡❧ ❚❡♦r❡♠❛ ✻✳✶✳✶

❆♥t❡s ❞❡ ❞❛r ✉♥❛ ♣r✉❡❜❛ ❞❡❧ t❡♦r❡♠❛ ❝❡♥tr❛❧ ❞❡ ❡st❡ ❝❛♣ít✉❧♦ ✈❛♠♦s ❛ ❡st❛❜❧❡❝❡r
❛❧❣✉♥♦s r❡s✉❧t❛❞♦s q✉❡ ✐♥✈♦❧✉❝r❛♥ ❝♦♠♣♦s✐❝✐♦♥❡s ❞❡ ♦♣❡r❛❞♦r❡s ♠❛①✐♠❛❧❡s✳ ❊st♦s r❡s✉❧✲
t❛❞♦s ② ❛❧❣✉♥❛s ❞❡ s✉s ❝♦♥s❡❝✉❡♥❝✐❛s s❡rá♥ ❤❡rr❛♠✐❡♥t❛s ♥❡❝❡s❛r✐❛s ♣❛r❛ ❧❛ ♣r✉❡❜❛ ❞❡❧
❚❡♦r❡♠❛ ✻✳✶✳✶✳

P❛r❛ ❝♦♠❡♥③❛r ♥❡❝❡s✐t❛♠♦s ❡st❛❜❧❡❝❡r ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦ ❛✉①✐❧✐❛r ❝✉②❛ ❞❡♠♦str❛✲
❝✐ó♥ ♣✉❡❞❡ ✈❡rs❡ ❡♥ ❬✶✶❪ Pr♦♣♦s✐❝✐ó♥ ✺✳✻✳

▲❡♠❛ ✻✳✺✳✶✳ ❬❱❡r ▲❡♠❛ ✹✳✶ ❡♥ ❬✷✾❪❪ ❙❡❛♥ φ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣✱ f ✉♥❛ ❢✉♥❝✐ó♥ t❛❧
q✉❡ ‖f‖φ,B → 0 ❝✉❛♥❞♦ |B| → ∞ ② λ > 0✳ ❊♥t♦♥❝❡s

∣

∣

{

x ∈ Rd :Mφf(x) > λ
}∣

∣ ≤ 3d
ˆ

{x∈Rd:|f(x)|>λ/2}
φ

(

2 · 4d|f(x)|
λ

)

dx. ✭✻✳✺✳✶✮

❊♥ ♣❛rt✐❝✉❧❛r✱ s✐ f t✐❡♥❡ s♦♣♦rt❡ ❝♦♠♣❛❝t♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r ✈❛❧❡✳

▲❡♠❛ ✻✳✺✳✷✳ ❙❡❛♥ B ✉♥❛ ❜♦❧❛ ❡♥ Rd ② 0 ≤ f ∈ L1
❧♦❝✳ ❙❡❛♥ φ ② ψ ❞♦s ❢✉♥❝✐♦♥❡s ❞❡

❨♦✉♥❣✳ ❙✐ ❞❡✜♥✐♠♦s✱ ♣❛r❛ t > 1✱

G(t) =

ˆ t

1

φ(t/λ)ψ′(λ)dλ

② F ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ t❛❧ q✉❡ G(t) � F (t)✱ ❡①✐st❡♥ ❝♦♥st❛♥t❡s c1 ② c2 t❛❧❡s q✉❡
ˆ

B

ψ (Mφ(fχ3B)(y)) dy ≤ c1|B|+ c1

ˆ

3B∩{f(y)>1/2}
F (c2f(y))dy.



✶✸✻ ❉❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s

❉❡♠♦str❛❝✐ó♥✳ ❆♣❧✐❝❛♥❞♦ ❡❧ t❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐ ② ❡❧ ▲❡♠❛ ✻✳✺✳✶ t❡♥❡♠♦s q✉❡
ˆ

B

ψ (Mφ(fχ3B)(y)) dy =

ˆ ∞

0

ψ′(λ) |{x ∈ B :Mφ(fχ3B)(x) > λ}| dλ

≤ c1|B|+
ˆ ∞

1

ψ′(λ) |{x ∈ B :Mφ(fχ3B)(x) > λ}| dλ

≤ c1|B|+ c1

ˆ ∞

1

ψ′(λ)

ˆ

{x∈3B:f(x)>λ/2}
φ

(

cf(x)

λ

)

dxdλ

≤ c1|B|+ c1

ˆ

{x∈3B:f(x)>1/2}

ˆ 2f(x)

1

φ

(

cf(x)

λ

)

ψ′(λ)dλdx

= c1|B|+ c1

ˆ

{x∈3B:f(x)>1/2}
G(cf(x))dx

≤ c1|B|+ c1

ˆ

3B

F (c2f(x)) dx.

✭✻✳✺✳✷✮

Pr♦♣♦s✐❝✐ó♥ ✻✳✺✳✸✳ ❙❡❛♥ θ ≥ 0✱ f ✉♥❛ ❢✉♥❝✐ó♥ ♠❡❞✐❜❧❡ ② ρ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ r❛❞✐♦ ❝rít✐❝♦✳

✶✳ Mρ,❧♦❝(M θ
φf)(x) ≤ CM θ

φf(x)✱ ♣❛r❛ t♦❞❛ ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ φ t❛❧ q✉❡ φ(t)/tr ❡s ❝❛s✐
❝r❡❝✐❡♥t❡✱ ♣❛r❛ ❛❧❣ú♥ r > 1✳

✷✳ M θ(Mρ,❧♦❝
ψ )f)(x) ≤ CM θ

φf(x)✱ ♣❛r❛ ❢✉♥❝✐♦♥❡s ψ ② φ ❞❡ ❨♦✉♥❣ t❛❧❡s q✉❡ ♣❛r❛ G(t) =
´ t

1
ψ(t/λ)dλ s❡ t✐❡♥❡ q✉❡ G � φ✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ x ∈ Rd ② B(xB, rB) ∋ x ✉♥❛ ❜♦❧❛ ❡♥ Rd ❝♦♥ rB < ρ(xB)✱ q✉❡r❡♠♦s
✈❡r q✉❡✱

1

|B|

ˆ

B

M θ
φf ≤ CM θ

φf(x). ✭✻✳✺✳✸✮

❊♥ ♣r✐♠❡r ❧✉❣❛r ❞❡s❝♦♠♣♦♥❡♠♦s f = fχ3B + fχRd\3B = f1 + f2✳ P❛r❛ ✈❡r ✭✻✳✺✳✸✮ ♣❛r❛ f1
❞❡❜❡♠♦s ❤❛❝❡r ♣r❡✈✐❛♠❡♥t❡ ❧❛ s✐❣✉✐❡♥t❡ ♦❜s❡r✈❛❝✐ó♥✳ ❯s❛♥❞♦ ❡❧ ▲❡♠❛ ✻✳✺✳✷ ♣❛r❛ φ(t) = t
② ♣❛r❛ f/λ s❡ t✐❡♥❡

1

λ|B|

ˆ

B

Mφ(f1) ≤ C1

(

1

λ
+

ˆ

3B∩{f(x)>1/2}
F

(

c2
f(x)

λ
dx

))

.

❈♦♠♦ φ(s)/sr ❡s ❝❛s✐ ❝r❡❝✐❡♥t❡

G(t) =

ˆ t

1

φ

(

t

λ

)

dλ ≤ φ(t)

ˆ t

1

dλ

λr
≤ Cφ(t).

▲✉❡❣♦✱ ♣♦❞❡♠♦s t♦♠❛r F (t) = Cφ(t)✳ ❆❞❡♠ás✱ ❝♦♠♦ ✐♥t❡❣r❛♠♦s ❡♥ {f(x) > 1/2} ② F ❡s
❝♦♥✈❡①❛

F

(

c2f(x)

λ

)

≥ C

λ
.



✻✳✺ Pr✉❡❜❛ ❞❡❧ ❚❡♦r❡♠❛ ✻✳✶✳✶ ✶✸✼

❆sí
1

λ|B|

ˆ

B

Mφf1 ≤
C

|3B|

ˆ

3B

φ

(

Cf

λ

)

②

ı́nf{λ :
1

λ|B|

ˆ

B

Mφf1 ≤ C} ≤ ı́nf{λ :
1

|3B|

ˆ

3B

φ

(

Cf

λ

)

≤ 1}.

▲✉❡❣♦
1

|B|

ˆ

B

Mφf1 ≤ C̃‖f‖φ,3B

② ❝♦♠♦ M θ
φ ≤Mφ✱ t♦♠❛♥❞♦ ❡❧ s✉♣r❡♠♦ s♦❜r❡ B q✉❡❞❛ ❞❡♠♦str❛❞❛ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✻✳✺✳✸✮

♣❛r❛ f1✳

P❛r❛ f2✱ ✈❛♠♦s ❛ ♠♦str❛r q✉❡ ♣❛r❛ t♦❞♦ x✱ z ∈ B✱ s❡ t✐❡♥❡ q✉❡ q✉❡ M θ
φ(f2)(z) ≤

CM θ
φ(f2)(x)✳ ❚♦♠❡♠♦s B̃ = B(xB̃, rB̃) ∋ z t❛❧ q✉❡ B̃ ∩ 3B 6= ∅✳ ❊♥t♦♥❝❡s✱ rB ≤ rB̃ ②

B ⊂ 3B̃✳ ▲✉❡❣♦

‖f2‖φ,B̃
(

1 +
rB̃

ρ(xB̃)

)−θ
≤ C‖f2‖φ,3B̃

(

1 +
rB̃

ρ(xB̃)

)−θ

≤ C‖f2‖φ,3B̃
(

1 +
3rB̃
ρ(xB̃)

)−θ

≤ CM θ
φ(f2)(x).

✭✻✳✺✳✹✮

Pr♦♠❡❞✐❛♥❞♦ s♦❜r❡ B ♦❜t❡♥❡♠♦s ❧❛ ❡st✐♠❛❝✐ó♥ ❜✉s❝❛❞❛✳

❱❡❛♠♦s ❛❤♦r❛ ✷✳ ❙❡❛ x ∈ Rd ② B = B(xB, rB) ∋ x✳ ◗✉❡r❡♠♦s ✈❡r q✉❡

1

|B|
(

1 + rB
ρ(xB)

)θ

ˆ

B

Mρ,❧♦❝
ψ f ≤ CM θ

φf(x). ✭✻✳✺✳✺✮

❈♦♠♦ ❛♥t❡s✱ ❞❡s❝♦♠♣♦♥❡♠♦s f = f1 + f2✱ ❝♦♠♦ Mρ,❧♦❝
φ ≤ Mφ ♣♦❞❡♠♦s ✉s❛r ❡❧ ▲❡✲

♠❛ ✻✳✺✳✷ ❝♦♠♦ ❛rr✐❜❛ ♣❛r❛ ♦❜t❡♥❡r q✉❡

1

|Q|

ˆ

Q

Mρ,❧♦❝
ψ f1 ≤ c1‖f‖3Q,φ,

❞❛❞♦ q✉❡ ❤❡♠♦s s✉♣❡st♦ q✉❡G(t) � Cφ(t)▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❛♠❜♦s ❧❛❞♦s ♣♦r
(

1 + rB
ρ(xB)

)−θ

q✉❡ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛
(

1 + 3rB
ρ(xB)

)−θ
♦❜t❡♥❡♠♦s ✭✻✳✺✳✺✮ ♣❛r❛ f1✳

P❛r❛ f2✱ ❝♦♠♦Mρ,❧♦❝
ψ ≤M θ

ψ✱ ♣♦❞❡♠♦s ✉s❛r ✭✻✳✺✳✹✮✱ q✉❡ ❡s ✈á❧✐❞♦ ♣❛r❛ ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥
❞❡ ❨♦✉♥❣ ② ❝✉❛❧q✉✐❡r ❜♦❧❛✳ ❆❞❡♠ás✱ M θ

ψ ≤M θ
φ ♣✉❡st♦ q✉❡ ψ � φ✳ ❊♥ ❡❢❡❝t♦✱ s✐ t > 1✱

ˆ t

1

ψ

(

t

λ

)

≤ φ(t)



✶✸✽ ❉❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s

②
ˆ 2t

1

ψ

(

t

λ

)

dλ ≥
ˆ 2

1

ψ

(

t

λ

)

dλ ≥ ψ

(

t

2

)

.

❊♥t♦♥❝❡s✱ t♦♠❛♥❞♦ ♣r♦♠❡❞✐♦s s♦❜r❡ z ∈ B ♦❜t❡♥❡♠♦s ✭✻✳✺✳✺✮ ♣❛r❛ f2✳

❈♦♠♦ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡❧ ❛♥t❡r✐♦r r❡s✉❧t❛❞♦ ♣♦❞❡♠♦s ♦❜t❡♥❡r ❧♦s s✐❣✉✐❡♥t❡s ❝♦r♦❧❛r✐♦s✳

❈♦r♦❧❛r✐♦ ✻✳✺✳✹✳ ❙❡❛♥ 0 < δ < 1✱ θ > 0 ② φ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣✳ ❊♥t♦♥❝❡s✱ ♣❛r❛
❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ ♠❡❞✐❜❧❡ f t❡♥❡♠♦s q✉❡ (M θ

φf)
δ ∈ A❧♦❝

1 ✱ s✐❡♠♣r❡ q✉❡ M θ
φf <∞✳

❉❡♠♦str❛❝✐ó♥✳ ❉❛❞❛ φ✱ ❝♦♥s✐❞❡r❛♠♦s ψ(t) = φ(t1/δ)✳ ❈♦♠♦

(M θ
φf(x))

δ = sup
Q∋x

rQ≤ρ(xQ)

‖f‖δφ,Q
(

1 +
rQ

ρ(xQ)

)θδ

②

‖f‖δφ,Q = ı́nf

{

λδ :
1

|Q|

ˆ

Q

φ

( |f |
λ

)

≤ 1

}

= ı́nf

{

λδ :
1

|Q|

ˆ

Q

ψ

( |f |δ
λδ

)

≤ 1

}

=
∥

∥|f |δ
∥

∥

ψ,Q
.

,

t❡♥❡♠♦s q✉❡
(M θ

φf)
δ =M θδ

ψ (|f |δ).
❆❞❡♠ás✱ ψ(t)/t1/δ ❡s ❝❛s✐ ❝r❡❝✐❡♥t❡ ❞❡❜✐❞♦ ❛ ❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ φ✳ ❊♥t♦♥❝❡s✱ ♣♦❞❡♠♦s
❛♣❧✐❝❛r ❡❧ ✐t❡♠ ✶✮ ❞❡ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✻✳✺✳✸✱ ♣❛r❛ ✈❡r q✉❡ M θδ

ψ (|f |δ) ∈ A❧♦❝
1 ✳

❖❜s❡r✈❛❝✐ó♥ ✻✳✺✳✺✳ ◆♦t❛r q✉❡ ♣❛r❛ ❝✉❛❧q✉✐❡r f ♠❡❞✐❜❧❡ s❡ t✐❡♥❡ q✉❡ M θ
φf(x) < ∞ ♣❛r❛

t♦❞♦ x ∈ Rd✱ ♦ ❜✐❡♥ M θ
φf ≡ ∞✳

❘❡❝♦r❞❡♠♦s q✉❡ ✉♥ ♣❡s♦ u ♣❡rt❡♥❡❝❡ ❛ ❧❛ ❝❧❛s❡ RH ❧♦❝
∞ s✐ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧

q✉❡

sup
B
u ≤ C

|B|

ˆ

B

u,

P❛r❛ t♦❞❛ ❜♦❧❛ B = B(xB, rB) ❝♦♥ rB ≤ ρ(xB)✳

❊❧ s✐❣✉✐❡♥t❡ ❧❡♠❛ ♥♦s ❞❛ ✉♥❛ ♠❛♥❡r❛ ❞❡ ❝♦♥str✉✐r ♣❡s♦s ❡♥ RH ❧♦❝
∞ ✳

▲❡♠❛ ✻✳✺✳✻✳ ❙✐ w ∈ A❧♦❝
1 ✱ ❡♥t♦♥❝❡s w−γ ∈ RH ❧♦❝

∞ ♣❛r❛ t♦❞♦ γ > 0✳



✻✳✺ Pr✉❡❜❛ ❞❡❧ ❚❡♦r❡♠❛ ✻✳✶✳✶ ✶✸✾

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ B = B(xB, rB) ✉♥ ❝✉❜♦ ❝♦♥ rB ≤ ρ(xB)✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r ❞❡❜❡♠♦s
♦❜s❡r✈❛r q✉❡ ❛♣❧✐❝❛♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r ❝♦♥ ❡①♣♦♥❡♥t❡s γ+1 ② (γ+1)′ = (γ+1)/γ✱

1 =

(

1

|B|

ˆ

B

w
γ

γ+1w
−γ
γ+1

)γ+1

≤
(

1

|B|

ˆ

B

w

)γ (
1

|B|

ˆ

B

w−γ
)

. ✭✻✳✺✳✻✮

❊♥t♦♥❝❡s✱ ♣❛r❛ x ∈ B✱ ✉s❛♥❞♦ q✉❡ w ∈ A❧♦❝
1

w−γ(x) ≤ C

(

1

|B|

ˆ

B

w

)−γ
≤ C

|B|

ˆ

B

w−γ.

❈♦r♦❧❛r✐♦ ✻✳✺✳✼✳ ❉❛❞♦s ✉♥ ♣❡s♦ w✱ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ ψ✱ θ ≥ 0 ② r > 1✱ s❡ t✐❡♥❡
q✉❡ (M θ

ψw)
1−r ∈ RH ❧♦❝

∞ ∩ A❧♦❝
s ✱ ♣❛r❛ t♦❞♦ s > r✳

❉❡♠♦str❛❝✐ó♥✳ ❆♣❧✐❝❛♥❞♦ ❡❧ ❈♦r♦❧❛r✐♦ ✻✳✺✳✹ ❝♦♥ δ = r−1
s−1

s❡ t✐❡♥❡ q✉❡ (M θ
ψw)

r−1
s−1 ∈ A❧♦❝

1 ✳
❊♥t♦♥❝❡s✱ ❛♣❧✐❝❛♥❞♦ ❡❧ ❧❡♠❛ ❛♥t❡r✐♦r ❝♦♥ γ = s − 1 ♦❜t❡♥❡♠♦s (M θ

ψw)
1−r ∈ RH ❧♦❝

∞ ✳

❆❞❡♠ás✱ ❝♦♠♦ A❧♦❝
1 ⊂ A❧♦❝

s′ t❡♥❡♠♦s q✉❡ (M θ
ψw)

r−1
s−1 ∈ A❧♦❝

s′ ✳ ❊♥t♦♥❝❡s (M
θ
ψw)

1−r ∈ A❧♦❝
s ✳

❋✐♥❛❧✐③❛♠♦s ❡st❛ s❡❝❝✐ó♥ ❝♦♥ ❧❛ ♣r✉❡❜❛ ❞❡❧ t❡♦r❡♠❛ ❝❡♥tr❛❧ ❞❡ ❡st❡ ❝❛♣ít✉❧♦✳

❉❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✻✳✶✳✶✳ ❙❡❛ 0 < η < 1 ❛ ❡❧❡❣✐r ② p > s′✱
(
ˆ

|Tf |pw1(M
θ
ψw2)

1−p/s′
)η/p

= ‖|Tf |ηwη/p1 (M θ
ψw2)

(1−p/s′)η/p‖Lp/η

=

ˆ

|Tf |ηwη/p1 (M θ
ψw2)

(1−p/s′)η/ph,

♣❛r❛ ❝✐❡rt❛ ❢✉♥❝✐ó♥ h ∈ L(p/η)′ t❛❧ q✉❡ ‖h‖L(p/η)′ = 1✳

❯s❛♥❞♦ ❡❧ ❚❡♦r❡♠❛ ✻✳✸✳✹ ② ❡❧ ❈♦r♦❧❛r✐♦ ✻✳✺✳✼ t❡♥❡♠♦s

(
ˆ

|Tf |pw1(M
θ
ψw2)

1−p/s′
)η/p

≤
ˆ

M ♯
ρ(|Tf |η)Mρ,❧♦❝(w

η/p
1 h)(M θ

ψw2)
(1−p/s′)η/p.

❆❤♦r❛✱ ❡s ♣♦s✐❜❧❡ ✜❥❛r ❧❛ ❢✉♥❝✐ó♥ F (t) =p/η logp/η−1+δ̃(1+t) ② ❡❧❡❣✐r η < 1 ② δ̃ > 0 t❛❧❡s
q✉❡ p/η−1+δ̃ = p−1+δ✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ❡s ❢á❝✐❧ ❝♦♠♣r♦❜❛r q✉❡ F̄ (t) ∈ E(p/η)′ ✳ ❯s❛♥❞♦ ❧❛
❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r ♣❛r❛ ❢✉♥❝✐♦♥❡s ❞❡ ❨♦✉♥❣ ✭✈❡r Pr♦♣♦s✐❝✐ó♥ ✶✳✶✳✶✮ ♣♦❞❡♠♦s ❡s❝r✐❜✐r

Mρ,❧♦❝(w
η/p
1 h) ≤ cMρ,❧♦❝

F (w
η/p
1 )Mρ,❧♦❝

F̄
(h)

= c(Mρ,❧♦❝
Φ0

(w1))
η/pMρ,❧♦❝

F̄
(h),



✶✹✵ ❉❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s

❞♦♥❞❡ Φ0(t) = t logp−1+δ(1 + t)✳ ❯s❛♥❞♦ ❡st♦✱ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✻✳✵✳✷✮ ♣❛r❛ ❧❛ ♠❛①✐♠❛❧
s❤❛r♣ ❞❡❧ ♦♣❡r❛❞♦r ❚ ② ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r t❡♥❡♠♦s q✉❡✱ ♣❛r❛ t♦❞♦ σ ≥ 0✱
(
ˆ

|Tf |pw1(M
θ
ψw2)

1−p/s′
)η/p

≤ Cσ

ˆ

(Mσ
s′f)

η(Mρ,❧♦❝
Φ0

w1)
η/p(M θ

ψw2)
(1−p/s′)η/pMρ,❧♦❝

F̄
h

≤ Cσ

(
ˆ

(Mσ
s′f)

pMρ,❧♦❝
Φ0

w1(M
θ
ψw2)

1−p/s′
)η/p(ˆ

(MF̄h)
(p/η)′

)1/(p/η)′

.

❊❧ s❡❣✉♥❞♦ ❢❛❝t♦r ❡stá ❛❝♦t❛❞♦ ♣♦r ✉♥❛ ❝♦♥st❛♥t❡ ②❛ q✉❡ F̄ ∈ E(p/η)′ ② ‖h‖L(p/η)′ = 1✳
❊♥ ❡❧ ♣r✐♠❡r ❢❛❝t♦r ♣♦❞❡♠♦s ❡❧❡❣✐r σ > σ0 ② ✉s❛r ❡❧ r❡s✉❧t❛❞♦ ❝♦♥ ❞♦s ♣❡s♦s ♣❛r❛ ❧❛
♠❛①✐♠❛❧ Mσ

s′ ❞❛❞❛ ❡♥ ❡❧ ❈♦r♦❧❛r✐♦ ✻✳✹✳✻ ②❛ q✉❡✱ ❡♥ ✈✐st❛s ❞❡ ❧❛ ❤✐♣ót❡s✐s s♦❜r❡ psi✱ ❡❧ ♣❛r
❞❡ ♣❡s♦s (Mρ,❧♦❝

Φ0
w1, (M

θ
ψw2)

1−p/s′ , (M θMρ,❧♦❝
Φ0

w1)w
1−p/s′
2 ) ❡s ✉♥ ♣❛r ❛❞♠✐s✐❜❧❡ ♣❛r❛ r = p/s′

❞❡ ❛❝✉❡r❞♦ ❛❧ ❊❥❡♠♣❧♦ ✻✳✹✳✼✱ ♦❜t❡♥✐❡♥❞♦

ˆ

(Mσ
s′f)

pMρ,❧♦❝
Φ0

w1(M
θ
ψw2)

1−p/s′ ≤ C

ˆ

|f |p(M θMρ,❧♦❝
Φ0

w1)w
1−p/s′
2 .

❋✐♥❛❧♠❡♥t❡✱ ✉s❛♥❞♦ ❧❛ s❡❣✉♥❞❛ ♣❛rt❡ ❞❡ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✻✳✺✳✸ t❡♥❡♠♦s q✉❡ M θMρ,❧♦❝
Φ0

w1 ≤
CM θ

φw1 ❝♦♥ φ(t) = t logp+δ(1 + t) ♣❛r❛ ♦❜t❡♥❡r ❡❧ r❡s✉❧t❛❞♦ ❞❡s❡❛❞♦

ˆ

|Tf |pw1(M
θ
ψw2)

1−p/s′ ≤ C

ˆ

|f |pM θ
φw1w

1−p/s′
2

✻✳✻✳ ❆♣❧✐❝❛❝✐ó♥ ❛ ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❛s♦❝✐❛❞❛s ❛❧ ♦♣❡✲

r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r

❊st❛ s❡❝❝✐ó♥ t✐❡♥❡ ❞♦s ♦❜❥❡t✐✈♦s✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r ✈❛♠♦s ❛ ❡♥✉♥❝✐❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡
❛❝♦t❛❝✐ó♥ ❝♦♥ ❞♦s ♣❡s♦s q✉❡ s❡ s✐❣✉❡♥ ❞❡ ❛♣❧✐❝❛r ❡❧ ❚❡♦r❡♠❛ ✻✳✶✳✶ ❛ ❧♦s ❡❥❡♠♣❧♦s ❞❡ ❖♣❡✲
r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ) ✐♥tr♦❞✉❝✐❞♦s ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✷✱
❡st♦ ❡s✱ ❧♦s ♦♣❡r❛❞♦r❡s R⋆

1 = L−1/2∇✱ R⋆
2 = L−1∇2 ② ❧❛s ❢❛♠✐❧✐❛s ❞❡ ♦♣❡r❛❞♦r❡s L−γV γ

❝♦♥ 0 < γ < d/2 ② L−γ∇V γ−1/2 ❝♦♥ 1/2 ≤ γ < 1✳

❖❜s❡r✈❡♠♦s q✉❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡❧ ❚❡♦r❡♠❛ ✻✳✶✳✶ ❞❡♣❡♥❞❡♥ ❞❡ T só❧♦ ❛ tr❛✈és ❞❡❧
♣❛rá♠❡tr♦ s✱ ❡❧ ❝✉❛❧ ✜❥❛ t❛♥t♦ ❧♦s ✈❛❧♦r❡s ♣❡r♠✐t✐❞♦s ❞❡ p ❝♦♠♦ ❧♦s ♣❛r❡s ❞❡ ♣❡s♦s✳ ❉❡ ❡st❛
♠❛♥❡r❛✱ ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s ❝♦♥s✐st✐rá♥ ❡♥ ❡s❝r✐❜✐r ❧❛ ❝♦♥❝❧✉s✐ó♥ ❞❡❧ t❡♦r❡♠❛ ♣❛r❛ ❡❧ ✈❛❧♦r
♣❛rt✐❝✉❧❛r ❞❡ s✳ ❱❛❧❡ ❞❡st❛❝❛r ❛q✉í q✉❡ ♣♦❞❡♠♦s ❞✉❛❧✐③❛r ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ♦❜t❡♥✐❞❛s ♣❛r❛
❡st♦s ♦♣❡r❛❞♦r❡s✱ ♦❜t❡♥✐❡♥❞♦ ❛sí ❞❡s✐❣✉❛❧❞❛❞❡s ♣❛r❛ R1 ② R2✳ ❊♥ s❡❣✉♥❞♦ ❧✉❣❛r ✈❛♠♦s ❛
❝♦♠♣❛r❛r ❡st❡ t✐♣♦ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ❧❛s ♦❜t❡♥✐❞❛s ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✺ ♣❛r❛ ❧♦s ♠✐s♠♦s
❡❥❡♠♣❧♦s ❞❡ ♦♣❡r❛❞♦r❡s ❛✉♥q✉❡ ✉s❛♥❞♦ ❞✐❢❡r❡t❡s té❝♥✐❝❛s✳



✻✳✻ ❆♣❧✐❝❛❝✐ó♥ ❛ ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❛s♦❝✐❛❞❛s ❛❧ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r ✶✹✶

✻✳✻✳✶✳ ❆♣❧✐❝❛❝✐♦♥❡s

❈♦♠❡♥❝❡♠♦s ❛♥❛❧✐③❛♥❞♦ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r R1 ② R2✳ P❛r❛ R1

❞❡❜❡♠♦s ❞✐❢❡r❡♥❝✐❛r ❞♦s ❝❛s♦s✳ ❙✐ V ∈ RHq ❝♦♥ q > d✱ ✈✐♠♦s ❡♥ ❧❛ ❙❡❝❝✐ó♥ ✷✳✸ q✉❡ t❛♥t♦
R1 ❝♦♠♦ s✉ ❛❞❥✉♥t♦ R⋆

1 s♦♥ ♦♣❡r❛❞♦r❡s ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (∞, δ)
❝♦♥ δ = 1−d/q ② δ = 1 r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ ❛♣❧✐❝❛♥❞♦ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✻✳✵✳✽
t❡♥❡♠♦s q✉❡ ♣❛r❛ t♦❞♦ 0 < η < 1 ② σ ≥ 0 ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

[M ♯
ρ(|R(⋆)

1 f |η)(x)]1/η ≤ CMσf(x). ✭✻✳✻✳✶✮

▲✉❡❣♦✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❡❧ ❚❡♦r❡♠❛ ✻✳✶✳✶ ♣❛r❛ ♦❜t❡♥❡r ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦

❚❡♦r❡♠❛ ✻✳✻✳✶✳ ❙✉♣♦♥❣❛♠♦s q✉❡ V ∈ RHq ❝♦♥ q > d✳❙❡❛♥ 1 < p < ∞✱ w1 ② w2 ❞♦s
♣❡s♦s ② ψ ② φ ✉♥ ♣❛r ❞❡ ❢✉♥❝✐♦♥❡s ❞❡ ❨♦✉♥❣ t❛❧❡s q✉❡ ψ ❞✉♣❧✐❝❛✱

ˆ ∞

c

(

t

ψ(t)

)p−1
dt

t
<∞, ✭✻✳✻✳✷✮

② φ(t) = t logp+δ(1 + t)✱ ♣❛r❛ ❛❧❣ú♥ δ > 0✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ ❝❛❞❛ θ ≥ 0✱ ❡①✐st❡ C = C(p, θ)
t❛❧ q✉❡

ˆ

|R1f |pw1(M
θ
ψw2)

1−p ≤ C

ˆ

|f |p(M θ
φw1)w

1−p
2 . ✭✻✳✻✳✸✮

❆❞❡♠ás✱ ❧❛ ♠✐s♠❛ ❞❡s✐❣✉❛❧❞❛❞ ✈❛❧❡ ♣❛r❛ ❡❧ ♦♣❡r❛❞♦r R⋆
1✳

❊♥ ❡❧ ❝❛s♦ d/2 < q < d t❡♥❡♠♦s q✉❡ R⋆
1 ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲

❩②❣♠✉♥❞ ❞❡ t✐♣♦ (p0, δ) ♣❛r❛ p0 t❛❧ q✉❡ 1/p0 = 1/q − 1/d ② δ = 2− d/q✳ P♦r ❧❛ Pr♦♣♦s✐✲
❝✐ó♥ ✻✳✵✳✽✱ ♣❛r❛ 0 < η ≤ 1 ② σ ≥ 0 ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

[M ♯
ρ(|R⋆

1f |η)(x)]1/η ≤ CMσ
p′0
f(x). ✭✻✳✻✳✹✮

◆✉❡✈❛♠❡♥t❡✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❡❧ ❚❡♦r❡♠❛ ✻✳✶✳✶ ♣❛r❛ ♦❜t❡♥❡r ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✻✳✻✳✷✳ ❙✉♣♦♥❣❛♠♦s q✉❡ V ∈ RHq ❝♦♥ q > d/2✳ ❙❡❛♥ p′0 < p < ∞✱ w1 ② w2

❞♦s ♣❡s♦s ② ψ ② φ ✉♥ ♣❛r ❞❡ ❢✉♥❝✐♦♥❡s ❞❡ ❨♦✉♥❣ t❛❧❡s q✉❡ ψ ❞✉♣❧✐❝❛✱

ˆ ∞

c

(

t

ψ(t)

)p/p′0−1
dt

t
<∞, ✭✻✳✻✳✺✮

② φ(t) = t logp+δ(1 + t)✱ ♣❛r❛ ❛❧❣ú♥ δ > 0✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ ❝❛❞❛ θ ≥ 0✱ ❡①✐st❡ C = C(p, θ)
t❛❧ q✉❡

ˆ

|R⋆
1f |pw1(M

θ
ψw2)

1−p/p′0 ≤ C

ˆ

|f |p(M θ
φw1)w

1−p/p′0
2 , ✭✻✳✻✳✻✮

② ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ ♣♦r ❞✉❛❧✐❞❛❞✱

ˆ

|R1f |p
′

(M θ
φw1)

1−p′w
1−p′/p0
2 ≤ C

ˆ

|f |p′w1−p′
1 (M θ

ψw2)
1−p′/p0 . ✭✻✳✻✳✼✮



✶✹✷ ❉❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s

P❛r❛ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ✈✐♠♦s q✉❡✱ s✐ V ∈ RHq

❝♦♥ q > d/2✱ R⋆
2 ❡s ✉♥ ❖♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (q, δ) ❝♦♥

δ = mı́n{1, 2 − d/q}✳ ❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ ♣❛r❛ 0 < η ≤ 1 ② σ ≥ 0 ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C
t❛❧ q✉❡

[M ♯
ρ(|R⋆

2f |η)(x)]1/η ≤ CMσ
q′f(x). ✭✻✳✻✳✽✮

❆♣❧✐❝❛♥❞♦ ❡❧ ❚❡♦r❡♠❛ ✻✳✶✳✶ ♦❜t❡♥❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✻✳✻✳✸✳ ❙✉♣♦♥❣❛♠♦s q✉❡ V ∈ RHq ❝♦♥ q > d/2✳ ❙❡❛♥ q′ < p < ∞✱ w1 ② w2

❞♦s ♣❡s♦s ② ψ ② φ ✉♥ ♣❛r ❞❡ ❢✉♥❝✐♦♥❡s ❞❡ ❨♦✉♥❣ t❛❧❡s q✉❡ ψ ❞✉♣❧✐❝❛✱

ˆ ∞

c

(

t

ψ(t)

)p/q′−1
dt

t
<∞, ✭✻✳✻✳✾✮

② φ(t) = t logp+δ(1 + t)✱ ♣❛r❛ ❛❧❣ú♥ δ > 0✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ ❝❛❞❛ θ ≥ 0✱ ❡①✐st❡ C = C(p, θ)
t❛❧ q✉❡

ˆ

|R⋆
1|pw1(M

θ
ψw2)

1−p/q′ ≤ C

ˆ

|f |p(M θ
φw1)w

1−p/q′
2 , ✭✻✳✻✳✶✵✮

② ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ ♣♦r ❞✉❛❧✐❞❛❞✱
ˆ

|R2f |p
′

(M θ
φw1)

1−p′w
1−p′/q
2 ≤ C

ˆ

|f |p′w1−p′
1 (M θ

ψw2)
1−p′/q. ✭✻✳✻✳✶✶✮

❉❡ ♥✉❡✈♦✱ ♣♦❞❡♠♦s ❞✉❛❧✐③❛r ❡st❡ r❡s✉❧t❛❞♦ ♣❛r❛ ♦❜t❡♥❡r

❯♥ ❛♥á❧✐s✐s s✐♠✐❧❛r ♣✉❡❞❡ ❤❛❝❡rs❡ ♣❛r❛ ❧♦s ♦♣❡r❛❞♦r❡s ❞❡ t✐♣♦ L−γV γ ❝♦♥ 0 < γ < d/2
② L−γ∇V γ−1/2 ♣❛r❛ 1/2 < γ ≤ 1✳ ❊♥✉♥❝✐❛♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s✳

❚❡♦r❡♠❛ ✻✳✻✳✹✳ ❙❡❛♥ 0 < γ < d/2✱ V ∈ RHq ❝♦♥ q > d/2✱ p > (q/γ)′✱ w1 ② w2 ❞♦s
♣❡s♦s ② ψ ② φ ✉♥ ♣❛r ❞❡ ❢✉♥❝✐♦♥❡s ❞❡ ❨♦✉♥❣ t❛❧❡s q✉❡ ψ ❞✉♣❧✐❝❛✱

ˆ ∞

c

(

t

ψ(t)

)p/q′−1
dt

t
<∞, ✭✻✳✻✳✶✷✮

② φ(t) = t logp+δ(1 + t)✱ ♣❛r❛ ❛❧❣ú♥ δ > 0✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ ❝❛❞❛ θ ≥ 0✱ ❡①✐st❡ C = C(p, θ)
t❛❧ q✉❡

ˆ

|L−γV γf |pw1(M
θ
ψw2)

1−p/(q/γ)′ ≤ C

ˆ

|f |p(M θ
φw1)w

1−p/(q/γ)′
2 , ✭✻✳✻✳✶✸✮

② ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛
ˆ

|V γL−γf |p′(M θ
φw1)

1−p′w
1−p′/(q/γ)
2 ≤ C

ˆ

|f |p′w1−p′
1 (M θ

ψw2)
1−p′/(q/γ). ✭✻✳✻✳✶✹✮

❚❡♦r❡♠❛ ✻✳✻✳✺✳ ❙❡❛♥ 1/2 < γ ≤ 1✱ V ∈ RHq ❝♦♥ q > d/2✱ p > (q/γ′)✱ ❝♦♥ pγ t❛❧ q✉❡

1

pγ
=

(

1

q
− 1

d

)+

+
2γ − 1

2q
✳ ❙❡❛♥ w1 ② w2 ❞♦s ♣❡s♦s ② ψ ② φ ✉♥ ♣❛r ❞❡ ❢✉♥❝✐♦♥❡s ❞❡ ❨♦✉♥❣

t❛❧❡s q✉❡ ψ ❞✉♣❧✐❝❛✱
ˆ ∞

c

(

t

ψ(t)

)p/p′γ−1
dt

t
<∞, ✭✻✳✻✳✶✺✮



✻✳✻ ❆♣❧✐❝❛❝✐ó♥ ❛ ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❛s♦❝✐❛❞❛s ❛❧ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r ✶✹✸

② φ(t) = t logp+δ(1 + t)✱ ♣❛r❛ ❛❧❣ú♥ δ > 0✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ ❝❛❞❛ θ ≥ 0✱ ❡①✐st❡ C = C(p, θ)
t❛❧ q✉❡

ˆ

|L−γ∇V γ−1/2f |pw1(M
θ
ψw2)

1−p/p′γ ≤ C

ˆ

|f |p(M θ
φw1)w

1−p/p′γ
2 , ✭✻✳✻✳✶✻✮

② ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛
ˆ

|V γ−1/2∇L−γf |p′(M θ
φw1)

1−p′w
1−p′/pγ
2 ≤ C

ˆ

|f |p′w1−p′
1 (M θ

ψw2)
1−p′/pγ . ✭✻✳✻✳✶✼✮

✻✳✻✳✷✳ ❘❡❧❛❝✐ó♥ ❝♦♥ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡❧ ❈❛♣ít✉❧♦ ✺

❊♥ ❡st❡ ❝❛♣ít✉❧♦ ♦❜t✉✈✐♠♦s ❝✐❡rt❛s ❞❡s✐❣✉❛❧❞❛❞❡s q✉❡ ✐♥✈♦❧✉❝r❛♥ ❡s♣❛❝✐♦s Lp ❝♦♥ ♣❡s♦s
❞✐❢❡r❡♥t❡s ♣❛r❛ ♦♣❡r❛❞♦r❡s ❛s♦❝✐❛❞♦s ❛ L ❝♦♠♦ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝r❤ö❞✐♥❣❡rR1

② R2✳ ❯♥❛ ♣r❡❣✉♥t❛ ♥❛t✉r❛❧ ❡♥ ❡st❡ ♣✉♥t♦ ❡s q✉é r❡❧❛❝✐ó♥ t✐❡♥❡♥ ❡st❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♥
❧❛s q✉❡ ♠♦str❛♠♦s ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✺ ♣❛r❛ ❧♦s ♠✐s♠♦s ♦♣❡r❛❞♦r❡s✳ ❱❡r❡♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥
q✉❡✱ ❛✉♥q✉❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❡st❡ ❝❛♣ít✉❧♦ ♣❛r❡❝❡♥ s❡r ♠ás ❣❡♥❡r❛❧❡s✱ ♥♦ ♣♦❞❡♠♦s
r❡❝✉♣❡r❛r ❛ ♣❛rt✐r ❞❡ ❡❧❧❛s t♦❞❛s ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ t✐♣♦ ❋❡✛❡r♠❛♥✲❙t❡✐♥ q✉❡ ♦❜t✉✈✐♠♦s
❡♥ ❡❧ ❈❛♣ít✉❧♦ ✺ ✈í❛ ❝♦♠♣❛r❛❝✐ó♥✳

❙❡❛♥ V ∈ RHq ❝♦♥ q > d/2✱ T ❛❧❣✉♥♦ ❞❡ ❧♦s ♦♣❡r❛❞♦r❡s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r R1 ♦ R2

② T ⋆ s✉ ♦♣❡r❛❞♦r ❛❞❥✉♥t♦ ✭R⋆
1 ♦ R⋆

2 r❡s♣❡❝t✐✈❛♠❡♥t❡✮✳ ❈♦♠♦ ✈✐♠♦s ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✷✱ T ⋆

❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✲❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ t✐♣♦ (s, δ) ♣❛r❛ ❝✐❡rt♦s 1 < s ≤ ∞
② 0 < δ ≤ 1 q✉❡ ❞❡♣❡♥❞❛♥ ❞❡ q✳ ❙✉♣♦♥❣❛♠♦s q✉❡ s < ∞✱ t♦♠❡♠♦s p′ > s′ ② θ ≥ 0✳
P♦❞❡♠♦s ❛♣❧✐❝❛r ❡❧ ❚❡♦r❡♠❛ ✻✳✶✳✶ ♣❛r❛ ♦❜t❡♥❡r ❧❛ s✐❣✉✐❡♥t❡ ❞❡s✐❣✉❛❧❞❛❞✿

ˆ

|T ⋆f |p′w1(M
θ
ψp′
w2)

1−p′/s′ ≤ C

ˆ

|f |p′(M θ
φp′
w1)w

1−p′/s′
2 , ✭✻✳✻✳✶✽✮

♣❛r❛ ❝✉❛❧q✉✐❡r ♣❛r ❞❡ ♣❡s♦s w1✱ w2✱ s✐❡♠♣r❡ q✉❡ ψ ② φ s❡❛♥ ❢✉♥❝✐♦♥❡s ❞❡ ❨♦✉♥❣ t❛❧❡s q✉❡
ˆ ∞

c

(

t

ψp′(t)

)p′/s′−1
dt

t
<∞ ✭✻✳✻✳✶✾✮

② φ(t) = t logp
′+ε(1 + t) ♣❛r❛ ❛❧❣ú♥ ε > 0✳ ▼❡❞✐❛♥t❡ ✉♥ ❛r❣✉♠❡♥t♦ ❞❡ ❞✉❛❧✐❞❛❞ ♣♦❞❡♠♦s

♦❜t❡♥❡r✱
ˆ

|Tf |p(M θ
φp′
w1)

1−pw
(1−p′/s′)(1−p)
2 ≤ C

ˆ

|f |pw1−p
1 (M θ

ψp′
w2)

(1−p′/s′)(1−p), ✭✻✳✻✳✷✵✮

q✉❡ ♣✉❡❞❡ r❡❡s❝r✐❜✐rs❡ ❝♦♠♦
ˆ

|Tf |p(M θ
φp′
w1)

1−pw
1−p/s
2 ≤ C

ˆ

|f |pw1−p
1 (M θ

ψp′
w2)

1−p/s. ✭✻✳✻✳✷✶✮

P♦r ♦tr♦ ❧❛❞♦✱ ♣❛r❛ p ② s ❝♦♠♦ ❛rr✐❜❛ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❡❧ ❚❡♦r❡♠❛ ✺✳✶✳✶ ♣❛r❛ ♦❜t❡♥❡r
❧❛s s✐❣✉✐❡♥t❡s ❞❡s✐❣✉❛❧❞❛❞❡s✿

ˆ

|Tf |pu ≤ C

ˆ

|f |pM θ
r u, ✭✻✳✻✳✷✷✮



✶✹✹ ❉❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s

♣❛r❛ ❝✉❛❧q✉✐❡r ♣❡s♦ u✱ ❞♦♥❞❡ r = (s/p)′ ②
ˆ

|T ⋆f |p′v ≤ C

ˆ

|f |p′M θ
Ap′
v, ✭✻✳✻✳✷✸✮

♣❛r❛ ❝✉❛❧q✉✐❡r ♣❡s♦ v s✐❡♠♣r❡ q✉❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❨♦✉♥❣ Ap′ ∈ Dp′ ✳ ❆❤♦r❛✱ ♣♦❞❡♠♦s
❞✉❛❧✐③❛r ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✻✳✻✳✷✷✮ ② ✭✻✳✻✳✷✸✮ ♣❛r❛ ♦❜t❡♥❡r

ˆ

|T ⋆f |p′(M θ
r u)

1−p′ ≤ C

ˆ

|f |p′u1−p′ , ✭✻✳✻✳✷✹✮

ˆ

|Tf |p(M θ
Ap′
v)1−p ≤ C

ˆ

|f |pv1−p. ✭✻✳✻✳✷✺✮

■♥t❡♥t❡♠♦s ❡♥ ♣r✐♠❡r ❧✉❣❛r r❡❝✉♣❡r❛r ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✻✳✻✳✷✷✮ ② ✭✻✳✻✳✷✺✮ ♣❛r❛ T
❞❡ ✭✻✳✻✳✷✶✮✳ ❙✐ ♣♦♥❡♠♦s w2 = 1 ❡♥ ✭✻✳✻✳✷✶✮ t❡♥❡♠♦s q✉❡

ˆ

|Tf |p(M θ
φp′
w1)

1−p ≤ C

ˆ

|f |pw1−p
1 , ✭✻✳✻✳✷✻✮

❉❡ ❡st❛ ♠❛♥❡r❛ ♦❜t❡♥❡♠♦s ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ♠ás ❞é❜✐❧ q✉❡ ✭✻✳✻✳✷✺✮ ♣✉❡st♦ q✉❡ φp′ ❞❡❜❡
s❡r ❞❡ ❧❛ ❢♦r♠❛ φp′(t) = t logp

′+ε(1 + t) ♣❛r❛ ε > 0✱ ♠✐❡♥tr❛s q✉❡ ♣✉❡❞❡ ❡❧❡❣✐rs❡ Ap′(t) =
t logp

′−1+ε✳

❆❤♦r❛✱ s✐ ♣♦♥❡♠♦s w1 = 1 ② w2 = us/(s−p) = u(s/p)
′

❡♥ ✭✻✳✻✳✷✶✮ ♦❜t❡♥❡♠♦s
ˆ

|Tf |pu ≤ C

ˆ

|f |p(M θ
ψp′
u(s/p)

′

)1−p/s =

ˆ

|f |pM θ
G(u), ✭✻✳✻✳✷✼✮

❞♦♥❞❡ G(t) = ψp′(t
(s/p)′)✳ ❉❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✻✳✻✳✶✾✮ ♣❛r❛ ψp′ s❡ s✐❣✉❡ q✉❡ G ❞❡❜❡ s❛t✐s❢❛❝❡r

ˆ ∞

c

(

t(s/p)
′

G(t)

)p′/s′−1
dt

t
<∞. ✭✻✳✻✳✷✽✮

▲✉❡❣♦✱ ♥♦ ♣♦❞❡♠♦s ❡❧❡❣✐r G(t) = t(s/p)
′

= tr ✭♣❡r♦ sí ❝✉❛❧q✉✐❡r ♣♦t❡♥❝✐❛ ♠❛②♦r q✉❡ r✮✳
❊st♦ ❡s✱ ♥♦ ♣♦❞❡♠♦s r❡❝✉♣❡r❛r ✭✻✳✻✳✷✷✮✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ✐♥t❡♥t❛r❡♠♦s r❡❝✉♣❡r❛r ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✻✳✻✳✷✸✮ ② ✭✻✳✻✳✷✹✮ ♣❛r❛ T ⋆

❛ ♣❛rt✐r ❞❡ ✭✻✳✻✳✶✽✮✳ ❙✐ ❤❛❝❡♠♦s w2 = 1 ❡♥ ✭✻✳✻✳✶✽✮ ♦❜t❡♥❡♠♦s
ˆ

|T ⋆f |p′w1 ≤ C

ˆ

|f |p′M θ
φp′
w1, ✭✻✳✻✳✷✾✮

❝♦♥ φp′(t) = t logp
′+ε(1 + t)✱ ❧♦ ❝✉❛❧ ♥♦ ♥♦s ♣❡r♠✐t❡ r❡❝✉♣❡r❛r ✭✻✳✻✳✷✸✮✳ ❉❡❧ ♠✐s♠♦ ♠♦❞♦✱

♣♦♥✐❡♥❞♦ w1 = 1 ② w2 = u(1−p
′)(s′/(s′−p′)) = u(s/p)

′

❡♥ ✭✻✳✻✳✶✽✮ t❡♥❡♠♦s
ˆ

|T ⋆f |p′(M θ
ψp′
u(s/p)

′

)1−p
′/s′ ≤ C

ˆ

|f |p′u1−p′ , ✭✻✳✻✳✸✵✮

❡st♦ ❡s✱
ˆ

|T ⋆f |p′(M θ
Gu)

1−p′ ≤ C

ˆ

|f |p′u1−p′ , ✭✻✳✻✳✸✶✮

❝♦♥G ❝♦♠♦ ❛rr✐❜❛✳ ▲✉❡❣♦✱ t❛♠♣♦❝♦ ❛q✉í ♣♦❞❡♠♦s ❡❧❡❣✐rG(t) = tr ♣❛r❛ r❡❝✉♣❡r❛r ✭✻✳✻✳✷✹✮✳



❈♦♥❝❧✉s✐♦♥❡s

❊s ♣♦s✐❜❧❡ ❞❛r ✉♥❛ ❡①♣r❡s✐ó♥ ♣✉♥t✉❛❧ ❧♦❝❛❧ ♣❛r❛ ❡❧ ♥ú❝❧❡♦ ❞❡ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡
❘✐❡s③✲❙❝❤rö❞✐♥❣❡r ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ R2 = ∇2L−1✳

▲❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r ❞❡ ♣r✐♠❡r♦ ② s❡❣✉♥❞♦ ♦r❞❡♥✱ ✐♥❝❧✉②❡♥❞♦
❛q✉é❧❧❛s q✉❡ ✐♥✈♦❧✉❝r❛♥ ♣♦t❡♥❝✐❛s ❞❡❧ ♣♦t❡♥❝✐❛❧ V ♦ s✉s ❛❞❥✉♥t❛s✱ ❡♥ ♠✉❝❤♦s ❝❛s♦s s❡
♣✉❡❞❡♥ tr❛t❛r s✐♠✉❧tá♥❡❛♠❡♥t❡✱ ❞❡✜♥✐❡♥❞♦ ❢❛♠✐❧✐❛s q✉❡ ❡♥❣❧♦❜❡♥ s✉s ♣r♦♣✐❡❞❛❞❡s
❜ás✐❝❛s ♥❡❝❡s❛r✐❛s ♣❛r❛ ♣r♦❜❛r ❧❛s ❡st✐♠❛❝✐♦♥❡s ❞❡s❡❛❞❛s✳ ❯♥❛ ♣r♦♣✐❡❞❛❞ q✉❡ ❝♦♠✲
♣❛rt❡♥ t♦❞❛s ② q✉❡ ❧❛s ❤❛❝❡ ♠❡❥♦r❡s q✉❡ ❧❛s ❘✐❡s③ ❝❧ás✐❝❛s ❡s s✉ ❢✉❡rt❡ ❞❡❝❛✐♠✐❡♥t♦
❡♥ ❡❧ ✐♥✜♥✐t♦✱ ♠❡❞✐❞♦ ②❛ s❡❛ ❡♥ ♠❡❞✐❛ ♦ ♣✉♥t✉❛❧♠❡♥t❡✳

❇❛❥♦ ❧❛ ❝♦♥❞✐❝✐ó♥ r❡✈❡rs❡✲❍ö❧❞❡r ❞❡ ♦r❞❡♥ q > d/2 s♦❜r❡ ❡❧ ♣♦t❡♥❝✐❛❧✱ ❡s ♣♦s✐❜❧❡
♦❜t❡♥❡r ♦❜t❡♥❡r ❡st✐♠❛❝✐♦♥❡s ❞❡ s✉❛✈✐❞❛❞ ❝♦♥ ♣❡s♦s ♣❛r❛ ❧❛s ❛❞❥✉♥t❛s ❞❡ ❧❛s ❚r❛♥s✲
❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r✳ ❙✐ r❡q✉❡r✐♠♦s q > d ♣❛r❛ ∇L−1/2 ♦ ✉♥❛ ❝♦♥❞✐❝✐ó♥
♠ás ❢✉❡rt❡ ♣❛r❛ ❧♦s ♦tr♦s ❝❛s♦s✱ ✈❛❧❡♥ t❛♠❜✐é♥ ❡st❛s ❡st✐♠❛❝✐♦♥❡s ♣❛r❛ ❧❛s r❡st❛♥t❡s
tr❛♥s❢♦r♠❛❞❛s✳

▼❡❞✐❛♥t❡ ❡❧ ♠ét♦❞♦ ❞❡ ❝♦♠♣❛r❛❝✐ó♥ ❧♦❝❛❧ ❝♦♥ ❧❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s tr❛♥s❢♦r♠❛❞❛s ❞❡
❘✐❡s③ ❛s♦❝✐❛❞❛s ❛ −∇✱ ❡s ♣♦s✐❜❧❡ ❞❡♠♦str❛r ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ t✐♣♦ ❋❡✛❡r♠❛♥✲❙t❡✐♥
♣❛r❛ R1 = ∇L−1/2✱ R2 = ∇2L−1 ② s✉s ❛❞❥✉♥t❛s✳ ❊♥ ❡❧ ❝❛s♦ ❞❡ ❡st❛s ú❧t✐♠❛s ❧♦s
♦♣❡r❛❞♦r❡s ♠❛①✐♠❛❧❡s q✉❡ s❡ ❛♣❧✐❝❛♥ ❛❧ ♣❡s♦ r❡s✉❧t❛♥ ♠❡♥♦r❡s q✉❡ ❧♦s q✉❡ ❛♣❛r❡❝❡♥
❡♥ ❡❧ ❝❛s♦ ❝❧ás✐❝♦✱ s✐ ❜✐❡♥ ♣❛r❛ ❛❧❣✉♥♦ ❞❡ ❧♦s ♦♣❡r❛❞♦r❡s ❡❧ r❛♥❣♦ ❞❡ p ❡s ♠ás
r❡str✐♥❣✐❞♦✳

▲❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r q✉❡ ✐♥✈♦❧✉❝r❛♥ ❡❧ ♣♦t❡♥❝✐❛❧ t✐❡♥❡♥ ✉♥ t❛✲
♠❛ñ♦ ❝❡r❝❛ ❞❡ ❧❛ ❞✐❛❣♦♥❛❧ q✉❡ ❧❛s ❤❛❝❡ ♠❡❥♦r❡s q✉❡ ❡❧ r❡st♦✱ ❞❡ ♠♦❞♦ q✉❡ ♣✉❡❞❡♥
♦❜t❡♥❡rs❡ ❡st✐♠❛❝✐♦♥❡s ❞❡ t✐♣♦ ❋❡✛❡r♠❛♥✲❙t❡✐♥ q✉❡ ✐♥❝❧✉②❡♥ ❡❧ ❝❛s♦ ❢✉❡rt❡ ♣❛r❛
p = 1✳

▲♦s ♦♣❡r❛❞♦r❡s ❡♥ ❝✉❡st✐ó♥ ② s✉s ❛❞❥✉♥t♦s s❛t✐s❢❛❝❡♥ ❞❡s✐❣✉❛❧❞❛❞❡s ❡♥ Lp ♣❛r❛ ♣❛r❡s
❞❡ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s✱ ❝✉②❛ ❢♦r♠❛ s❡ ❡①♣r❡s❛ ❡♥ tér♠✐♥♦s ❞❡ ♦♣❡r❛❞♦r❡s ♠❛①✐♠❛❧❡s
♣r♦♣✐♦s ❞❡❧ ❝♦♥t❡①t♦ ❙❝❤rö❞✐♥❣❡r✳ ❊st♦s ♦♣❡r❛❞♦r❡s ♠❛①✐♠❛❧❡s s♦♥ ♠❡♥♦r❡s q✉❡ s✉s
❝♦rr❡s♣♦♥❞✐❡♥t❡s ✈❡rs✐♦♥❡s ❡♥ ❡❧ ❝♦♥t❡①t♦ ❝❧ás✐❝♦ ❞❡❧ ❧❛♣❧❛❝✐❛♥♦✳

▲❛ ♣r❡s❡♥❝✐❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ V ❝♦♥ ❤✐♣ót❡s✐s ♠✉② ❞é❜✐❧❡s ♦❝❛s✐♦♥❛ q✉❡ ❡♥ ❣❡♥❡r❛❧ ❧♦s
r❡s✉❧t❛❞♦s ♣❛r❛ ❧♦s ♦♣❡r❛❞♦r❡s ❛❞❥✉♥t♦s s❡❛♥ ♠❡❥♦r❡s q✉❡ ❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛s



✶✹✻ ❉❡s✐❣✉❛❧❞❛❞❡s ❝♦♥ ♣❡s♦s ❢❛❝t♦r✐③❛❞♦s

tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✲❙❝❤rö❞✐♥❣❡r✳ ❊st♦ s✉❝❡❞❡ t❛♥t♦ ❝✉❛♥❞♦ ❡st❛♠♦s ❛♥❛❧✐③❛♥❞♦
s✉❛✈✐❞❛❞ ❝♦♠♦ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❋❡✛❡r♠❛♥✲❙t❡✐♥✳



❇✐❜❧✐♦❣r❛❢í❛

❬✶❪ ❇✳ ❇♦♥❣✐♦❛♥♥✐✱ ❆✳ ❈❛❜r❛❧✱ ❛♥❞ ❊✳ ❍❛r❜♦✉r❡✳ ❘❡❣✉❧❛r✐t② ♦❢ ♠❛①✐♠❛❧ ❢✉♥✲
❝t✐♦♥s ❛ss♦❝✐❛t❡❞ t♦ ❛ ❝r✐t✐❝❛❧ r❛❞✐✉s ❢✉♥❝t✐♦♥✳ Pr❡♣r✐♥t✳ Pr❡♣r✐♥ts ❞❡❧ ■▼❆▲✱
❤tt♣✿✴✴✇✇✇✳✐♠❛❧✳s❛♥t❛❢❡✲❝♦♥✐❝❡t✳❣♦✈✳❛r✴♣✉❜❧✐❝❛❝✐♦♥❡s✴♣r❡♣r✐♥ts✳
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