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Resumen

En la presente Tesis se describen metodologias y técnicas numéricas para realizar el disefio de
metamateriales mecanicos y matamateriales acusticos.

El disefio de los metamateriales mecanicos se realiza mediante una técnica de homogeneizacion
inversa formulada como un problema de optimizacion topoldgica. Particularmente, se optimizan
compuestos eldsticos bifasicos periddicos, en dos y tres dimensiones, con el objetivo de obtener
materiales con propiedades efectivas isotropicas cercanas a sus limites tedricos.

El algoritmo de optimizacion se basa en los conceptos de derivada topoldgica y funcién level-
set. Este algoritmo se integra con la imposicidn de simetrias de cristales preestablecidas. Se evalia
el impacto que tienen diferentes simetrias en las topologia disefiadas.

Para los compuestos 3D, la homogeneizacion computacional de las propiedades elasticas de
realiza usando una técnica numérica basada en la transformada de Fourier, la cual, fue extendida
para ser usada en dominios no ortogonales.

El diseno de la microarquitectura de los cristales fononicos y de los materiales localmente
resonantes se realiza mediante un algoritmo de optimizacion topoldgica, también basado en los
conceptos de derivada topoldgica y funcidn level-set, cuyo objetivo es maximizar el bandgap entre
dos bandas de dispersion adyacentes. El algoritmo de optimizacién sigue un esquema de Lagran-
giano aumentado basado en un método de punto proximal.

Se evaldan las propiedades de convergencia de distintos métodos, basados en elementos finitos,
de calculo de la relacion de dispersion (estructura de bandas del material). Se validan numérica-
mente de las expresiones analiticas obtenidas para la derivada topoldgica.

Se presenta un modelo de homogeneizacion para evaluar las propiedades dindmicas efectivas
de compuestos periddicos en problemas de propagacion de ondas que podria ser usado como una
herramienta adicional para el disefio de metamateriales actsticos. Dicho modelo es validado com-
parando nuestros resultados con los resultados previamente publicados en la literatura.






Abstract

Methodologies and numerical techniques for designing mechanical and acoustic metamaterials
are presented in this Thesis.

The mechanical metamaterials design is performed using an inverse homogenization techni-
que formulated as a topological optimization problem. Particularly, periodic biphasic elastic com-
posites, in two and three dimensions, are optimized to obtain materials with effective isotropic
properties close to their theoretical limits.

The optimization algorithm is based on the topological derivative and level-set function con-
cepts. This algorithm is integrated with the imposition of pre-established crystal symmetries. An
evaluation of the impact that different symmetries have on the designed topologies is presented.

For the 3D composites, the computational homogenization of the elastic properties is performed
using a numerical technique based on the Fourier transform, which was extended to non-orthogonal
domains.

A topological optimization algorithm, which is also based on the topological derivative and
level-set function concepts, is developed for the phononic crystals and the locally resonant ma-
terials microarchitecture design. The goal is to maximize the bandgap between two adjacent dis-
persion bands. The optimization algorithm follows an augmented Lagrangian scheme based on a
proximal point method.

The convergence properties of different methods, based on finite elements, for calculating the
dispersion relation (band structure of the material) are evaluated. The obtained topological deriva-
tive expressions are validated numerically.

A homogenization model to evaluate the effective dynamic properties of periodic composites in
wave propagation problems is presented. This model could be an additional tool for the design of
acoustic metamaterials. The results of this model are validated by comparing them with previously
reported results in the literature.
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Capitulo 1

Introduccion

Preliminares

En el presente trabajo de Tesis se presenta el desarrollo y aplicacion de metodologias para el di-
seflo computacional de metamateriales mecanicos y acusticos. Dichas metodologias se fundamen-
tan en técnicas de optimizacién topolégica (Bendsge y Sigmund, 2003) basadas en los conceptos
de funcién level-set (Amstutz y Andrid, 2006) y de derivada topoldgica (Novotny y Sokotowski,
2012). También, es estudiado el efecto que la imposicion de diferentes grupos de simetria tiene
sobre el disefio de la topologia. Ademads, se presenta un modelo de homogeneizacién para evaluar
las propiedades elastodindmicas efectivas de medios periédicos en problemas de propagacién de
ondas, el cual, podria utilizarse como una herramienta adicional para el disefio de metamateriales
acusticos.

Un metamaterial es un material compuesto, disefiado para tener propiedades especificas, que
no son encontradas en la naturaleza (Dong et al., 2017; Zheng et al., 2014). Ejemplos tipicos estan
asociados al disefio y desarrollo de materiales que sirven de recubrimiento para hacer invisible, o
camuflar, objetos ante la propagacién de ondas acusticas o electromagnéticas; manejo, inversion,
concentracion o guia del flujo térmico; etc. El drea de la fisica e ingenieria que se dedica al disefio
de nuevos metamateriales tiene un alto potencial de desarrollo futuro, con un amplio rango de
aplicaciones tecnoldgicas. Las microestructuras caracteristicas de los metamateriales, obtenidos
mediante optimizacion topoldgica, usualmente presentan un alto grado de complejidad y detalle.
Los recientes avances en tecnologias de impresiéon 3D amplian las posibilidades de fabricar y

producir estos compuestos.

1.1. Optimizacion topologica

Mediante el disefio de las microestructuras se han obtenido materiales con propiedades extra-
ordinarias como, relaciones de Poisson negativas (Biickmann et al., 2012), (Babaee et al., 2013),

compresibilidad negativa (Biickmann et al., 2014) y ultra rigidez a ultra bajo peso (Zheng et al.,
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2014). La optimizacién topoldgica es una de las técnicas empleadas para disefiar metamateria-
les. Consiste en encontrar la distribucion de dos o mas materiales dentro de un dominio, tal que
minimice (maximice) cierta funcion objetivo y cumpla con restricciones impuestas.

Particularmente, el disefio de materiales mediante optimizacién topoldgica se basa en la idea
de que las variables de disefio corresponden a algunas caracteristicas micro o meso-estructurales,
0 mads especificamente, a la distribucién y topologia del material al nivel de la micro-estructura.

Actualmente existen multiples paradigmas para realizar optimizacién topolégica, por ejemplo,
en Huang et al. (2011) los autores utilizan un algoritmo de optimizacién estructural basado en evo-
lucién bidireccional (Bidirectional Evolutionary Structural Optimization - BESO), otro ejemplo
es el presentado por Sigmund y Jensen (2003), donde los autores realizan el disefio de materia-
les fondénicos mediante el algoritmo de optimizacién Solid Isotropic Material with Penalization -
SIMP.

En el presente trabajo de Tesis, se abordan dos objetivos fundamentales:

1) El disefio de metamateriales mecdnicos mediante el uso de una técnica de homogeneizacioén
inversa (Sigmund, 1994), formulada matematicamente como un problema de optimizacion
topoldgica, con el objetivo de obtener compuestos bifdsicos con propiedades isotrdpicas
efectivas cercanas a sus limites tedricos, los cuales, son definidos para compuestos 2D por
los limites de Cherkaev-Giabiansky (CG-bounds) (Cherkaev y Gibiansky, 1993), o, en el
caso de compuestos 3D por los limites de Hashin-Shtrikman (HS-bounds) (Hashin y Shtrik-
man, 1963).

11) El disefio de los metamateriales acusticos mediante el disefio de la microestructura de un
material periddico a través del cual se transmite una onda acustica, eldstica. Como se analiza
con mds detalle en el Capitulo 2, en materiales periddicos es sabido que existe dispersion
de las ondas eldsticas, esto es, una dependencia de la velocidad de propagacién de ondas
admitidas con el nimero de onda k. El objetivo del disefio es el de maximizar el ancho del
bandgap entre dos bandas de dispersién, w;(k) y wj;1(k), adyacentes (Jensen y Pedersen,
2006). En el presente trabajo el cdlculo de la relacién de dispersion se realiza mediante el
método de elementos finitos (FEM). En el Capitulo 2 se presentan tres estrategias, basadas

en el método de elementos finitos, para obtener la relacion de dispersion w(k).

Nuestro objeto de estudio son materiales periédicos representados por una celda de perio-
dicidad €2, ver Figura 1.1. Por tanto, nuestros problemas de optimizacion topoldgica consisten
fundamentalmente en disefiar la microestructura de la celda unidad, €2,,, constituida por dos fases

elésticas e isotrépicas, M7 y Ma, con el objetivo de que éste exhiba cierta propiedad requerida.

2 R. Yera Moreno
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Compuesto periddico
rewwww~N Celda unidad

A A A A A 1 EEL

(Qz /\Fase M1

Figura 1.1: Funcién caracteristica, x, definida en el dominio de disefio, €2, = QL U Qﬁ de un material periédico.

Para ésto, se define la funcidn caracteristica, x(y), en los dominios Q}L y Qi que determinan la
distribucion de las fases M y M, en el dominio de disefio, 2, = QL U Qi ver Figura 1.1. La
funcién caracteristica, x(y), serd la variable de disefio de nuestros problemas:
1
x(Y)={(1] VA (1.1
n
Para resolver los problemas de optimizacién utilizamos el método presentado por Amstutz
y Andrid (2006), donde se aplican los conceptos de funcién level-set y de derivada topoldgica.
Esta técnica, ha sido aplicada en contribuciones tales como el disefio inverso de microestructuras
Amstutz et al. (2010), disefio estructural sujeto a restricciones de tension Amstutz et al. (2012) o
disefio de materiales piezoeléctricos Amigo et al. (2016), pero, a conocimiento del autor, nunca ha
sido empleada en el disefio de materiales fondnicos.
A continuacion se describe brevemente la formulacién matemética de los problemas de opti-
mizacién topoldgica resueltos en el presente trabajo para cada uno de los objetivos, i) y ii), antes
mencionados. Posteriormente, en los respectivos capitulos 3 y 4 se desarrollan con mas detalle

ambos temas.

1.1.1. Diseiio de compuestos bifasicos con propiedades efectivas isotrépicas cerca-
nas a los limites tedricos

El disefio topoldgico mediante técnicas de homogeneizacion inversa estd bien establecido en
la literatura, el gran nimero de trabajos enfocados en este tpico (ver por ejemplo Amstutz et al.
(2010), Amigo et al. (2016), Torquato (2010), Osanov y Guest (2016)) representan una indicacién
clara del poder de esta técnica para la obtencién de nuevas microarquitecturas.

Las técnicas de homogeneizacion inversa pueden ser formuladas matemdaticamente como pro-
blemas de optimizacién topoldgica planteados en el dominio espacial €2,,, que representa la celda
unidad del material periddico, cuyas soluciones proporcionan las topologias 6ptimas, o distribu-
ciones espaciales de material, que satisfacen los objetivos propuestos. Una descripcion general de

estas técnicas para diferentes problemas puede ser encontrada en el libro de Bendsge y Sigmund

R. Yera Moreno 3
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(2003) y un trabajo que ha sido significativo para llevar adelante esta linea de investigacion ha sido
el de Amstutz et al. (2010).

En el presente trabajo se disefian microestructuras de compuestos periddicos constituidos por
dos fases isotrépicas , M1 y Mo, y una fraccion de volumen dada f; de Mj. Se suponen dos
escalas de longitud, ver Fig. 1.2, la escala de la estructura (macroescala), ¢, y la escala de la
microestructura (microescala), £,,, donde se define la configuracion geométrica de la distribucion
de fases. Asumimos que la relacién ¢ >> ¢, se satisface.

A nivel de la macroescala las propiedades efectivas del compuesto pueden ser descritas me-
diante el tensor de elasticidad homogeneizado, C", que relaciona las macro-deformaciones E con
las macro-tensiones . Una celda representativa 2, de la microestructura es usada para determi-
nar C". Para los compuestos 3D que presentan respuestas eldsticas efectivas isotrépicas, C" es
completamente caracterizado por el médulo volumétrico efectivo " (médulo plano efectivo, K,

para compuestos 2D) y por el médulo de corte efectivo G

Escala de longitud

Escala de longitud de la

de la estructura

microestructura del material

y ; . .
Microcelda €, €, micro-deformaciones
——  Fase Mz(x=(1)) % 0, micro-tensiones
(Dominio \

>

Fase My(y= 12 )
(Dominio Q,.)

r ~A
K
Frontera

£>> 4,
Figura 1.2: El disefio del material se realiza mediante una técnica de homogeneizacion inversa, formulada como un

problema de optimizacién topolégica, involucrando dos escalas de longitud caracteristicas, £ en la macroescalay £,, en
la microescala. La region €2, se define como dominio de disefio para la optimizacion topoldgica.

Técnica de homogeneizacion inversa

El diseiio 6ptimo de la topologia de microarquitecturas 3D cuyas propiedades efectivas ob-
jetivo son los puntos en los limites inferiores de Hashin-Shtrikman , ver Fig. 1.3b, se obtienen
resolviendo un conjunto de n problemas de optimizacién topoldgica formulados de la siguiente

manera:

min G"(x);
X

(1.2)
tal que: kM(x) — Kj

C"(y) is isotropic

fix) = f1=0
donde n}‘ (con1 < j < n)es el j—th modulo volumétrico objetivo del compuesto. definido
dentro del intervalo &l < K < R"y f{ esla fraccién de volumen objetivo de la fase M. El
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00 0105 0]10 0.‘15 0 0.04 0.08 0.12 0.16
0.0090 Moédulo volumétrico efectivo ]? 0-1890 Médulo volumétrico efectivo K

(para elasticidad plana) (a) (b)
Figura 1.3: Limites analiticos de las propiedades efectivas de compuestos bifdsicos isotrépicos. a) Elasticidad plana.
Limites acordes a Cherkaev y Gibiansky (1993) (CG-bounds). Las propiedades de las fases M1 y M2 son K1 = 5/7;
K> = K1/200; G1 = 5/13; G2 = G1/200. La fraccién de volumen de la fase M, es fi = 0.5. b)Limites eldsticos

3D acordes a Hashin y Shtrikman (1963) (HS-bounds). Las propiedades de las fases My y Ms son k1 = 1.667,
G1 = 0.3571, ke = vk1, G2 = G, factor de contraste v = 10~%, fraccién de volumen f; = 0.338.

problema (1.2) implica que el minimo del médulo de corte efectivo, G”, se busca variando la
funcion caracteristica x dentro de €2,,.

Andlogamente, el limite superior de Hashin-Strikman se busca maximizando G"(x), con las
misma restricciones del problema (1.2).

Alternativamente, las topologias préximas al limite izquierdo de Hashin-Strikman se obtienen

resolviendo los problemas:

min £"(x); (1.3)
X
tal que: GM(y) — G;=0

C"(y) is isotropic

) —fi=0

donde ahora, el modulo de corte efectivo objetivo G; del j—th problema de optimizacion es ele-
gido dentro del intervalo G! < G;f < G, Los compuestos extremos en el limite H-S derecho se
obtienen maximizando " () con las misma restricciones del problema (1.3).

El disefio inverso de microestructuras 2D (elasticidad plana) cuyo objetivo es alcanzar un ma-
terial isotrépico extremo, ver Fig. 1.3a, también se realiza mediante un algoritmo de optimizacién
topoldgica con una formulacién ligeramente diferente a las indicadas en (1.2) o (1.3). En este
caso, los problemas se formulan imponiendo simetria hexagonal a la arquitectura lo que garanti-
za la isotropia de las propiedades efectivas (incluyendo la respuesta eldstica efectiva). Con ésto,
no se requiere imponer explicitamente la restriccién de isotropia en el problema matemético de
optimizacidn inversa.

Un aspecto clave de la técnica matemadtica que hemos seguido, es utilizar la derivada topoldgi-
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ca para identificar direcciones de descenso del algoritmo de optimizacién. Esta derivada ha sido
tomada del trabajo Amstutz et al. (2010).

En el Capitulo 3 se presentan dos ejemplos de disefio topoldgico, el disefio de un material
auxético y el de un material con rigidez mdxima, y se exponen brevemente aspectos fundamen-
tales del algoritmo de optimizacion topoldgica para resolver los problemas (1.2) y (1.3) que es

presentado detalladamente en el anexo A.

1.1.2. Diseno de cristales fononicos mediante la maximizacion del bandgap entre
dos bandas de dispersion adyacentes

La frecuencia w de las ondas eldsticas que se propagan en medios periddicos, como se muestra
en el Capitulo 2, dependen del vector de onda k. Este fendmeno induce un efecto dispersivo que
posibilita la aparicién de bandas de frecuencias prohibidas, o bandgaps, en el espectro de este
medio (Kushwaha, 1996). En estas frecuencias las ondas no se pueden propagar.

Microestructuras periddicas disefiadas especificamente para promover la generacion, ensan-
chamiento, o manipulacién de los bandgaps se conocen como cristales fonénicos y también co-
mo metamateriales actsticos. La distincién entre cristal fondnico y metamaterial es ilustrada por
Croénne et al. (2011), quien también describe tres mecanismos, denominados Bragg, hibridacion,
y efectos de acoplamiento eldstico débil, que inducen la ocurrencia de los bandgaps. Ademads, la
formacién de bandgaps a bajas frecuencias y longitudes de ondas largas pueden ser originados a
través de mecanismos localmente resonantes y que tipicamente inducen (o abren) dicho bandgap
en un rango de frecuencias que originalmente constituia una banda de dispersion.

Las propiedades presentes en la estructura de bandas, especificamente los bandgaps, dependen
de la microarquitectura del medio, la cual determina el ancho y la frecuencia de los bandgaps.

En el presente trabajo de Tesis, la relacion de dispersion, w(k), de las ondas que se propagan
en un medio periddico se realiza mediante el modelado por Elementos Finitos de la celda unidad,
2,,, que caracteriza a la estructura periédica con condiciones de borde que satisfacen la condicién

de Bloch, ver Fig. 1.4,. En el capitulo 2 se presentan diferentes estrategias para realizar esta tarea.

Compuesto periddico T, Celda unidad iy oi(k-r1)

Vector de onda h

’..‘ E ’..‘ ,\ Fase M1
F. M2
Y ’ . Onda ’ .@‘ 3(552) S [~ (Q:L)

elastica .
— Ty (vector primitivo)
AR

Figura 1.4: Onda eldstica propagandose en un medio peridédico. Celda unidad con condiciones de borde de Bloch.

Para el caso del disefio de los materiales fonénicos el objetivo es obtener la microarquitectura
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de una estructura periddica, tal que, el ancho del bandgap entre dos bandas adyacentes, a priori
seleccionadas, sea maximo

m}é(ix (mkl'n w]zﬂ(k, X) — mlé(ix w]z(k, X)) ; (1.4)

donde w;{1 y w; son las frecuencias de las bandas j + 1y j, respectivamente. La variable de
disefio en (1.4) es la misma funcién caracteristica x definida en (1.1). Por lo tanto, se examina
todo el espacio de configuraciones de fase para encontrar la solucién éptima.

En el Capitulo 4 se muestran ejemplos de microestructuras obtenidas al resolver el problema

de optimizacién topoldgica (1.4) mediante el algoritmo descrito en el anexo C

1.2. Propiedades efectivas de medios periodicos en problemas de elas-
todinamica

La evaluacién de las propiedades efectivas de elasticidad y densidad en un problema elasto-
dindmico de propagacién de ondas eldsticas, en materiales heterogéneos periddicos, es el caso mas
tipico en metamateriales donde pueden surgir situaciones no convencionales, como se muestra en
Dong et al. (2017). Por ejemplo, una discusién interesante sobre la obtencién de propiedades efec-
tivas no convencionales en materiales heterogéneos fue reportada por Milton y Willis (2007). Estos
autores discuten las consecuencias que estas propiedades efectivas imponen sobre las respuestas
fundamentales de los cuerpos en la mecanica clésica, en particular, el impacto que tienen sobre
la segunda ley de Newton. Una densidad efectiva tensorial no isotrépica, densidades y rigide-
ces negativas son resultados tipicos que se pueden obtener en estos casos (materiales doblemente
negativos). En este trabajo, se propone un modelo numérico, ver anexo D, para evaluar las propie-
dades efectivas de un metamaterial acustico. Estas propiedades efectivas se obtienen mediante un
procedimiento de promediado que involucra la respuesta constitutiva que conecta las magnitudes
mecanicas observadas en la macroescala: tensiones (), cantidad de movimiento (P), deforma-
ciones (F) , desplazamientos (U) y velocidades (U ), con los observados a microescala: tensiones
(o), cantidad de movimiento (p), desplazamientos (u) y velocidades (11). Nuestro procedimiento
se basa en los trabajos de Willis, (Willis, 1997) y (Willis, 2012), para encontrar la forma general

de relaciones constitutivas en medios dindmicos con microestructura.

1.3. Organizacion del documento

La Tesis estd organizada bajo el formato de tesis por compilacion. Por lo tanto, en el cuerpo
principal de la monografia s6lo se presenta una descripcién global y sucinta de la temética estu-

diada, mientras que los detalles de cada tema son direccionados a los trabajos presentados en los
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Anexos. Alli se podran encontrar todos los desarrollos que han sido necesarios para alcanzar los
resultados presentados en la monografia.

En el Capitulo 2 se repasan temas sobre propagaciéon de ondas en medios periddicos, se des-
criben distintas estrategias para calcular la relacion de dispersién w(k), empleando el método de
elementos finitos.

En el Capitulo 3 se presentan dos ejemplos, el disefio de un material auxético y de un material
con rigidez méaxima, de aplicacién de disefio inverso en R3. La optimizacién topolégica se realiza
mediante el algoritmo presentado en el anexo A.

En el Capitulo 4 se presentan ejemplos de disefio de cristales fondnicos, en estructuras con
simetrias p4mm y p6mm. La optimizacion topoldgica se realiza mediante el algoritmo presentado
en el anexo C. Ademads, se presentan ejemplos de determinacién de propiedades efectivas a ma-
teriales que exhiben mecanismos de resonancia local mediante el uso del modelo descrito en el
anexo D.

Por dltimo, el Capitulo 5 consiste en el desarrollo de las conclusiones generales. Ademads se
realiza un recuento de las contribuciones cientificas derivadas del trabajo realizado en la presente

Tesis.

1.3.1. Anexos

En los Anexos se encuentran los articulos cientificos en los que se fundamentan los temas
expuestos en el cuerpo principal de la Tesis. En el articulo presentado en el anexo A se describe el
algoritmo de optimizacién topolégica utilizado en el disefio de materiales extremos.

En el articulo presentado en el anexo B se evalian los efectos de la imposicion de distintas
simetrias de cristales en el disefio de materiales extremos. La optimizacién topoldgica se realiza
mediante el algoritmo descrito en el articulo presentado en el anexo A.

En el articulo presentado en el anexo C se describe un algoritmo de optimizacién topoldgica
para el disefio de metamateriales acusticos mediante la maximizacién del bandgap de dos bandas
de dispersién adyacentes.

En el articulo presentado en el anexo D se presenta un modelo numérico para evaluar las

propiedades efectivas de los medios periddicos en problemas de elastodindmica.

8 R. Yera Moreno



Capitulo 2

Propagacion de ondas en medios
periodicos

2.1. Introduccion

En el estudio de la propagacién de ondas en medios periddicos juega un papel central la teoria
de Bloch, o teoria de bandas, desarrollada por Bloch (1929). La teoria de Bloch dio forma al
concepto de bandas de energia de los electrones en cristales. Ademds, ha sido fundamental en el

estudio las propiedades eléctricas, magnéticas, Opticas y térmicas de los sélidos cristalinos.

El estudio de la propagacién de ondas de Bloch ha cobrado atin mas interés con introduccién
de nuevas estructuras periédicas. En 1987 Yablonovitch (1987) y John (1987) propusieron el con-
cepto de lo que hoy conocemos como cristales foténicos. Unos afios después, a inicio de la década
de los noventa, surge el concepto de cristal fonénico, cuando Sigalas y Economou demostraron la
existencia de bandgaps en la estructura de bandas, para ondas acusticas y elésticas, en una estruc-
tura tridimensional compuesta por un arreglo periddico de esferas idénticas (M.M. Sigalas, 1992)
y en un sistema bidimensional fluido-sélido constituido por un arreglo peridédico de inclusiones
cilindricas en una matriz (M.M. Sigalas, 1993).

Estos materiales periédicos pueden ser diseiiados, en particular en el presente trabajo de Tesis
(ver Capitulo 4) se realiza el disefio de cristales fondnicos 2D con el objetivo de maximizar el
bandgap entre dos bandas de dispersion adyacentes. El concepto de bandgap es fundamental para
aplicaciones de control y filtrado de vibraciones (Richards y Pines, 2003), (Hussein et al., 2006),
(Policarpo et al., 2010).

Naturalmente, el cdlculo de la estructura de bandas (relacién de dispersién) es central para
cualquiera de las aplicaciones de la teoria de Bloch. Tipicamente, la relacion de dispersion consiste
en un plot de las frecuencias w versus el vector de onda k que corresponden a aquellas ondas
no forzadas que pueden ser transmitidas a través del material. Para determinar la estructura de

bandas existen varios métodos, por ejemplo, el método de expansién de onda plana, el método de

9
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dispersiones multiples, el método de elementos finitos, el método basado en wavelet, entre otros.
En el presente Capitulo, se describen tres estrategias para calcular la estructura de bandas,

todas basadas en el método de elementos finitos. Ademads, se presentan algunos conceptos basicos

de simetria de cristales que estan estrechamente relacionados con el andlisis de propagacién de

ondas de Bloch.

2.2. Propagacion de ondas en medios periodicos

Para un medio sélido, modelado como un continuo, la ecuacién de movimiento (ecuacién de

Cauchy) es:

V.o = pu, 2.1

donde o es el tensor de tensiones, u representa el campo de desplazamientos, p es la densidad y
u es la segunda derivada respecto al tiempo del campo de desplazamientos. La relacién entre las

tensiones o y los desplazamientos u, para un medio eldstico lineal, viene dado por:

og=C:e=C:V?u, 2.2)

donde C es el tensor de elasticidad, ¢ el tensor de deformaciones y V*® representa el operador
1
gradiente simétrico, V5u = i(Vu + (Vu)™).

Sustituyendo la expresion (2.2) en la ecuacién (2.1) tenemos:

V-C:Viu=pu, 2.3)

que representa la ecuacion general de la eldstodinamica en su forma fuerte para un medio
infinito.

Para medios periddicos infinitos, el teorema de Bloch explicita que: cualquier autofuncién
puede expresare como la propagacién de una onda plana modulada por una funcién periédica. Por

lo que la ecuacién (2.3) tiene solucién tipo Bloch, ver (Gazalet et al., 2013):

u = u(x)ekxwh = {ﬁeik'x} et (2.4)

donde k es el vector de onda, ¢ es el tiempo, w es la frecuencia angular y el término u(x),
acorde con el teorema de Bloch, es una funcién periddica que reproduce la simetria de traslacién

del medio

2.3. Calculo de la relacion de dispersion

Para el célculo de la estructura de bandas del material se presentan a continuacién distintas

metodologias numéricas alternativas. Diferenciamos dos aproximaciones bdsicas:
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i) En el primer caso evaluamos la frecuencia en términos del nimero de onda (valores reales),
w(k), (subsecciones 2.3.1 y 2.3.2) mediante dos aproximaciones de elementos finitos dife-
rentes, sea imponiendo condiciones de Bloch a nodos de contorno en la microcelda (subsec-
cién 2.3.1), o alternativamente, imponiendo el formato de la funcién de Bloch a la funcién

de interpolacién de elementos finitos (subseccion 2.3.2).

ii) En el segundo caso (subseccién 2.3.3), evaluamos el nimero de onda en términos de la
frecuencia, k(w), siendo una aproximacion que se puede utilizar inclusive para evaluar el
par (w, k) en las zonas de bandgap. En dichas zonas los niimero de onda resultan vectores

complejos.
2.3.1. Solucion w(k) con condiciones de borde de Bloch

Una forma de resolver el problema (2.3) mediante el método de elementos finitos es expresan-

do las solucién de Bloch (2.4) como la siguiente expresién arménica en el tiempo:

u = h(x)e ™t (2.5)
donde ﬁ(x) es una funcién desconocida. Sustituyendo la expresion (2.5) en la ecuacion (2.3) y
derivando respecto al tiempo, luego de cancelar los términos arménicos e~ ** de la ecuacidn,

tenemos:

V.C:V°h = —pu’h, (2.6)

El material periédico puede ser modelado considerando solamente una celda unidad, €2,,. Por
tanto, resolveremos el problema (2.6) mediante el método de elemento finitos con condiciones de
borde que satisfacen el teorema de Bloch para medios periddicos, iz(x +r) = ﬁ(x) e™® 7 donde
r es el vector primitivo de la red de Bravais subyacente del material periddico, ver Figura 2.1. La
forma débil de ecuacién 2.6 es:

/ Vew : C : V*hdQ, = w? / p@ - hdQ),, Y admisible (2.7)
Qu Qu
donde V5w es el gradiente complejo conjugado de la funcién de prueba w. Notar que la funcién
de prueba w también satisface que w(x + r) = w(x)e* .

La funcién h y w en 2, se interpolan usando elementos finitos tradicional:

h(x) = N(x)h; (2.8)
Vh = Bh; (2.9)

w(x) = N(x)w; (2.10)
Vw = Bw; 2.11)
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donde NN es la matriz de funciones de forma y h € R/ es el vector de parametros de interpo-
lacién (desplazamientos nodales) del campo de desplazamientos interpolado por las funciones de
elementos finitos. El nimero total de grados de libertad (DOFs) es denotado ndof. El operador V
y la matriz B definen respectivamente al gradiente y a la matriz de deformacién-desplazamiento
de elementos finitos convencionales.

Celda unidad i i(kTy)

Compuesto periddico T,
Vector de onda "‘i ﬂ ..... >

//
’..‘ k; ’..!// N Fase M1
, PO O )OO P ~ (@)

n

elastica

Ty (vector primitivo)

B Ee—
T a |

Figura 2.1: Onda eldstica propagdndose en un medio peridédico. Celda unidad con condiciones de borde de Bloch.

Imposicion de las condiciones de borde tipo Bloch a través de matrices proyeccion.

Introduciendo las ecuaciones (2.8), (2.9), (2.10) y (2.11) en (2.7), obtenemos el sistema dis-
creto:

w

i Qp

/ (BCBdQ, — w? / pNTNdQH] h=0; V& admisible , 2.12)
Q

El sistema discreto (2.12) con las condiciones de contorno explicitadas es escrito en forma

compacta como:
P(k) [K — w?M] P(k)h, =0, (2.13)
_ = _ T . . . .
donde K = fQ“ BCBdf2, y M = fQ“ pIN* N dS2, son las matrices no restringidas de rigidez y

de masa. La matriz P es la transpuesta conjugada de P que impone las condiciones de borde de

Bloch a los grados de libertad de la frontera:

h=Ph, ; w="Pw,, (2.14)

Considerando la malla de elementos finitos de la celda unidad mostrada en la Figura 2.2, los

término de la expresion (2.14) son representados como:

b, 1, 0 0O 0 ]
h, o I, 0 0
hy 0 &I, 0 0 h,
h, o o0 I, 0 ~
h= fLT . P=|0 0 &I, 0 . h, = gL . (2.15)
h,, 0 0 0 I, s
;;’BR 0 0 0 S hsr
h 0 0 0 &iél,,
,ALTR 0 o 0 &I, |
LT L J

12 R. Yera Moreno



Diseiio computacional de metamateriales mecanicos y acisticos

donde los subindices I, L, R, B, T, BL, BR, TR y T'L en (2.15) identifican a los conjuntos
de grados de libertad indicados en la Figura 2.2. I,, I,, I, y I,, son matrices identidad con
dimensiones dadas por el numero de grados de libertad de los vectores h I» h Lo h BY h BIL, Tes-
pectivamente. Los coeficientes £ y &2 son iguales a: £ = eikm) y £y = eik72) )y g son los
vectores primitivos de traslacion de la red.

Condiciones de borde
superiores Nodo

Nodo ,———~—— (TR)

Celda unidad (TL)

Q B
(@) "2 @ Nodos interiores (I)
\ @ Nodos izquierdos (L)
Condiciones Condiciones
de borde ) de borde M Nodos derechos  (R)
izquierdas derechas Nodos inferiores (B)
T
1 Nodos superiores(T)
Nodo - Nodo
(BL) (BR)

Condiciones de borde
inferiores

Figura 2.2: Malla de elementos finitos de la celda unidad €2,,. Denominacién de los diferentes conjuntos de nodos.

Debido a las propiedades de simetria de la celda unidad, tal como se esquematiza en la Figura
2.3 para un caso especifico de simetria p4mm, para calcular la relacién de dispersion debemos
resolver el problema de autovalores generalizados (2.13) solo para los vectores de onda k perte-
necientes a la zona irreducible de Brillouin (IBZ), ver (Brillouin, 1953). Para celdas unidad con
simetrias de alto orden, i.e pAmm, pémm, el dominio de solucién para los vectores de onda k
puede ser reducido al contorno de la zona irreducible de Brillouin, ver (Maurin et al., 2018).

Elementos de simetria ‘_ _‘ g M

@ ; iR
| Centro de rotacion

"de orden 4 (90°) _.l
\

\ k )
O=—— :
;r" Tla r X[ ™a

‘ Centro de rotacién
de orden 2 (180°)

Eje de reflexidn

— — Eje de glide

a -Ta
(a) (b)
Figura 2.3: Cristal fondnico con simetria pAmm. (a) Elementos de simetria de la celda unidad y region asimétrica (en

azul). (b) Celda unidad de la red reciproca. Primera Zona de Brillouin (FBZ en gris) y zona irreducible de Brillouin
(IBZ en amarrillo); contorno de la zona irreducible de Brillouin [I' — X — M —I].

Esta estrategia para calcular la estructura de bandas es usada en al articulo presentado en el
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anexo C y en el Capitulo 4 para realizar el disefio de materiales fonénicos mediante optimizacién

topoldgica.

2.3.2. Solucion w(k) con condiciones de borde de periodicas

Alternativamente, otra via de solucién, mediante elementos finitos, se basa en resolver la fun-
cién u de la expresion (2.4), periddica en la celda, mediante la transformacién del operador de
Bloch de la ecuacién diferencial (2.3). Este operador de Bloch se obtiene sustituyendo la expresion

i(k-x—wt)

(2.4) en la ecuacién (2.3). Cancelando el término e’ y usando los principios variacionales

tenemos:

/Q (Vsw + ik @° w) : C: (Vu+ik®*u)dQ, = w? / pw-udQ,, ; Yw periédico, (2.16)
o

m

donde w es una funcién de prueba periddica en la microcelda.

Los desplazamientos u en €2, se interpolan usando elementos finitos tradicional:

u(x) = N(x)u, (2.17)

Vil = Bii + ik ©@° Nt = B, (2.18)
w(x) = N(x)w, (2.19)

Vi = B + ik ©° N@ = By, (2.20)

donde NN es la matriz de funciones de forma y i € R4/ es el vector compuesto por todos los
valores de desplazamiento en nodos que componen la malla de elementos finitos. El nimero total
de grados de libertad (DOFs) es denotado ndof. B es la matriz de deformacién-desplazamiento

convencional de elementos finitos y V, es el operador de Bloch.

Los valores de 1 son los autovectores del siguiente problema de autovalores discreto:

J

El problema (2.21) es complementado con condiciones de borde periédicas impuestas median-

w (B + ik ® N)C(B + ik ®° N)dQ, —wz/

Q

pNTNdQH] u=0; Vw periddico,
12

(2.21)
te la matriz P.

u = Pu, (2.22)

los términos de la expresion (2.22) vienen dados por:

14 R. Yera Moreno
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(U, ] 1, 0 O 07
u, 0 I, O 0
u, 0 I, O 0 G
u, 0O o I, O ﬁf
u= | u, ; P=|(0 0 I, O N ﬁL . (2.23)
u,, 0O 0 0 I, S B
U,y 0 0 0 I, sl
u,, 0O 0 0 I,
(u,, | |0 0 0 I, |
El sistema discreto de ecuaciones obtenido se expresa como:
pT [K(k) —wM| Py, =0, (2.24)

donde }K(k) = fQ# (B + ik ® N)C(B + ik ®° N)dS, es la matriz de rigidez asociada al
operador de Blochy M = fQN pNT N . €s la matriz de masa tradicional obtenida mediante el
método de elementos finitos.

La relacién de dispersién se obtiene resolviendo el problema de autovalores generalizados
(2.24) para cada uno de los vectores de onda k de la zona irreducible de Brillouin. Esta formu-
lacidn es utilizada en el desarrollo del modelo de homogeneizacién para la determinacién de las
propiedades efectivas de los metamateriales acuisticos en problemas de propagacién de ondas, pre-

sentado en el anexo D.

2.3.3. Solucion k(w)

La relacion de dispersion se puede calcular, como se presentd en la secciones 2.3.1 y 2.3.2,
escaneando los vectores de onda k de la zona irreducible de Brillouin y resolviendo, para cada
valor de k, el problema 2.13 o el problema 2.24. Pero, para estudiar las propiedades efectivas del
medio en la regién de bandgap, donde los vectores de onda k son imaginarios, se requiere de un
método que permita escanear el espacio de frecuencias y obtener la relacién k(w). Una discusion
mas detallada del método presentado en la presente seccidon se puede encontrar en (Collet et al.,
2011).

Expandiendo la ecuacién (2.21) tenemos:

/ (BTCB — w?pNTN +i[BTC(k ®* N) — (IN ®@° k)CB]—

Q

g (2.25)
— (N ®°*k)C(k®° N))dQ,|d=0

En particular, asumiendo que la parte real e imaginaria del vector de onda k son colineales,
para problemas 2D (de forma andloga para problemas 3D) el vector de onda k puede ser expresado
como k = k® = k|[cos(#)e, + sin(h)e,], donde 6 representa el dngulo de direccion en la red

reciproca. Sustituyendo esta expresion para k en la ecuacién 2.25 tenemos:

R. Yera Moreno 15
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/ (BTCB - w?pNTN + ik[BTC(® ®° N) — (N ®@° ®)CB]—
Q

n

(2.26)
— kK*(N @° ®)C(® ®° N))dQ,| i =0

Aplicando las condiciones de borde periodicas, (2.22), la expresion (2.26) se puede expresar

de manera compacta como:
PT [(K —w’M) + AL — ’H| P4, =0, (2.27)

donde \ = ik, K = fQu BTCBd, yM = fQu pINT N dQ,, son las matrices simétricas de rigi-
dez (semidefinida positiva) y de masa (definida positiva) respectivamente, . = fQ# BTC(® ®°
N) — (N ®° ®)CB|df2,, es una matriz antisimétrica y H = fﬂu (N ®° @)C(® ®° N)dS,,, es
una matriz simétrica semidefinida positiva. La P esta dada por la ecuacion (2.23). Los autovalores
A son obtenidos fijando la frecuencia w y la direccién de propagacién de la onda P.

El problema de autovalores cuadratico (2.27) puede ser linealizado de la siguiente manera:

T T 2 u T u
PTLP PT(K-w M)P] [Aur] B [P HP 0} Pur] —0 (2.28)

I 0 a, 0 I||u,
donde I es la matriz identidad de dimensién igual al nimero de grados de libertad reducido del pro-
blema original. La ecuacién (2.28) se corresponde con un problema de autovalores generalizados
que puede ser resuelto mediante métodos tradicionales.

En el Capitulo 4 se muestran ejemplos donde se utiliza el método descrito en 2.3.1 para realizar
la optimizacion topoldgica de cristales fonénicos y los métodos presentados en 2.3.2 y 2.3.3 para

determinar las propiedades efectivas de metamateriales acusticos.

2.4. Estudio de convergencia para distintas aproximaciones y tipos
de elementos finitos

En la presente seccion se comparan los métodos para el calculo de la estructura de bandas
descritos en las secciones 2.3.1y 2.3.2. Los resultados presentados en esta seccion son inéditos. En
la Figura 2.4 se muestra la celda unidad cuadrada (con simetria p4mm) de 1.00 m de longitud de un
compuesto bifdsico que se utiliza para modelar la estructura de bandas con las dos aproximaciones
de elementos finitos mencionadas en la secciones 2.3.1 y 2.3.2 presentadas anteriormente. También
se comparan las estructuras de banda al ser modeladas con elementos finitos triangulares lineales
y cuadrilaterales bilineales. En todos los casos utilizamos mallas estructuradas observando que
la interface entre ambos materiales se modela en forma geométricamente exacta. La fase rigida,

My, del material tiene un médulo de Young, > = 300 G/Pa y una densidad, po = 8000 kg/m?3,

16 R. Yera Moreno



Diseiio computacional de metamateriales mecanicos y acisticos

mientras que la fase blanda, M7, tiene un médulo de Young, F; = 3.00 GPa y una densidad,

p1 = 1180 kg/m?, ver Figura 2.4, ambas fases tienen un coeficiente de Poisson, v = 0.30.

k?/
1.00 m /T( M

0.70 m

Fase M,
E, = 3.00 GPa
P, = 1180 kg/m?

Fase M,
E; =300 GPa
P, =8000 kg/m*

-T¢
(@) (b)

Figura 2.4: Celda unidad con simetria p4mm (a) y contorno zona irreducible de Brillouin [I' — X — M — I'] (b) del
compuesto bifdsico para el cual se determina la estructura de bandas mediante los métodos descritos en las secciones
23.1y23.2.

Para todos los casos analizados se comparan las primeras cinco bandas de menor frecuencia,
determinadas para ondas in-plane. Las graficas muestran la dependencia entre la frecuencia ex-
presada en Hz (eje Y) y los vectores de onda k (eje X) discretizados sobre el contorno de la zona

irreducible de Brillouin [I' — X — M — T'], ver Figura 2.4.

En la Figura 2.5a se muestra la comparacién de las estructuras de bandas calculadas con el
método descrito en la seccién 2.3.1 usando mallas de 800 y 20000 elementos finitos triangulares.
El mayor error relativo de la solucién con la malla de 800 elementos finitos respecto a la de
20000 elementos corresponde a la tercera banda y es de solo el 1.3 %, por lo que adoptaremos las
relaciones de dispersion obtenidas mediante este método como nuestras soluciones de referencia.
En las Figuras 2.5b, 2.5¢c, 2.5d y 2.5e se muestra la comparacion de las estructuras de bandas
calculadas mediante los métodos descritos en las secciones 2.3.1 y 2.3.2 para mallas de 800, 3200,
12800 y 20000 elementos finitos triangulares respectivamente. Podemos apreciar que el método
que emplea condiciones de borde periddicas y matrices de elementos finitos obtenidas mediante el
operador de Bloch, seccién 2.3.2, presenta una velocidad de convergencia notablemente inferior
que el método descrito en la seccion 2.3.1 que emplea matrices de elementos finitos tradicionales
y condiciones de borde de Bloch. El error es de 40.6 %, 12.6 %, 3.3 % y 2.1 % para las mallas de
800, 3200, 12800 y 20000 elementos finitos respectivamente.

En la Figura 2.6 se muestra un estudio similar al mencionado en el paragrafo previo pero utili-

zando una malla de elementos finitos cuadrilaterales (con interpolacion bilineal). Se aprecia que la
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Figura 2.5: Estructura de bandas de ondas in-plane para la el material periddico cuya celda unidad esta esquematizado
en la Figura 2.4. Comparacién entre los métodos de célculo de estructura de bandas descritos en las secciones 2.3.1 y
2.3.2 usando mallas de elementos finitos triangulares. (a) Comparacién de soluciones obtenidas con mallas de 800 y
20000 elementos finitos mediante el método descrito en la seccién 2.3.1. (b) Comparacién de las soluciones obtenidas
con mallas de 800 elementos. (¢) Comparacién de las soluciones obtenidas con mallas de 3200 elementos. (d) Compa-
racién de las soluciones obtenidas con mallas de 12800 elementos. (¢) Comparacion de las soluciones obtenidas con
mallas de 20000 elementos.

convergencia de los métodos con este tipo de elementos es mejor que con elementos triangulares.
El error relativo de las solucién con 400 respecto a la de 10000 elementos finitos, ver Figura 2.6a,
obtenida mediante el método descrito en la seccién 2.3.1 es de 0.4 %. En cuanto a la comparacién
entre los dos métodos las soluciones para las mallas de 400, 1600, 6400 y 10000 elementos, ver

Figuras 2.6b, 2.6¢, 2.6d y 2.6e, tienen errores relativos del 18.1 %, 4.8 %, 1.1 % y 0.8 % respec-
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tivamente. Los mayores errores se registran para las tres bandas de frecuencias mas bajas y el

maximo error relativo siempre se obtuvo para la tercera banda, ver Figuras 2.5y 2.6.
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Figura 2.6: Estructura de bandas de ondas in-plane para la el material periddico cuya celda unidad esta esquematizado
en la Figura 2.4. Comparacién entre los métodos de cdlculo de estructura de bandas descritos en las secciones 2.3.1
y 2.3.2 usando mallas de elementos finitos rectangulares. (a) Comparacién de soluciones obtenidas con mallas de
400 y 10000 elementos finitos mediante el método descrito en la seccién 2.3.1. (b) Comparacién de las soluciones
obtenidas con mallas de 400 elementos. (c) Comparacion de las soluciones obtenidas con mallas de 1600 elementos. (d)
Comparacion de las soluciones obtenidas con mallas de 6400 elementos. (¢) Comparacién de las soluciones obtenidas
con mallas de 10000 elementos.

Se investigd la hipétesis de que los problemas de convergencia del método descrito en la sec-
cién 2.3.2 se debieran a un posible problema de bloqueo (locking), pero esta hipétesis fue deses-

timada al realizar un test subintegrando con cuatro puntos de Gauss para las mallas de elementos
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quadrilaterales bilineales y observar que los errores relativos fueron de 15.4 %, 4.0%, 1.0% y
0.6 % muy similares a los errores reportados anteriormente cuando se realiza integracién exacta

para las malla de 400, 1600, 6400 y 10000 elementos finitos respectivamente.

2.5. Conclusiones

En el presente Capitulo presentamos los aspectos tedricos fundamentales de los métodos em-
pleados en el presente trabajo de tesis para el calculo de la estructura de bandas de cristales fondni-
cos y metamateriales actsticos. El método descrito en la seccién 2.3.1 se utiliza en el algoritmo
presentado en el anexo C para realizar optimizacién topoldgica. El método descrito en la seccién
2.3.2 es utilizado en el modelo numérico presentado en el anexo D para calcular las propiedades
dindmicas efectivas de los cristales fonénicos y los metamateriales acusticos. El método descrito
en la seccién 2.3.3 se utiliza para obtener la relacion de dispersion k(w) en la zona de bandgap
y de esta manera poder determinar las propiedades dindmicas efectivas de los materiales en es-
ta region. Los resultados obtenidos en la seccién 2.4 muestran que los métodos asociados con el
operador de Bloch y condiciones de borde periddicas, secciones 2.3.2 y 2.3.3, presentan una ve-
locidad de convergencia inferior a la del método con elementos finitos tradicionales y condiciones
de borde de Bloch, seccion 2.3.1, por lo que, con estos métodos se deben usar mallas mas finas
y preferiblemente de elementos finitos rectangulares, el test donde se realiza subintegracién con
cuatro puntos de Gauss mejora marginalmente los resultados obtenidos con integracién exacta,
por lo que se desestima la hipétesis de que el problema de convergencia sea debido a un fenomeno

de bloqueo inducido por el operador de Bloch (locking).
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Capitulo 3

Diseno topologico de materiales
elasticos con propiedades isotropicas
cercanas a sus limites teoricos

3.1. Introduccion

En el presente Capitulo se presentan las metodologias numéricas desarrolladas para realizar el
disefio inverso de la microestructura de compuestos elasticos bifasicos isotrépicos en tres dimen-
siones. Se estudian dos problemas particulares del disefio de micrarquitecturas de materiales con
propiedades efectivas cercanas a sus limites tedricos. En el primer caso se desea desarrollar una
microestructura cuyo comportamiento efectivo muestre un coeficiente de Poisson negativo. En el
segundo caso se disefia una microestructura cuyo comportamiento efectivo muestre rigidez méxi-
ma. En problemas 3D los limites tedricos son determinados por los limites de Hashin-Shtrikmann
(Hashin y Shtrikman, 1963).

En el anexo A se expone con mayor detalle el algoritmo empleado para obtener los resultados

mostrados en el presente Capitulo.

3.2. Metodologia

La metodologia desarrollada para disefiar compuestos periddicos eldsticos bifdsicos 3D con
propiedades efectivas isotrépicas cercanas a los limites teéricos es formulada como un proble-
ma de optimizacién topolégica (Bendsge y Sigmund, 2003) cuya implementacion se basa en los
conceptos de funcidn level-set (Amstutz y Andrd, 2006) y de derivada topoldgica (Novotny y So-
kotowski, 2012) cuya evaluacién es una medida de la sensibilidad de un determinado funcional
respecto a una perturbacién singular infinitesimal del dominio, tales como, inserciones de agu-
jeros o de inclusiones. Una caracteristica fundamental de esta metodologia es la imposicion de
simetrias de cristales preestablecidas a las topologias de las microarquitecturas disefiadas. La ho-

mogeneizacién computacional para evaluar las propiedades elésticas efectivas de los compuestos
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se fundamenta en una técnica basada en Tranformada de Fourier (Eyre y Milton, 1999) la cual fue

extendida para dominios no ortogonales (anexo A).

3.2.1. Eleccion del dominio de disefio 2,,. Imposicion de simetrias de cristales

Una caracteristica fundamental de la metodologia presentada es la imposicién de simetrias de
cristales predefinidas a las microarquitectura disefiadas. La imposicion de una simetria predefinida
restringe el espacio de solucién de nuestro problema, en consecuencia, impacta positivamente en
la velocidad de convergencia del algoritmo de optimizacién topoldgica, pero, al limitar el espa-
cio de bisqueda también condiciona qué tan extremas son las propiedades efectivas del material
disefiado. En el articulo presentado en el anexo B se muestra un estudio sobre las simetrias mas
convenientes a utilizar de acuerdo al punto de los limites de HS a alcanzar (Hashin y Shtrik-
man, 1963), ver Figura 3.1. Las simetrias impuestas deben ser compatibles con la simetria el4stica
efectiva objetivo del problema. El principio de Neumann (Nye, 2006) vincula la simetria de la

microarquitectura con la simetria de las propiedades fisicas efectivas mostradas por el material.

3.2.2. Homogeneizacion computacional mediante un método basado en Transfor-
mada de Fourier

Las técnicas de homogeneizacién basadas en Transformada de Fourier para calcular el tensor
de tensiones homogeneizado, C", de compuestos con composicién arbitraria fueron introducidas
por Moulinec y Suquet (1998). Posteriormente, estas técnicas han sido mejoradas por diversos
autores. Particularmente, Eyre y Milton (1999) presentaron un algoritmo que exhibe mejores pro-
piedades de convergencia para la homogeneizacién de compuestos con mayor relacion de contraste
entre las fases constituyentes. Nuestra implementacién se basa en este tltimo algoritmo, el cudl,
como se muestra en el anexo A fue extendido a dominios no ortogonales. En el articulo presenta-
do en el anexo A se valida nuestra implementacion de esta técnica comparando sus resultados y
velocidad de convergencia contra un método basado en elementos finitos donde pudimos apreciar
que en dependencia de los contrastes entre las fases, la técnica basada en Transformada de Fourier

puede presentar un rendimiento superior.

3.3. Diseio de la microarquitectura de compuestos elasticos isotropi-
cos

3.3.1. Limites de las propiedades elasticas efectivas de compuestos isotropicos bifasi-
cos

Consideremos el conjunto de compuestos periédicos con propiedades eldsticas isotropicas

efectivas y dos fases eldsticas isotrépicas M y Mo cuyos médulos volumétricos son k1, k2, con
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Figura 3.1: Limites teéricos de propiedades efectivas para compuestos 3D isotropicos de dos fases segtin Hashin y
Shtrikman (1963) (HS-bounds). Propiedades de las fases M1 y M2 son k1 = 1.667, G1 = 0.3571, ko = 7K1,
G2 = yG1, factor de contraste v = 10~%, fraccién de volumen f; = 0.338.

Ko < K1,y médulos volumétricos G1, G2, con Go < (1, respectivamente, y una fraccion de volu-
men para M igual a f;. Entonces, las propiedades efectivas de estos compuestos, tipicamente los
mddulos efectivos de volumen y corte, & y G, estdn acotados: &l < i < &Y, G! < G < G“, donde
&%y ! son los limites superior e inferior del médulo volumétrico efectivo , v, G y G! son los
limites superior e inferior del médulo de corte efectivo. Estos limites se han estimado tedricamente

con las expresiones derivadas de' Hashin y Shtrikman (1963) como:

1—
R = k1 — ﬁf S hlf ; 3.1)
+35- 0 L 3.0
Ko—K1 3k1+4G1 K1—K2 3ko+4Go
A 1-fi Al f
u __ . —
G =G+ 1_ 4 6(rk1+2G1) f1 ; G =Gt 1 6(k2+2G2)(1—f1) °
Go—Gq 5G1(3k1+4G) G1—Gs SGQ(3K2+4G2)

Para compuestos constituidos por dos fases caracterizadas por k1 = 1.667, G; = 0.3571, ko =
vk1, Go = ~vGy, con factor de contraste ¥ = 1074, y fraccién de volumen f; = 0.338, estos
limites son: &% = 0.170; &' = 2.8 x 107%; G = 0.789; Gl = 7.3 x 1075 los cuales se muestran
en la Fig. 3.1 y se denominan como los limites de Hashin-Shtrikmann (HS-bounds).

La Figura 3.1, ademas de identificar los limites de HS en el plano (%, CAJ) muestra una serie de
propiedades efectivas limites admisibles que identifican compuestos que manteniendo una misma

fraccion de volumen del componente denso, poseen cualidades tales como :

1) Auxéticos, esto es, compuestos que experimentan un modulo de Poisson negativo.

ii) Pentamodales, denominados de este modo porque el tensor de elasticidad tiene cinco auto-
valores nulos (de ahi el nombre de pentamodal, y que se debe a un médulo de corte aproxi-

madamente cero).

"Limites mas ajustados han sido reportados por Berryman y Milton (1988). Sin embargo, estos limites coinciden
con los de Hashin-Shtrikmann cuando una de las fases es vacio.
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iii) Los compuesto de maxima rigidez, con maximo valor de kappa y G respectivamente.

Cada uno de estos tipos de compuestos tienen aplicaciones relevantes en diversos tipos de pro-
blemas. Por ejemplo, materiales pentamodales se pueden utilizar para alcanzar camuflaje (acudstico
y mecdnico), los materiales auxéticos para diversas utilidades estructurales, y obviamente los com-

puestos de mixima rigidez tienen también aplicaciones tecnoldgicas de valor evidente.

3.3.2. Problemas de optimizacion topoldogica

El objetivo es disefiar dos compuestos bifasicos con una fraccién de volumen predefinida, cu-
yas propiedades efectivas son isotrépicas. Particularmente, buscamos obtener un material auxético
y un material con rigidez méxima, (ver Figura 3.1).

Reintroduciendo la funcién caracteristica x (y) que determina la distribucién de material den-
tro del dominio de disefio €2, = €, U Q2, ver Figura 1.1.

1 vyeql
\(y) = { - (32)
0 Vye Qi

La formulacién matemdtica para el disefio del material auxético es:

min " (x); (3.3)
X

tal que: G"(x) - G;=0

C"(y) is isotropic

fib) = =0

con mdédulo de corte y fraccién de volumen objetivos dados, G* = 0.03 y f{' = 0.338,
respectivamente.
Para el disefio del material con rigidez maxima:

méx G (x); (3.4)
X
tal que: KM (x) — ki =0

Ch(y) is isotropic

i) - fi=0

con médulo volumétrico y fraccion de volumen objetivos k* = 0.167 y f]" = 0.338 respecti-
vamente.

Las microestructuras con un sistema de simetria de cristales cubico tienen respuestas eldsticas
efectivas con simetria cibica (ver tabla A.1), por tanto, los coeficientes de sus matrices de elas-

ticidad satisfacen las identidades: O, = C%, = Cly ; O, = Chy = O 5 O = Ch = Ck,.
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Los coeficientes restantes son iguales a cero. Ademads, los coeficientes de cualquier tensor eldstico
isotrépico satisfacen las siguientes relaciones: a) Cy = 2G, b) Cly+1Ct = k,¢) C11 +2C10 =
3K,y d) C11 — Cia2 + 3Cy44/2 = 5G; donde £ y G son los respectivos médulos volumétrico y de
corte del material.

Por lo tanto, siempre que se garantice que la microestructura presenta un sistema de simetria
cubico y la isotropia del material sea un objetivo, los problemas de optimizacién topoldgica (3.3)—
(3.4) pueden ser reescritos en términos de los coeficientes de la matriz de elasticidad como:

1

5 i) (3-5)

1222{})(0?2 +
tal que: hy=Ch —Ch + 2024 —5G* =0
ho = Cfy — Cly = Ciy =0
hs = fi(x) = f1* =0

in Ch: 3.6
fellcno 44 (3.6)

tal que: hy = Ch 4207, — 35" =0
hZZCﬁ—C{E—C&:O

hs = fi(x) — fi" =0

3.4. Resultados y discusion

3.4.1. Material auxéticos

Para este caso, el objetivo es lograr un compuesto isotrépico con una relaciéon de Poisson
minima para un médulo de corte objetivo relativamente alto. La formulacién del problema (3.5) es
usada en este caso con un médulo de corte objetivo G* = 0.03. Soluciones reportadas en el anexo
B y por Andreassen y Lazarov (2014) muestran que es posible obtener coeficientes de Poisson
mas negativos usando médulos de corte objetivo G* menores. Pero, el desafio fundamental en
el disefio de nuevas microarquitecturas consiste en obtener materiales auxéticos con médulos de
corte relativamente altos.

La microarquitectura disefiada ha sido resuelta con la imposicién del grupo espacial 723 del
sistema de simetria cubico de cristales. La Figura 3.2 muestra la topologia optimizada, y sus pro-
piedades elasticas efectivas se muestran en la Figura 3.3, punto A. Las componentes del tensor de
elasticidad homogeneizado obtenido son: C}y = C%, = Ch, = 0.041500, C}, = CL = O =
—0.018739 y O}, = Ch = Cl; = 0.060176. Por tanto, el coeficiente de Poisson obtenido es de
—0.82 y la fraccién de volumen f; = 0.3383.

La anisotropia de las propiedades efectivas de un material con simetria cubica la cuantificamos
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Direccion de vista
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Figura 3.2: Celda primitiva del compuesto con propiedades eldsticas correspondientes al punto A de la Figura 3.3.
El grupo espacial impuesto es el 123. La celda primitiva es observada desde dos direcciones opuestas [111] y [111] .
El coeficiente de Poisson para esta microestructura es —0.82, el médulo de corte efectivo G" = 0.0301 y el médulo
volumétrico efectivo & = 0.0013405.

mediante el coeficiente de Zener, ¢ = C}, /(Cl — CF,), un valor de 1 indica que el C" es

isotrépico.

La solucién presentada tiene un coeficiente de Zener, ¢ = 0.9989, muy cercano a 1, y por

tanto, la condicién de isotropia se satisface casi exactamente.

3.4.2. Material con rigidez maxima

Para este caso, el objetivo es lograr un compuesto isotrépico con rigidez maxima, La formu-
lacién del problema es expresada mediante (3.6). El médulo volumétrico objetivo es k* = 0.167
cercano al limite superior, k* = 0.1704, estimado por los HS-bounds. El grupo espacial impuesto

es el Pm3m. El dominio de disefio es la celda primitiva de la red de Bravais ctbica simple.

Las componentes del tensor de elasticidad homogeneizado obtenido son: C}y = C, = Ol =
0.252523, O}, = Cfy = Oy = 0.124672 y Cly = Ch = Cl; = 0.127826, con médulos
volumétrico y de corte efectivos mostrados en la Figura 3.3, punto B, y un coeficiente de Zener

€ = 0.9998.
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Figura 3.3: Los puntos A y B en el plano (&, G) representan compuestos cuyas microarquitecturas que han sido ob-
tenidos con una red de 256 x 256 x 256 voxels. HS-bounds de las propiedades efectivas para compuestos bifdsicos
isotrépicos 3D (Hashin y Shtrikman, 1963).

Figura 3.4: Topologia del compuesto con rigidez maxima punto B de la Figura 3.3, disefiado con un grupo espacial
Pm3m. (a) Celda primitiva. (b) Corte medio de la microcelda.
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3.5. Conclusiones

En este Capitulo se presentan dos ejemplos de disefio topoldgico. La metodologia de optimi-
zacion topoldgica es presentada en detalle en el anexo A. El objetivo en estos ejemplos fue obtener
propiedades isotropicas extremas, en el primer caso diseflar un material con coeficiente de Poisson
negativo (ver figura 3.2) y en el segundo un material con rigidez méxima (ver Figura 3.4). Las
propiedades efectivas de las topologias optimizadas muestran que las técnicas presentadas en el
anexo A, combinadas con la imposicion de simetrias de cristales predefinidas, concepto que ha
sido especialmente utilizado y enfatizado por nuestro grupo de trabajo, conforman una metodo-
logia robusta para el disefio de metamateriales 3D con propiedades eldsticas cercanas a sus limites
tedricos.

En el articulo presentado en el anexo B se muestran diversos resultados, donde se exploran
otros grupos espaciales de simetria cibica y se realiza un anélisis sobre la metodologia de optimi-

zacion topoldgica propuesta.
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Capitulo 4

Diseiio de cristales fononicos y
metamateriales acusticos

4.1. Introduccion

En el presente Capitulo se presentan conceptos relacionados con el disefio de cristales fonéni-
cos y de matemateriales acusticos. El algoritmo de optimizacién topoldgica se describe con detalle
en el anexo C.

Se realiza la optimizacién topoldgica de cristales fondnicos 2D con redes cuadradas y hexago-
nales. Se estudia la influencia de las simetria p4mm y p6mm en el ancho maximo de los bandgaps
obtenidos. Ademds, se realiza la optimizacién de metamateriales actsticos para los cuales evalua-
mos sus propiedades dindmicas efectivas mediante el modelo numérico presentado en el anexo
D.

El objetivo es disefiar cristales fondnicos o materiales localmente resonantes en dos dimensio-
nes maximizando el ancho absoluto del bandgap entre dos bandas de dispersién adyacentes. La

relacion de dispersion se calcula mediante los métodos descritos en el Capitulo 2.

4.2. Formulacion del problema de optimizacion topologica

El objetivo es disefiar la microarquitectura de una estructura periddica, tal que, el ancho del
bandgap entre dos bandas adyacentes, a priori seleccionadas, sea maximo.
Como se muestra en el Capitulo 2 la relacién de dispersion w(k) se obtiene resolviendo el

sistema de ecuaciones discreto:
[K(k) —w?M (k)| h, =0, 4.1

donde K (k) y M (k) representan las respectivas matrices de rigidez y de masa luego de imponerse
las condiciones de borde de Bloch (ver Capitulo 2).

Una forma de solucionar el sistema (4.1) es adoptar un valor para el vector de onda k y resolver
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el problema de autovalores generalizados correspondiente. El niimero de frecuencias w; (j =
1,2,...) y modos R resultado de resolver el problema (4.1) depende del nimero de grados de
libertad.

Entonces, considerando un compuesto periddico con dos fases eldsticas isotrépicas My y Ms

se define la funcidn caracteristica:
1 VYyeQ!
) = { i @2)
0 VyeQ,
que determina la distribucion de material dentro del dominio de disefio 2.
Nuestro problema de optimizacién tiene como objetivo maximizar el ancho del bandgap abso-
luto ente dos bandas de dispersién adyacentes j y j + 1. Este problema puede formularse como:

m;ix (mkln w?+1(k, X) — mliixw?(k, X)) ; (4.3)

talque: (K —w’M)h, =0, ke L

donde w;41 y wj son las frecuencias de las bandas j + 1y j, respectivamente, L es la frontera de
la zona irreducible de Brillouin (Brillouin, 1953). La variable de disefio en (4.3) es x.

En la figura 4.1 se muestran celdas unidad primitivas con simetria pAmm (Fig. 4.1a) y p6mm
(Fig. 4.1d). Ademads, se muestra la primera zona de Brillouin (FBZ), la zona irreducible de Bri-
llouin (IBZ) y el contorno de la zona irreducible de Brillouin correspondientes (Fig. 4.1b) y (Fig.
4.1e).

Para microarquitecturas con alta simetria (e.g., simetrias p4mm y p6mm) la probabilidad de
que los puntos extremos de la estructura de bandas se encuentren en la frontera de la zona irre-
ducible de Brillouin es muy alta (Maurin et al., 2018), por esta razén, durante del proceso de
optimizacion, el analisis de la estructura de bandas puede ser restringido a vectores de ondak € L.

Como (4.3) es un problema de optimizacién maximin, donde los vectores de onda k para las
frecuencias criticas pueden variar durante las iteraciones del algoritmo de optimizacion, siguiendo
la denominada “extended bound formulation” (Bendsge et al., 1983), (Olhoff, 1988), (Olhoff,
1989), (Olhoff 'y Du, 2013) y (Jensen y Pedersen, 2006), este problema es reformulado como:

min (1 — B 4.4

B1,82,x
tal que: fpi=p1— [wjz(k, X)}p >0, p=1,...,.N
fq = [w]2-+1(k, X)]q - 52 > O, q= 1a 7N

(K —w’M)h, =0, k€ Ly,

donde 31 y B2 son variables independientes adicionales que representan los limites superior e

inferior del cuadrado de las frecuencias wjz y w?

7+1, respectivamente. Las variables 51y B2 no son
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pardmetros geométricos ni de forma, por lo tanto, no dependen de la topologia.

El contorno de la zona irreducible de Brillouin, definido en la red reciproca, es discretizado en
N puntos, por lo tanto, para construir la relacién de dispersion, w(k), necesitamos resolver (4.1)
N veces. Los IV vectores de onda, k, definen el conjunto Ly

La notacién [wf (k, X)} ) significa que la frecuencia w; de la banda j es evaluada en el punto p
del conjunto L. Andlogamente, La notacién [wjz (K, X)] . significa que la frecuencia w; 1 de
la banda j + 1, adyacente a la banda j, es evaluada en punto ¢ del conjunto L.

El problema de optimizacion 4.4 es resuelto mediante un algoritmo basado en los conceptos
de funcioén level-set y de derivada topoldgica en combinacién con un método Lagrangiano aumen-

tado. Este algoritmo es presentado en detalle en el anexo C.

Elementos de simetria ‘_’_‘ Ta M

7 2N

. Centro de rotacion
de orden 6 (60°)

’ W‘kCentro de rotacién
de orden 4 (90°)

T/a
Centro de rotacion -Tt/ a I X

Ol
A de orden 3 (120°)

Centro de rotacion
de orden 2 (180°)

Eje de reflexion

(e)

Figura 4.1: Cristales fonénicos con simetria pAmm y p6mm. ((a), (d)) Elementos de simetria y unidad asimétrica (en
amarillo) de celdas unidad primitivas con simetria p4Amm y p6mm.(c) Red hexagonal. ((b), (¢)) Celda unidad de la red
reciproca. Primera zona de Brillouin (FBZ en gris) y zona irreducible de Brillouin (IBZ en amarillo); contorno de la
IBZ['- X - M —T1.

4.3. Diseno de cristales fononicos

En esta seccion se presentan los resultados de la optimizacién topoldgica para cristales fonéni-

cos compuestos por dos fases sélidas, M7 y M. La optimizacién topoldgica se realiza para mi-
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croestructuras con tipos de red cuadrada o hexagonal, y constante de red a = 0.01 m. F, =
91.15 GPa'y p1 = 19500 kg/m3, son el médulo de Young y la densidad de la fase rigida M;.
La fase blanda M3 es caracterizada por un médulo de Young, £ = 4.9 GPa y una densidad
p2 = 1200 kg/m3; v = 0.52 es el coeficiente de Poisson plano de ambas fases. El eje de frecuen-
cia en los diagramas de bandas, mostrados en las figuras 4.2 y 4.3, son normalizados dividiendo
por el factor 2rC 4 /a que representa, multiplicada por 27, la inversa del tiempo que tarda la onda
en atravesar una celda de longitud a, donde C'4 = \/m es la velocidad transversal de onda,
con p1 igual al médulo de corte de la fase M.

Para realizar la optimizacion, el contorno de la zona irreducible de Brillouin se discretizé en
27 puntos, ver Figura 4.1. Las celdas unidad con red hexagonal se optimizaron con una malla de
4872 elementos finitos triangulares. Para las celdas unidad con red cuadrada se realizo un proceso
de refinamiento de malla de dos etapas, se comenzé con una malla de 2048 elementos finitos
triangulares y una vez alcanzada la convergencia se realiza un proceso de refinamiento de malla,

para asi, comenzar una segunda etapa de optimizacién en una malla de 8192 elementos finitos.

4.3.1. Bandgaps para ondas fuera del plano (outplane waves)

En este ejemplo, el objetivo de la optimizacién es encontrar el bandgap maximo para ondas
fuera del plano (ver Capitulo 2). La figura 4.2 presenta la microarquitectura de los cristales fondni-
cos disefiados mediante optimizacidn topoldgica, y sus estructuras de bandas correspondientes,
para celdas unidad con simetria pAmm (Fig. 4.2a) y pémm (Fig. 4.2b). El objetivo es maximizar
los bandgaps para la 1ra (bandgap entre 1ra y 2da bandas), 2da (bandgap entre 2ra y 3ra bandas)
y 3ra (bandgap entre 3ra y 4ta bandas) bandas. Las microarquitecturas de los cristales fondénicos
son mostradas en un ensamble de 3x3 celdas unidad. Las celdas unidad primitiva se delimitan con
un contorno de lineas rojas.

Las estructuras de bandas evidencian que se logra generar bandgaps para todos los casos ana-

min(wjy1)—mazx(w;)
min(wj1)+maz(w;)

lizados. El bandgap relativo, Aw, = 2 , maximo de 117.43 % se generd para
la 1ra banda, en la estructura con red hexagonal, mientras que el menor bandgap de 80.80 % se
presenta para la 3ra banda en la estructura con red cuadrada. Comparando los bandgaps generados
para cada tipo de red, la mayor diferencia se encuentra en la 3ra banda donde el bandgap generado
para la estructura con red hexagonal es de 116.63 %, un 35.83 % mayor al generado para la red
cuadrada, para la 1ra banda el bandgap de la red hexagonal también es mayor, en un 10.52 %, al
de la red cuadrada. El caso contrario ocurre para la 2da banda donde el bandgap generado para la
estructura con red cuadrada es mayor que el de la red hexagonal en un 18.72 %. Por tanto, el tipo

de red mas adecuado para utilizar en el disefio de cristales fondnico depende de para cudl banda

queremos generar el bandgap. Estos resultados son comparables con los reportados por Li et al.
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(2016) para problemas similares y muestran que el tipo de red tiene un impacto importante en la

formacién y tamafio del bandgap.
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Figura 4.2: Microestructuras de cristales fondnicos disefiados y sus estructuras de banda para ondas fuera del plano
(outplane waves). (a) Celda unidad (cuadrado rojo) con simetria pAmm y bandgaps entre la 1ra-2da, 2da-3ra y 3ra-
4ta bandas. (b) Celda unidad (paralelogramo rojo) con simetrfa poémm y bandgaps entre la 1ra-2da, 2da-3ra y 3ra-4ta
bandas.

4.3.2. Bandgaps para ondas en el plano (inplane waves)

Este ejemplo tiene como objetivo optimizar los bandgaps para ondas en el plano (ver Capitulo
2), donde existe un acoplamiento entre las ondas longitudinales y transversales que se propagan
en el plano.

Las microarquitecturas resultado de la optimizacidn topoldgica y sus estructuras de bandas se
muestran en la figura 4.3. Para este ejemplo el objetivo es maximizar los bandgaps para la 3ra
(bandgap entre 3ra y 4ta bandas), Sta (bandgap entre Sta y 6ta bandas) y 6ta (bandgap entre 6ta y
7ma bandas) bandas.

El bandgap relativo médximo de 90.24 % se gener6 para la 3ra banda, en la estructura con red
hexagonal, mientras que el menor bandgap de 52.38 % corresponde a la Sta banda de la estructura
con red cuadrada. Comparando los bandgaps generados para cada tipo de red, la mayor diferencia
se encuentra en la 6ta banda donde el bandgap generado para la red cuadrada es de 87.47 %, un
10.21 % mayor que el generado para la red hexagonal. Sin embargo, para la 3ra y 5Sta banda el

bandgap obtenido para las estructuras con red hexagonal es mayor al obtenido para las estructuras
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con red cuadrada, por tanto, al igual que para la ondas fuera del plano, el tipo de red mas adecuado
para utilizar en el disefio de cristales fonénicos depende de la banda para la que queremos generar
el bandgap, lo que muestra, la importancia del tipo de red para el disefio de cristales fonénicos.
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Figura 4.3: Microestructuras de cristales fonénicos disefiados y sus estructuras de banda para ondas en el plano (inplane
waves). (a) Celda unidad (cuadrado rojo) con simetria p4Amm y bandgaps entre la 3ra-4ta, Sta-6ta y 6ta-7ma bandas. (b)
Celda unidad (paralelogramo rojo) con simetria pobmm y bandgaps entre la 3ra-4ta, Sta-6ta y 6ta-7ma bandas.

4.4. Diseno de metamateriales acusticos

Un metamaterial acudstico es usualmente un material periédico con la particularidad de que
exhibe resonancia local. A diferencia de los bandgaps generados por el fendmeno de dispersion
de Bragg, donde los bandgaps solo ocurren a longitudes de onda del orden de las dimensiones
de la celda unidad, para materiales localmente resonantes se genera un bandgap en el rango de
frecuencias cercanas a la frecuencia de resonancia del resonador local, por lo que no depende de
la longitud de onda, lo que permite abrir bandgaps a bajas frecuencias y en estructuras con celda
unidad de dimensiones menores que la longitud de la onda actstica/eléstica. Este mecanismo de
resonancia local en estructuras sub-longitud de onda hace posible la obtencién de materiales con
propiedades dindmicas efectivas doble negativas (Liu et al., 2000), (Liu et al., 2005).

La propiedad de periodicidad, si bien no es requerida para materiales localmente resonantes,
nos permite, mediante el modelado de la celda unidad, determinar la relacién de dispersion y
evaluar las propiedades dindmicas de los metamateriales acusticos.

En la presente seccion se presenta el diseiio de un material localmente resonante 2D, para el
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cual se evaluaron las propiedades dindmicas efectivas mediante el modelo numérico presentado
el anexo D. Conceptualmente, la metodologia para optimizar la microesctructura de un material
resonante, no difiere del caso en que las bandas se abren por efecto Bragg. Asi, el método de
optimizacion permanece esencialmente idéntico al explicado previamente y que es detallado en el

Anexo C.

El metamaterial acustico disefiado consta de dos fases sélidas, M; y My, ver la Figura 4.4a.
La optimizacion topoldgica se realiza para una celda unidad con simetria p4mm de dimensién
a = 0.01 m. Para facilitar el andlisis se fijaron los grados de libertad verticales u, = 0y con
el objetivo de favorecer la generacion del mecanismo resonante en el contorno de la celda se
fijaron franjas de material M; con espesor s = 5 - 10~m, ver Figura 4.4a. £y = 227.26 GPay
p1 = 7780 kg/m?, son el médulo de Young y la densidad de la fase rigida M. La fase blanda Mo
es caracterizada por un médulo de Young, Fy = 7.25 GPa y una densidad ps = 1180 kg/m?;

v = 0.30 es el coeficiente de Poisson de ambas fases.

La optimizacion se realizé en dos etapas, se comenzé con una malla de 2048 elementos fi-
nitos triangulares y una vez alcanzada la convergencia se realizo un proceso de refinamiento de
malla, para asi, comenzar una segunda etapa de optimizacién en una malla de 8192 elementos
finitos. El contorno de la zona irreducible de Brillouin, ver Figura 4.1, se discretizé en 27 puntos.
Adicionalmente, la variable 31 se acoto superiormente con el valor de 130 kH z.
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Figura 4.4: Propiedades dindmicas efectivas del material localmente resonante. (a) Microestructura optimizada de
la celda unidad. (b) Estructura de bandas normalizada (c) Plot de frecuencia vs nimero de onda normalizado en el
segmento [I' — X]. (d) Dependencia del coeficiente de elasticidad efectivo, C7 f 7. con la frecuencia. (e) Dependencia
de la densidad efectiva z-direccional, p$7, con la frecuencia.
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En la Figuras 4.4a y 4.4b se muestra la topologia optimizada y la estructura de bandas compu-
tada en todo el contorno de la zona irreducible de Brillouin.

Como consecuencia de la presencia de resonancias locales la primera curva de dispersion se
divide en dos ramas originando un bandgap centrado en la frecuencia de resonancia del resonador
local, ver Figura 4.4c. Para calcular las bandas se tomaron 50 valores de niimero de onda k per-
tenecientes al segmento [I" — X del contorno de la zona irreducible de Brillouin. Para estudiar la
region del bandgap se utiliza el método descrito en 2.3.3 que nos permite mediante la solucién del
problema de autovalores (2.28) para una frecuencia w obtener la relacién k(w) correspondiente.
La regi6n del bandgap, fue discretizada en 198 puntos, w € (w@®), wH""), donde W™ y wi¥n
son los valores maximo y minimo de frecuencias para la primera y segunda bandas respectiva-
mente. Como se mostrd en el Capitulo 2, para resolver el problema (2.28) ademés de la frecuencia
debemos fijar la direccion de propagacion de la onda @ (k = k®), en particular, nuestro estudio
se restringe a ondas que se propagan de forma horizontal, k, = 0, por tanto, la direccién de pro-
pagacion de la onda esta determinada por el vector ® = [1, 0]. El bandgap determina un rango de
frecuencias prohibidas para las cuales no se transmite la onda, por lo cual, los valores del nimero
de onda k en la regién de bandgap son complejos, ver Figura 4.4c. Para seleccionar la magnitud
del nimero de onda, k;, coni € Q = {1,2...M}, donde M es el cardinal del conjunto de solucio-
nes posibles al problema de autovalores (2.28), se sigue un criterio con el objetivo de conservar lo

mejor posible su continuidad, el cual se formula como sigue:
i€Q: |k} —xll < [{k} —ml|, Vi€ Q, 1 #1. 4.5)

donde k" = a - Real [k] es la parte real normalizada de la magnitud del vector de onda. En la
Figura 4.4c se observa que la continuidad del vector de onda se conserva hasta la frecuencia que da
inicio a la segunda banda. Las Figuras 4.4d y 4.4e muestran la dependencia con la frecuencia de las
propiedades efectivas, x-direccionales, de elasticidad Cf{ !y de densidad pf{f respectivamente.
Dichas propiedades fueron evaluadas mediante el modelo numérico desarrollado en el anexo D.
Se puede apreciar que para gran parte de la region de bandgap, en el rango de 145 kH z a 200 kH z
aproximadamente, el coeficiente eldstico C} { 7 es negativo, mientras que la densidad efectiva p‘f{ f,
dentro o fuera del bandgap, siempre es positiva. La continuidad del vector de onda, ilustrada en
al Figura 4.4c, también se observa para las propiedades efectivas. En la vecindad de la frecuencia
que da origen a la segunda banda de dispersion el coeficiente de elasticidad Cf{ f y la densidad
pi{ ! tienden asintoticamente a —oo y +00 respectivamente.

En la Figura 4.5a se muestra un segundo resultado de optimizacién topoldgica. En este caso
el resonador presenta una forma cuadrada, mas simple que el del resultado mostrados en la Figu-

ra 4.4a. El bandgap absoluto, Aw, = min(w;4+1) — max(w;), obtenido es aproximadamente de
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Figura 4.5: Propiedades dindmicas efectivas del material localmente resonante. (a) Microestructura optimizada de
la celda unidad. (b) Estructura de bandas normalizada (c) Plot de frecuencia vs nimero de onda normalizado en el
segmento [I' — X]. (d) Dependencia del coeficiente de elasticidad efectivo, C¢{”, con la frecuencia. (¢) Dependencia

de la densidad efectiva x-direccional, pf{f, con la frecuencia.

861 kH z, inferior al generado por la microestructura mostrada en el Figura 4.4a que es de unos

1000 kH z. Los bandgap relativos, Aw, = 2%22:;13;2%23]’ 3, son del 64.98 % para el primer
resultado y del 62.63 % para el segundo, ver Figuras 4.4b y 4.5b. Como era de esperar la propieda-
des efectivas tienen un comportamiento muy similar para ambos resultados,ver Figuras 4.4d , 4.4e,
4.5d y 4.5e, con la particularidad que para el segundo caso la frecuencia resonanante es mas baja,
por lo que la regién de bandgap comienza a frecuencia de aproximadamente unos 94 kH z y se
extiende hasta los 180 k£ H z mientras que para el primer caso la regién de bandgap se comprende
en el rango de 104 a 204 kH z aproximadamente.

Desafortunadamente para ninguna de las estructuras optimizadas pudimos obtener propieda-
des efectivas doble negativas. Finalmente, como un ejemplo adicional de validacién del modelo
numérico presentado en el anexo D se presenta la evaluacion de las propiedades efectivas de un
laminado compuesto por tres fases materiales igual al presentado por Srivastava y Nemat-Nasser
(2014) para el cual los autores obtuvieron propiedades dindmicas efectiva doble negativas sobre la
segunda banda de dispersion.

En la Figura 4.6a se muestra la celda unidad del compuesto trifdsico de 4.3 mm de espesor, di-
seflado para que la fase M3 con médulo de Young, E3 = 300 GPa y densidad, p3 = 8000 kg/m?
de 0.4 mm de espesor resone localmente. Las propiedades materiales y el espesor total de la fa-
se M son By = 8 GPa, p1 = 1180 kg/m? y 2.9 mm respectivamente, mientras que los de

la fase blanda M5 son F; = 0.02 GPa, p; = 1100 kg/m3 y 1 mm respectivamente. Los des-
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Figura 4.6: Propiedades dinamicas efectivas de un laminado compuesto por tres fases. (a) Representacion de la celda

unidad. (b) Plot de frecuencia vs nimero de onda normalizado. (¢) Dependencia de la compliance efectiva, DS =
1/ Eeff , con la frecuencia. (d) Dependencia de la densidad efectiva, pef f , con la frecuencia.

plazamientos u,, se han restringido en este andlisis, por lo que el problema se puede considerar
1D.

En las Figuras 4.6c y 4.6d se muestra la dependencia con la frecuencia de la compliance
efectiva, Delrf , y de la densidad efectiva, pef f , respectivamente. Propiedades exéticas como indice
de refraccién negativo se encontrarfan para el rango de frecuencias que comprende a la segunda
banda, donde la compliance y densidad efectivas son negativas.

Finalmente, los resultados obtenidos por nuestro modelo de homogeneizacién dindmica, ver
anexo D, presentan una fuerte concordancia con los reportados por Srivastava y Nemat-Nasser

(2014).

4.5. Conclusiones

En este Capitulo aplicamos la metodologia de optimizacién topoldgica descrita en el anexo C
para el disefio de cristales fonénicos y metamateriales acusticos.

Los resultados obtenidos muestran que la eleccién del tipo de red es fundamental para obte-
ner estructuras con bandgaps maximos. Para futuros estudios, y siguiendo un paralelismo con el
andlisis efectuado en el disefio de microestructuras con propiedades eldsticas extremas (anexo B),

se propone explorar distintos grupos de plano de simetria (e.g p4gm, p31m, etc) para evaluar la
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magnitud de su impacto en el disefio de cristales fonénicos.

Mediante el algoritmo presentado en el anexo C se disefiaron materiales localmente reso-
nantes. El modelo de homogeneizacion presentado en el anexo D fue usado para determinar las
propiedades dindmicas efectivas de los metamateriales acusticos disefiados. En la regién de band-
gap el Cf{ 7 se hace negativo mientras que el pi{f se mantiene positivo lo cual es coincidente
con una regién de prohibicién de propagacién de ondas. Lamentablemente, solo con el objetivo
de maximizar el bandgap, no se logro obtener un material con propiedades dindmicas efectivas
doble negativas. La doble negatividad solo la pudimos observar al evaluar la propiedades de un
compuesto laminado propuesto por Srivastava y Nemat-Nasser (2014). Para futuros estudios se
propone estudiar el acoplamiento del modelo numérico descrito en el anexo D al proceso de op-

timizacion topoldgica con el objetivo de disefiar materiales con propiedades exdticas como indice

de refraccién negativo.
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Capitulo 5

Conclusiones

5.1. Contribuciones

En esta tesis se presentan dos algoritmos de optimizacion topoldgica, uno para disefiar me-
tamateriales mecanicos y otro para el disefio de cristales fondnicos, basados en los conceptos de
funcion level-set y de derivada topoldgica. El desarrollo de estos algoritmos ha insumido un es-
fuerzo notable, considerando ya sea la implementacion de algoritmos de optimizacién que, aunque
estdndar, debieron ser adaptados al problema en cuestion y testeados debidamente; como también
a la correcta implementacién de las derivadas topoldgicas como entidad matematica adecuadas a
cada problema. En particular se enfatiza el esfuerzo invertido en el desarrollo de la derivada to-
poldgica de las frecuencias propias de microceldas que se utilizan en el modelo de optimizacién
de ancho de bandgaps. Si bien las expresiones de estas derivadas topoldgicas se publicaron previa-
mente por autores como Amari y Amstutz, se debi6 realizar un gran esfuerzo a nivel conceptual
para adaptar dichas expresiones a nuestro problema en particular. Las diferentes expresiones de
las derivadas topoldgicas, sea para los casos con autovalor tinico o multiples, se han verificado
numéricamente.

Para el disefo de los metamateriales mecénicos se optimizé la topologia de la microestructura
con el objetivo de obtener materiales, 2D y 3D, con propiedades eldsticas efectivas cercanas a los
Iimites tedricos. Se estudi6 el efecto de la imposicion de distintas simetrias de cristales en el disefio
de los materiales donde se mostré que las propiedades maximas/minimas obtenidas dependen
fuertemente de la simetria a priori definida. Se mostrd que la eleccién de la simetria mas adecuada
depende de qué punto de los limites de Cherkaev-Gibiansky, caso 2D, o de Hashin-Strikman, caso
3D, definidos en del plano (%, G ) se predefine como objetivo alcanzar. Para aproximarse al limite
derecho del plano, maximo %, un material con alto grado de simetria resulta el mas apropiado. Al
contrario, si el objetivo es aproximarse al limite izquierdo resulta mas conveniente usar otros tipos
de simetrias.

Se mostré que el disefio de la micoarquitectura mediante la solucién de problemas de opti-
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mizacién topoldgica, combinado con la imposicion de simetrias de cristales predefinidas es una
metodologia viable y robusta para disefiar metamateriales con propiedades eldsticas efectivas cer-
canas a los limites tedricos.

En los problemas 3D la homogeneizacion se realizo con una técnica basada en FFT, la cudl fue
extendida a sistemas de coordenadas no ortogonales para permitir el andlisis de celdas unidad con
forma de prismas no rectangulares. Ademads, se mostré que esta técnica en funcién del factor de
contraste entre las fases materiales constituyentes puede ser mas eficiente que la técnica andloga
basada en el método de elementos finitos.

Para el disefio de cristales fonénicos el objetivo de la optimizacion topoldgica fue obtener la
microestructura del material tal que el bandgap absoluto entere dos bandas de dispersion adyacen-
tes sea maximo. El algoritmo de optimizacién topolégica desarrollado, acorde al mejor conoci-
miento del autor, es el primero basado en los conceptos de derivada topoldgica y funcién level-set
propuesto para realizar el disefio de cristales fondnicos maximizando las regiones de bandgap.

Se muestra que para el cdlculo de la estructura de bandas del material mediante el método
de elementos finitos, cuando sea posible, la metodologia preferida es usar condiciones de borde
de Bloch con matrices de elemento finitos tradicionales pues este método presenta las mejores
propiedades de convergencia. Ademads, las expresiones analiticas de la derivada topoldgica de la
frecuencias, w, son comprobadas numéricamente.

Finalmente, se propone un modelo de homogeneizacién basado en elementos finitos para eva-
luar las propiedades elastodindmicas efectivas de metamateriales acusticos que quizds podria ser
usado como una herramienta mds para realizar optimizacién topolégica. Este modelo fue corrobo-
rado mediante una exhaustiva comparacién con los resultados de modelos basados en ecuaciones

integrales reportados en la literatura.

5.1.1. Resumen de contribuciones presentadas en esta Tesis

Resolucion de disefio inverso de microarquitecturas de materiales periédicos con propieda-

des mecanicas extremas.

= Desarrollo e implementacién de un algoritmo de optimizacién basado en un esquema de
lagrangiano aumentado con restricciones de igualdad para resolver problemas de homoge-

neizacion inversa.

= Construccion de una base de datos de microestructuras 3D con propiedades isotrépicas cer-

canas a los limites tedricos. http://dx.doi.org/10.17632/cc2hgr9kvh.1.

= Extension a dominios no ortogonales de algoritmos de homogeneizacién basados en Trans-

formada de Fourier.
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» Evaluacidn de las propiedades de convergencia de los distintos métodos basados en elemen-

tos finitos para el calculo de la relacion de dispersion, w(k).

= Desarrollo, implementacion y verificaciéon numérica de la derivada topoldgica de los auto-

valores para el problema actstico.

= Desarrollo e implementacion de un algoritmo de optimizacién para disefar cristales fonéni-
cos y materiales localmente resonantes, basado en un esquema de lagrangiano aumentado

con restricciones de desigualdad, con el objetivo de maximizar los bandgaps.

= Desarrollo de un modelo de homogeneizacién para evaluar las propiedades dindmicas efec-

tivas de materiales con microestructuras periddicas.

5.2. Publicaciones cientificas derivadas

A continuacion se listan las contribuciones cientificas derivadas directa o indirectamente de

los estudios y desarrollos abordados durante la presente Tesis.

5.2.1. Publicaciones en revistas

1. N. Rossi, R. Yera, C.G. Méndez, S.Toro, A.E. Huespe. Numerical technique for the 3D
microarchitecture design of elastic composites inspired by crystal symmetries. Computer

Methods in Applied Mechanics and Engineering. DOI: 10.1016/j.cma.2019.112760

2. R. Yera, N. Rossi Cabral, C.G. Méndez, A .E. Huespe. Topology design of 2D and 3D elastic
material microarchitectures with crystal symmetries displaying isotropic properties close to

their theoretical limits. Applied Materials Today. DOI: 10.1016/j.apmt.2019.100456

3. R. Yera, L. Forzani, C. G. Méndez, A. E. Huespe. A topology optimization algorithm based
on topological derivative and level set function for designing phononic crystals. Engineering

Computations. DOI: 10.1108/EC-06-2021-0352

4. R. Yera, C. G. Méndez, PJ. Sanchez, A. E. Huespe. Effective properties of periodic media in
elastodynamics problems. Computer Methods in Materials Science. DOI: 10.7494/cmms.2021.3.0753

5.2.2. Base de Datos

Las microestructuras 3D obtenidas con propiedades efectivas cercanas a los limites tedricos
fueron estandarizadas en un formato .st” y puestas a disposicién en un repositorio de acceso

publico.
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= R. Yera, N. Rossi, C. Méndez, A.E. Huespe, Three-Dimensional Material Microstructures
Dataset Displaying Extreme Isotropic Elastic Properties, Mendeley Data, v1, 2019, DOI:
10.17632/cc2hgr9kvh.1.

5.2.3. Publicaciones y presentaciones en congresos

1. R. Yera, N. Rossi, S. Toro, A.E. Huespe. Andlisis de eficiencia de técnicas tipo FEM y FFT

para homogeneizacion de materiales. MECOM 2018. Tucuman, Argentina.

2. N.Rossi, R. Yera, C.G. Méndez, A.E. Huespe. Use of crystallographic symmetries for topo-

logy design of extreme isotropic elastic metamaterials. ENIEF 2019. Santa Fe, Argentina.

3. R. Yera, C.G. Méndez, A.E. Huespe. Phononic bandgap materials design by means of to-
pology optimization. ENIEF 2019. Santa Fe, Argentina.

4. R. Yera, N. Rossi, L. Forzani C.G. Méndez, A.E. Huespe. Topological design of metamate-
rials with crystal symmetries for acoustic and mechanical applications. WCCM 2020. Paris,

Francia.

5. R. Yera, C.G. Méndez, A.E. Huespe. Phononic bandgap materials design by means of to-
pology optimization. MECOM 2021. Resistencia, Argentina.
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Anexos: Introduccion

En el presente apartado se exponen los principales articulos que contienen la totalidad del
trabajo desarrollado para esta Tesis. La disposicion elegida no es cronolégica, pero tiene como fin
ordenar primero los conceptos principales, para luego presentar las aplicaciones desarrolladas.
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Anexo B R. Yera, N. Rossi Cabral, C.G. Méndez, A.E. Huespe. Topology design of 2D and 3D elastic
material microarchitectures with crystal symmetries displaying isotropic properties close to

their theoretical limits. Applied Materials Today. Vol 18. 2020. DOI: 10.1016/j.apmt.2019.100456

Anexo C Yera, R., Forzani, L., Méndez, C.G. and Huespe, A.E., A topology optimization algorithm
based on topological derivative and level-set function for designing phononic crystals, En-

gineering Computations, 39(1), 354-379. 2021. DOI: 10.1108/EC-06-2021-0352

Anexo D R. Yera, C. G. Méndez, PJ. Sanchez, A. E. Huespe. Effective properties of periodic media
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DOI: 10.7494/cmms.2021.3.0753

49



Diseiio computacional de metamateriales mecanicos y acisticos

El tesista declara haber participado activamente en el desarrollo de los nuevos conceptos apor-
tados y llevado a cabo los experimentos numéricos necesarios para alcanzar los resultados que se
exponen. Estas tareas fueron realizadas bajo la direccién del Dr. Alfredo Huespe y del Dr. Victor
Fachinotti, y en conjunto con los co-autores de cada articulo. Las sugerencias, revisiones y co-
mentarios de los Dres. Huespe y Fachinotti han sido una contribucién invaluable para lograr la
alta calidad de articulos presentados.

Los abajo firmantes avalan esta declaracion.

Aval del Director de Tesis Aval del Co-Director de Tesis

Dr. Alfredo E. Huespe Dr. Victor D. Fachinotti

50 R. Yera Moreno



Anexo A

Numerical technique for the 3D
microarchitecture design of elastic
composites inspired by crystal
symmetries, Computer Methods in
Applied Mechanics and Engineering,
Volume 359, 2020

El articulo presentado a continuacién ha sido publicado en la revista ”Computer Methods in
Applied Mechanics and Engineering”.

N. Rossi, R. Yera, C.G. Méndez, S.Toro, A.E. Huespe. Numerical technique for the 3D mi-
croarchitecture design of elastic composites inspired by crystal symmetries. Computer Methods in

Applied Mechanics and Engineering, Vol 359, 2020, DOI: 10.1016/j.cma.2019.112760

51



52

R. Yera Moreno



Numerical technique for the 3D
microarchitecture design of elastic
composites inspired by crystal
symmetries

N. Rossi', R. Yera!, C.G. Méndez', S.Toro!, A.E. Huespe '+
LCIMEC-UNL-CONICET, Predio Conicet “Dr Alberto Cassano”, CP 3000 Santa Fe, Argentina
2E.T.S d’Enginyers de Camins, Canals i Ports, Technical University of Catalonia (Barcelona Tech)
Campus Nord UPC, Modul C-1, ¢/ Jordi Girona 1-3, 08034, Barcelona, Spain

Keywords: 3D microarchitecture synthesis; topology optimization algorithm; topology design ins-
pired by crystal symmetries; 3D elastic metamaterials; auxetic materials; pentamode composites;

stiffest composite.

Abstract

A numerical methodology developed for the microarchitecture design of 3D elastic two-phase
periodic composites with effective isotropic properties close to the theoretical bounds is here pre-
sented and analyzed. This methodology is formulated as a topology optimization problem and is
implemented using a level-set approach jointly with topological derivative.

The most salient characteristic of this methodology is the imposition of preestablished crystal
symmetries to the designed topologies; we integrate a topological optimization formulation with
crystal symmetries to design mechanical metamaterials.

The computational homogenization of the composite elastic properties is determined using
a Fast Fourier Transform (FFT) technique. Due to the design domains are the primitive cells of
Bravais lattices compatible with the space group imposed to the material layout, we have adapted
the FFT technique to compute the effective properties in 3D parallelepiped domains.

In this work, to find the topologies satisfying the proposed targets, we test four space groups
of the cubic crystal system. Thus, the achievement of composites with effective elasticity tensor
having cubic symmetry is guaranteed, and the isotropic response is then enforced by adding only

one scalar constraint to the topology optimization problem.
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To assess the methodology, the following microarchitectures are designed and reported: two
auxetic composites, three pentamode materials, and one maximum stiffness composite. With only
one exception, all the remaining topologies display effective elastic properties with Zener coeffi-

cients approximating to 1.

1. Introduction

The microarchitecture synthesis of composites with unusual properties that could be manu-
factured using a rapid prototyping technique has recently risen an enormous interest in the com-
munity, see Kadic et al. (2019) and references cited therein. This interest is mainly due to the
notorious advances observed in this type of material processing technique that opens the possibi-
lity of manufacturing complex microstructures.

Closely related to this topic, the authors of this paper, see Yera et al. (2019), have developed
a topology design technique for the microarchitecture synthesis of composites where the resulting
material configurations at the microscale copy the symmetry of crystals. The design goal is to attain
two-phase, stiff and void, composites with periodic microstructures and isotropic effective elastic
properties close to the theoretical bounds. The crucial point of this approach is the imposition of
crystal symmetries to the designed microarchitectures. This criterion could be adopted as a guiding
principle in the design of new microarchitectures. A discussion about the effect that different space
groups have on the realization of composites with properties close to the bounds have also been
addressed in the contribution of Yera et al. In this work, we study the numerical aspects related to
this design methodology.

The above-mentioned topology design technique is formulated as an inverse homogenization
problem which closely follows the original methodology reported by Sigmund (1994), Sigmund
(2000) and clearly explained in the book by Bendsoe y Sigmund (2003). In particular, the topo-
logy optimization algorithm that we have implemented is based on a level-set-technique with a
topological derivative that has been originally reported by Amstutz y Andréd (2006) and Amstutz
et al. (2010). It is also worth to mention that an analogous methodology, having some elements
in common with the here presented procedure, is the level-set technique reported by Allaire and
co-authors, see Allaire et al. (2005). Alternative level-set-techniques for topology optimization
problems can be found in the review paper by van Dijk et al. (2013).

In the present approach, the crystal symmetries are imposed to the attained topologies via a
geometrical constraint on the materials configurations that are tested during the topology opti-
mization procedure. Due to the characteristic properties of crystal symmetries, the imposition of

these constraints into the topology optimization problem introduces several distinguishing fea-
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tures which can be summarized as follows: i) a correct selection of the space group symmetry
will automatically provide the required symmetry of the target effective physical property. ii) the
geometrical symmetry constraining the admissible topologies restricts the design space, or mate-
rial distribution space, determining a robust performance of the topology optimization algorithm.
Furthermore, we show that by imposing suitable crystal symmetries, then, a wide range of to-
pologies can be obtained, including the well-known pentamode diamond-like microarchitecture

reported by Milton y Cherkaev (1995). This solution is analyzed in sub-Section 4.2.

Intrinsically associated to this design approach is the evaluation of the effective properties
of the tested composite through a computational homogenization technique. This step is by far
the most demanding computational burden of the optimization algorithm, and we adopt a Fast
Fourier Transform (FFT) technique to perform it. In the case of imposing crystal symmetries,
the computational homogenization may be conveniently performed in spatial domains with non-
conventional shapes, such as suggested by Méndez et al. (2019) and Podestd et al. (2019). Due to
the FFT technique is not well suited for solving homogenization problems in design domains with
complex shapes, we have adapted it to parallelepiped domains, which is sufficient for our purposes.
A validation test that we present in this paper shows the performance of the FFT technique to

compute the 3D elasticity tensor homogenization of the tested composites.

The authors have analyzed in Yera et al. (2019) the use of several space groups of the cubic
system to attain two-phase microstructures, one of them is void. In those cases, similar to the pre-
sent work, the target has been the design of isotropic elastic composites whose effective properties
are close to the theoretical bounds of Hashin-Shtrikmann. Here, we specifically present a restricted
set of solutions that corresponds to three kind of composites, one auxetic, one maximum stiffness
and three pentamodes, using cells with 256 x 256 x 256 voxels. Therefore, these solutions display

well-refined details.

A brief description of the paper is the following. First, in Section 2, we summarize the topology
design approach followed in this work. We emphasize the description of the FFT technique applied
to problems with non-orthogonal domains. Then, this technique is validated, and its performance

is assessed and compared with the finite element method.

In Section 3, we particularize the topology design approach for solving microarchitecture
design problems of isotropic composites whose effective properties are close to the theoretical
bounds. In sub-Section 3.4, we address some important issues concerning the implementation of

the level-set algorithm and the imposition of crystal symmetries to the tested solutions.

Section 4 presents the numerical assessments of the algorithm. The microarchitectures of some

representative composites are designed using six space groups of the cubic crystal system to attain
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Figura A.1: Multiscale structural problem. Cell €2,, of the composite periodic microstructure with phases M; and M.
Characteristic function . At the macrostructure scale, points are identified with x and the effective elastic properties
of the composite are characterized by the homogenized constitutive elasticity tensor C". At the microscale, points are
identified with y and elasticity tensors with C.

the isotropic response. The conclusions are presented in Section 5. Finally, some specific aspects of
the topological derivative of 3D homogenization problems, which is a crucial issue of the present

approach, are briefly described in Appendix I. The general algorithm is presented in Appendix II.

2. Topology design approach

Let us consider the structure sketched in Figure A.1 which displays a dominating size ¢ and is
built with a material composed of two phases M7, Ms. This composite has a periodic microstruc-
ture with a characteristic length, £,,. A very fundamental supposition in this work is that /,, < /. It
is noteworthy to remark that all periodic microstructures have underlying Bravais lattices, whose
features are widely exploited in this work. According to this observation, £,, can be associated with
the size of the primitive vectors of the lattice.

At the structural length scale, the effective elastic properties of the composite can be descri-
bed through the homogenized elasticity tensor C”, which relates the macro-strains E with the
macro-stresses . A representative cell 2, of the microstructure is used to compute C". For tho-
se composites displaying effective isotropic elastic responses, C” is fully characterized by the
effective bulk modulus x" and the effective shear modulus G

Let us suppose additionally that the material configuration at the microscale can be described
with a characteristic function x(y) defined on €2, which is 1 in the points y where phase M;
exists and is 0 where phase M> exists. Thus, the expressions C"(x), x"(x) and G" () manifest
that the homogenized elastic properties depend on the spatial distribution of phases in €2,,.

Under these conditions, a possible topology optimization problem consists of determining
the function  satisfying the minimum of a given target function, f(C") subjected to specified

constraints.
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A suitable topology optimization problem for the objective pursued in this work is defined
in Section 3. But before addressing this topic, we present with some detail, in the next two sub-
Sections, two important aspects of the methodology. They are a procedure to select suitable spatial
optimization domains, according to the target problem; as well as, an efficient technique for com-
puting the homogenized elasticity tensor (C") in such optimization domains. More conventional
issues about the formulation and evaluation of the elasticity tensor homogenization are presented

in Appendix L.

2.1. Selection of the design domain (),: Bravais lattices and unit cells

The most salient feature of the present design methodology consists of imposing a predefined
crystal symmetry to the designed microarchitecture with the condition that this symmetry is com-
patible with the target effective elastic symmetry of the problem. For a composite with periodic
microstructure, the nexus between the symmetry of its microarchitecture material configuration
and the symmetry displayed by its effective physical property is given by the Neumann’s princi-
ple, broadly applied in crystallography, see Nye (2006).

Following this principle, Yera et al. (2019) suggest the adoption of a crystal symmetry assu-
ring the fulfillment of the target effective elastic symmetry. Recalling that the target problem in
this work aims at attaining the isotropic symmetry, then, in 2D topologies, the hexagonal crystal
system guarantees the attainment of this property. Contrarily, there is not any crystal system in
3D problems guaranteeing such symmetry. According to this observation, we will be only testing
space groups compatible with the Cubic crystal system because it displays the higher symmetry
for 3D topologies.

The geometrical symmetry characterizing a periodic microstructure can be additionally cate-
gorized with a specific crystal space group and point group'. Every Bravais lattice has a point
group symmetry. Therefore, there is a compatibility relationship between the symmetry of the
pursued effective property and a given Bravais lattice through the associated point group. This
connection has been studied in greater details by the authors in previous works, see Podesta et al.
(2018a), Podesta et al. (2019) and Méndez et al. (2019).

Using these ideas, we propose a procedure which can be explained with the information descri-
bed in Table A.1. In this Table, we show the compatibility relationships between the space groups,
the point groups and the Bravais lattices for the Cubic crystal system.

Let us consider, for example, a target effective property with cubic symmetry. Then, five point

groups and 36 space groups are compatible with this symmetry, such as shown in the third and

"Further details about the classification and properties of space and point groups can be found in London (2004)
and Vainshtein (2013). The readers could also visit the web-page Hitzer y Perwass (2009) for visualizing the symmetry
elements of different space groups.
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Tabla A.1: Cubic System. Compatible point and space groups. Bravais lattices compatible with the cubic systems are:
Simple Cubic (SC), Face Centered Cubic (fcc) and Body Centered Cubic (bcc). Primitive cells of the three Bravais
lattices with volumes Q5| = 1., [2/°°| = 0.25 and |Q}°°| = 0.5. The elasticity matrix with cubic symmetry in the
natural basis is represented in column 1. The symbol “x — %" linking two coefficients means that they are equal. Only
three coefficients define the elasticity matrix in natural basis. Point and spatial groups denoted in bold text are tested in
this work. The number of symmetry elements in space and point groups increases toward the descending direction of
rows.

Elasticity Crystal | Point Space
Tensor System | Groups Groups
*F-*¥ 000 23 P23, P2,3 F23 123,123
*\I g g 8 m3 Pm3, Pn3, Pa3 Fm3, Fd3 13, Ta3
Cubic P432, P4,32
* 0 0 B s
\*\0 432 P4332, P4;32 F432, F4,32 1432, 14,32
* 43m P43m, P43n F43m, F43c 143m, 143d
= Pm3m, Pn3n, Fm3m, Fm3c, = -
m3m Pm3n, Pn3m Fd3m, Fd3c Im3m, Ia3d
«\ * R -_,“‘ lb—i
\ I - \
. /
Compatible Bravais lattice '![ I '
simple cubic (SC) fee
N3 ®
o
|
' ®
ya _ gn‘
9o=[1,0,0]; 1 9=[0.5,0.5 0.]; 9o=[0.5, 0.5 0.5];
Primitive unit cells 95=[0,1,0]; 93=[0.,0.5 0.5]; 95=[ 0.5,-0.5 0.5];
Primitive vectors are 9,=[0,0,1]; 9,=[05, 0. 0.5; |  9,=[05, 05-0.5];
Jo, gp and g,

fourth columns of the Table. One of these space groups is chosen with a given criterion, for exam-
ple, the 123. Automatically, the bcc Bravais lattice is associated with it, such as shown in the last
column of the table. Finally, for solving this problem with the imposed symmetry /23, the primiti-
ve cell of the bee Bravais lattice should be tentatively defined as the topology optimization domain
€2,,. Following the same idea, if the space group P23 were chosen, the simple cubic Bravais lattice

is compatible and the corresponding simple cubic primitive cell should be adopted.

2.2. Computational homogenization using a FFT technique in parallelepipedic do-
mains

The FFT-based homogenization techniques have been introduced by Moulinec y Suquet (1998)

for computing the tensor C” of composites with rather arbitrary microstructures. Afterward, these

techniques have been improved by several authors, and particularly, Eyre y Milton (1999) have

introduced a specific algorithm exhibiting better convergence properties for the homogenization

of composites with a large stiffness contrast between the two constituent phases. In our implemen-

tation, we follow this last approach.
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Due to these techniques are now well-established, they are not shown here. Thus, the interested
reader is addressed to the reference works for further details of implementations. The only issue
which deserves specific attention in this work is the computation of the FFT operations in non-
orthogonal domains. The effective elastic properties of the designed composites are computed with
micro-cells coinciding with the spatial domains where the topology optimization problems are
solved. As explained above, in general, these domains are constituted by parallelepipeds defined

by the primitive vectors of Bravais lattices, and therefore, they are not rectangular prisms.

FFT in non-orthogonal coordinates

For simplicity, we describe the computation of the FFT in non-orthogonal coordinates using a
two-dimensional geometry. Its generalization to 3D problems is direct.

Let us consider a periodic material whose underlying Bravais lattice has non-orthogonal primi-
tive vectors, g, and gg, such as sketched in Figure A.2. We introduce the basis {g., g3} to define
a non-orthogonal coordinate system with an homogeneous metric tensor. A position vector y in
this basis is expressed according to 'y = 6%g,, + 6° gs (o and 3 identify different basis vectors,
and therefore, the summation convention of repeated index is not applied), where {#“, #°} are the

corresponding pair of coordinates, i.e., the contravariant components of y.

Figura A.2: Periodic microcell along non-orhogonal directions g, and gg. Identification of the nm-th pixel.

Let us also consider a periodic mechanical problem such that the fluctuation of the micro-
displacements u and micro-tractions t are periodic and antiperiodic, respectively, along the di-
rections g, and gg. Therefore, by defining the unit cell domain €2,,, the following identities are

satisfied on its boundary:

U(y,) =u(y,); tlys) = —tys) Vys €T andy, =y, +9a "

a(y,) =a(ys ) tlyy) = —t(y,) Vy»' €Ijandy, =y, +gp '
Furthermore, we can express every component of the displacements, the strains and the stresses
as fields in terms of the contravariant coordinates. Let one of these periodic function, for example

a strain component, be denoted f(6%,67). Then, f satisfies f(0* + AH,05) = f(6*,67) and
f(6%,0° + A0P) = £(0~,60°) with A9 = 1 and AB® = 1. These fields can be transformed to
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the frequency domain using the Fourier Transform along the directions g, and gg:

1 1
f(CasCp) = / / F(6%,05)e~ 16t +Cs0%) ggo gos (A.2)
0 0

where the two frequencies ((., (g) can be interpreted as the covariant components of the frequency
vector £ = (,G* + CﬁGﬁ, being {G*, G} the reciprocal basis of {g,, g} satisfying G' - g; =
0;; with d;; the Kronecker delta function.

By taking into account these preliminary concepts, the homogenized properties of periodic
composites characterized by unit cells defined by non-orthogonal primitive vectors can be compu-

ted with the FFT algorithm. A brief summary of this algorithm implementation is next described:

I First, the unit cell is partitioned in (N, X Np) pixelsz; N, in the direction g, and Ng in

the direction gg, such as shown in Figure A.2. The following set of discrete frequencies are

defined:
Ca - [CC(V1)7<-£2)7"'7CC(Mn)7"”C((XNQ)} = [_Na + 17_Na +2,...’ Na} ;
2 2 2
_ (D) @) (m) (Na)y _ | _Ng Ng Ng| .
Cﬁ*[Cﬁ 7(5 7"'7<ﬁ 7'"7(5 ]* |:_ 2 +17_ 2 +27---7 2 )

for N, and Ng even,

(if Nq or Ng are odd, the formula in Moulinec et al. can be used). From them, we define the

(Vo x Ng) vectors of discrete frequencies transformed to the Cartesian coordinates:

™) = (G + M6 (A3)

2 The Green operator in the frequency space, I'Y, is evaluated for every vector £(™™) as fo-

llows:

O (£lmm)y — glnm) (E(n,m) .. £(n,m)) glnm) | (A4)

with C being a reference elasticity tensor. Note that equation (A.4), expressed in intrinsic
notation, could be computed using Cartesian components, in particular C? is the conventio-

nal matrix of the elastic Hooke law in Cartesian components.
3 Proceed in a standard way with the algorithm defined in Eyre et al.

Note that the stress and strain fields in both, space and frequency, domains that arise in the
algorithm (10) of the reference work have the components described in Cartesian basis.

In the following, we use indices with Arabic numerals for denoting the components of tensors
in Cartesian coordinates. Additionally, we use Kelvin notation for second and fourth order ten-

sors. The stress tensor components {0y, y; s Tyays, Tysys> Tyryss Tyryss Tyays § are represented with

The generalization to three-dimensional microcell homogenization is direct by considering Ny, X N, 8 X N, voxels.
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Arabic numeral indices as follows: {01, 02, 03, 04, 05, 06 }, respectively. The stress vector in Kel-
vin notation results (o1, 02, 03, \/504, V205, \/506). An identical criterion is used for strains. In
consequence, the corresponding elasticity matrix are denoted with two Arabic indices: C;;, with

i,j=1,...,6.
Validation tests

Next, we validate the FFT technique. The effective elasticity tensor of a composite constituted
of a stiff phase with an array of spherical voids geometrically placed in the positions occupying
the atoms of a face-centered cubic (fcc) Bravais lattice is computed. Then, we analyze the compu-
tational cost (time) vs. accuracy that demands to solve this problem with the FFT, using different
densities of grids. We also compare these results with those obtained with the Finite Element
Method (FEM).

Due to the symmetry of this microarchitecture, the effective elasticity tensor displays cubic
symmetry. The Young modulus of the stiff phase, M, is 'y = 1 and the Poisson’s ratio is vy =
0.4. The spherical voids have a radius of 0.15, wherewith the volume fraction of the composite stiff
phase is f; = 0.9435. The analytic reference solution of the effective elastic moduli, reported by
Cohen (2004), is given by: (Cl* ;)11 = (CP ;)22 = (C} ;)33 = 1.7415, (Cl )12 = (Clif)az =

T s T T T

(Clp)iz = 1.0982 and (C]L ()as = (C) ;)55 = (CJ ;)66 = 0.6456. This solution is calculated
considering that the second phase is void.

In the numerical model, the void phase, M, is assumed to be a soft elastic material whose
Young modulus is Fo = [ with the contrast factor v = 10~%. We also show here that this factor
is small enough to simulate the void. The Poisson’s ratio is taken as vy = vy.

The computational homogenization is evaluated on a primitive micro-cell 2, of the fcc lattice,
such as displayed in Figure A.3-c. Conventional and primitive cells are shown in Figure A.3-
a and c. Superscript p and c indicates primitive and conventional unit cells, respectively. The
conventional unit cell size is 1 X 1 x 1. Note that the primitive cell has a volume |Qf,| = 0.25
compared with the volume of the conventional unit cell whose volume is |€2f,| = 1. Therefore, to
attain similar accuracies, the micro-cell {2}, requires 4 times more voxels than the micro-cell Q.
This feature of the primitive cell is remarkably most important for the design of microarchitectures.
In fact, for the same composite, the primitive cell displays simpler topologies respect to those
described by the conventional unit cell.

Results are plotted in Figure A.4. The curves show the computation time needed for solving
every problem vs. the solution error using the primitive cell ;. The errors are computed as the
normalized Frobenius norm of the difference between the computed elasticity tensor C” and the

reference one Cfe - The numbers in the Figure indicate the grid densities and represent the number
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Yo =[0.5, 0. 0.5];
95 =[05, 0.5 0.];
g9 =[ 0. 05 0.5]; (c)

Figura A.3: Validation tests. Composite microstructure. (a) Conventional unit cell §27;; (b-c) primitive unit cell 2. The
primitive vectors g., gg and g, also define the periodicity directions.

of voxels in each dimension. For example, the number 300 indicates that the solution is obtained
with a discretization of 300 x 300 x 300 voxels. The finite element mesh is built by taking the
same spatial distribution of voxels and dividing each one of them into six linear tetrahedra. Solu-
tions denoted “without greys” are obtained with voxels (FFT) or finite elements (FEM) having the
properties of only one of the two phases. On the other hand, solutions denoted “with greys” apply
the below formulas (A.20) and (A.21) to define the material properties of voxels and tetrahedra.
In the case of the FFT solutions, the eight vertices of each voxel are used for this determination,
but for the FEM solutions, the four nodes of every tetrahedron are used to define the property of

the finite element.

As expected, the FEM and FFT methodologies tend to the correct solution by increasing the
grid density. However, it is notable the effect induced by the inclusion of the grey material in
both methodologies. This effect is still more remarkably in the FFT technique, there are striking
differences in favor of this technique. To attain similar error levels in the computation of the
effective elasticity tensor, the cost of FEM solutions is more than one order higher than that using
the FFT technique. A different conclusion would be attained if grey elements were removed from

the model.

The FEM uses a linear equation system iterative solver (conjugate gradient method) with in-
complete Cholesky preconditioning (IChol). The error tolerances for both methodologies (FEM
with iterative solver and FFT) have been fixed to 1079, and their implementations have been opti-
mized to run in MATLAB using an Intel i9-9900K Processor with 64GB of memory ram and Intel

Turbo Boost activated.
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Figura A.4: Computation time vs. normalized errors to evaluate the homogenized elasticity tensors (Frobenius norm).
Solutions obtained with a primitive cell (€21,). Numbers indicate the grid density size of each solution. Comparison of
FEM vs. FFT solutions.

3. Microarchitecture design of isotropic elastic composites

3.1. Bounds of the effective elastic property of two-phase well-ordered composites

Let us consider the full set of periodic composites with isotropic effective elastic properties
and two isotropic elastic phases M; and My whose bulk moduli are 1, ko, With ko < k1, and
shear moduli Gy, G2, with G2 < (1, respectively, and a volume fraction of M; equal to fi. Then,
the effective properties of these composites, typically the bulk and shear effective moduli, 4 and
G*, are bounded: &' < & < /Y, G! < G < G"‘, where % and ! are the upper and lower bounds of
the effective bulk modulus, and, G* and G are the upper and lower bounds of the effective shear
modulus. These bounds have been theoretically estimated with the expressions derived by® Hashin

y Shtrikman (1963) as follows:

1—f1 N fl

A" = K1+ i R =Ko+ ; (A.5)
1 f ! 1 1-f ’
Ko—K1 + 33&1 —’,—14G1 K1—K2 + 33/&2+41(;'2
Gv =Gt L G =Gt /
1 1_ 4 6(k1+2G1) /1 ’ 2 1 6(r2+2G2)(1-f1) °
Go—G 5G1(3/€1+4G1) G1—Go 5G2(3I€2+4G2)

For composites constituted of two phases characterized by k1 = 1.667, G = 0.3571, ko = VK1,

G5 = v(G1, with the contrast factor v = 1074, and a volume fraction f1 = 0.338, these bounds

3Tighter bounds were reported by Berryman y Milton (1988). However, the bounds coincide with the Hashin-
Shtrikmann ones when one of the phases is void.
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Figura A.5: Theoretical bounds of effective properties for two-phase isotropic 3D composites according to Hashin
y Shtrikman (1963) (HS-bounds). Properties of phases M; and M are k1 = 1.667, Gi = 0.3571, ke = 7yk1,
G2 = yG1, contrast factor v = 10~%, volume fraction f; = 0.338.

are: % = 0.170; 4! = 2.8 x 1074, G% = 0.789; G! = 7.3 x 1077 and they are plotted in Figure
A.5 and are denoted the HS-bounds.

3.2. Topology optimization problems

The goal is to design the family of two-phase composites with a predefined volume fraction,
whose effective properties are isotropic and furthermore, they are the closest one to the four HS-
bounds. The mathematical formulations chosen for solving this problem are the following.

Given the micro-cell €2,,, we define the characteristic function x(y) identifying the positions

where the phase M is placed. It is defined by:

_ [0 vyeQ?

Then,

i) To approach the inferior HS-bound, the problem is written as:

min G (x); (A7)
such that: M) — kY =0
Ch(y) is isotropic
fl0) = =0

where £ is the target bulk modulus of the composite defined within the interval ! < %9 <
R/, flh(X) = fQu x dS) is the volume fraction of phase M and £ is the target volume
fraction. The solutions approaching the HS-lower bound can be obtained by solving a series

of problems (A.7), with 9 sweeping the range of the interval [A!, &%].
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ii) An alternative problem is formulated to approach the left Hashin-Strikman bound, as fo-
llows:

min " (x); (A.8)
X

such that: G"x)-GY =0
C"(y) is isotropic

) - A9=0

where now, the target effective shear modulus G* is chosen from the interval Gl <Gl <
G, Similarly as described above, the solutions approaching the HS-left bound can be ob-

tained by solving a series of problems with G*9 sweeping the range of the interval [G‘l, G‘“]

iii) In a similar way, the Hashin-Strikman superior and right bounds are approached by changing

the minimization problems in (A.7) and (A.8) respectively, by one of maximization.
3.3. Rephrasing the topology optimization problems for microstructures with cubic
crystal symmetries

Microstructures possessing a cubic crystal system have effective elastic responses with cubic
symmetry. Thus, such as shown in Table A.1, the coefficients of their elasticity matrices satisfy the
following identities: C}y = C%, = Cl, ; Ch, = Cly = C%, ; Chy = Ch = CP,. The remaining
coefficients are strictly equal to zero.

According to this observation, as long as it can be guaranteed in advance that the microstruc-
ture will have a cubic system, the topology optimization problems (A.7)—(A.8) can be rephrased
in terms of the elasticity matrix coefficients as follows:

min C?,; A9
peco (4.9
such that: hi = Ct + 20", — 3k =0
o= Cly — Cly — Cly =0
hs = fi(x) = i =0

1

30534); (A.10)

qirelic{})(cfz +
such that: hi=Ct —Ch+ ;C’fﬁl —5GY =0
b = Clh ~ Cly — Cly =0
hs = fi(x) = ! =0

Note that the coefficients of any isotropic elasticity tensor satisfy the following conditions: a)
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Chy =2G,b) C},+1Clhy = K, ¢) C11+2C12 = 3k, and d) C11—C124+3Cus/2 = 5G; being  and
G the bulk and shear moduli of the material. Thus, after assuming that  is the target bulk modulus
of the problem (A.7), the objective function of this problem is replaced by the identity a). The first
constraint can be replaced by c¢), which results the constraint h; in the rephrased formulation (A.9),
while ho of the rephrased formulation ensures the isotropic response. An identical consideration
can be applied to reformulate the problem (A.8). In this case, by assuming that G is the target
shear modulus, the objective function of (A.8) is replaced by b), the first constraint is replaced by
d), which results the constraints h; in the rephrased formulation (A.10) and constraint hy ensures

the isotropic response.

3.4. Level-Set topology optimization algorithm

The topology optimization algorithm for solving the problems (A.9)—(A.10) uses the level-set
method, combined with topological derivatives. The topological derivative provides the sensitivity
of the target properties with changes of the characteristic function y. The numerical technique
based on these ingredients, and which is used in this paper, follows the original ideas of the algo-
rithm presented by Amstutz y Andrd (2006) and Amstutz et al. (2010). The topological derivative
concept is well described in the book by Novotny y Sokotowski (2012). Alternative formulations
of topology optimizations problems using topological derivative and level-set functions have also
been reported in the works of Allaire and co-authors, see Allaire et al. (2005) and references cited

therein.

Let us introduce a smooth level-set function v defined in the microcell Q,, ¥ € C°(£,,),

satisfying
>0 Vy € Qi
U(y)=4q <0 Vyeq, (A.11)
=0 Yy € 09,
then, the characteristic functions x(y) in €, given by expression (A.6), can be redefined as fo-
llows:
1 v9<o
Xw—{o V>0 (A.12)

and problems (A.9)—(A.10) can be written in terms of X:

in Ch ; A.13
fellc{g 11 (Xw); ( )
such that: h1 = C (xy) + 20T (xy) — 36" =

ha = Ci (xy) — Cla(xw) — Clu(xy) =0

hs = fl'(xy) — 19 =0
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. L . .
ﬁg})(c12(xw)+§c44(xw))a (A.14)

such that: b = Oy (xy) — Cla(w) + 2Cla(xy) —5G% =0
hy = Cti(xy) — Cla(xe) — Clu(xy) =0

hs = f1'(xg) — 19 =0

By making use of an augmented Lagrangian technique, see Lopes et al. (2015), problem (A.13)

(similarly for (A.14)) is reformulated as follows:
m}z\ix m¢l’n T (Xaps ), (A.15)

with:

T, A) = CPy + Athy + Aoha + Ashs + % (h2 + B2 + h3) (A.16)

where the \;, with ¢ = 1,2, 3, are the Lagrange multipliers and « is the penalty parameter of the

augmented term.

The solution of problem (A.15) is found by using a descent direction algorithm. Neither the
Lagrangian (A.16) nor the fields involved in this expression are differentiable for changes of to-
pologies. However, the sensitivities of the field and the Lagrangian can be obtained by applying
the topological derivative concept which formally follows the rules of the differential calculus,

typically, the chain rule, such as suggested by Amstutz y Andri (2006).

Following the above-mentioned reference works on this topic, the topological derivative of 7
at point y, denoted D7 (y), provides the sensitivity of the functional 7~ with changes of y at the
same point. Let us consider the perturbed characteristic function, ., of the characteristic function
X, that is defined after an interchange of phases within a ball of radius € and centered at the point

y. Then the topological derivative satisfies:
T(xe:A) = T(x: A) + F(DrT(y, A) + O(¢) (A.17)

where f(€) is a term proportional to the perturbed ball volume, and therefore, to € in 3D pro-
blems. Equation (A.17) allows to identify D77 (y, A) as the element indicating, at every point of
the domain, if a phase change would induce, or not, a decrease of the functional 7. This crite-
ria naturally provides a descent direction for modifying the level-set function during an iterative

process. This point is further developed in sub-Section 3.4.

The expression for the topological derivative of 7 can be written in terms of the topological

denoted DypC"

derivative of the components of the homogenized elasticity tensor C7 i

i by simply
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applying the conventional chain rule to (A.16), as follows:

3 3
DrT(y,\) = DrCiy(y) + Y \i Drhi(y) +a Y (hi Drhi(y)) (A.18)
i=1 i=1
and the expressions of the derivatives of the constrains Drh; are:
Drhy = DrCY + 2D7C?y (A.19)

Furthermore, the topological derivative terms, DyC

Drhy = DpCY — DpCP, — DpCH,

Drhs =1

;j» can be computed with the expression

(A.35) described in Appendix 1.

Analogous treatment is performed on equation (A.14), but it is not shown here.

Algorithm implementation

Next, we describe the implementation of the level-set methodology in the context of an FFT

technique for computational homogenization. This implementation can be compared with alterna-

tive approaches of level-set-methodologies reported in the revision paper by van Dijk et al. (2013).

The iterative algorithm for solving the topology optimization problems (A.13) and (A.14) are

described in Appendix II. In particular, two alternative schemes are defined for computing the

iterative step length.

)

ii)

Parametrization of the level-set-function (LSF)

The FFT technique makes use of a discretization of the unit cell defined through a uniform
grid of (No + 1) X (Ng + 1) x (N, + 1) points, such as schematized in Figure A.6. These
points divide the volume in N, x Ng x N, voxels; being V,, Ng and IV, the number of
voxels along the coordinate directions g, gg and g, respectively. The vertices of these

voxels are the grid points.

The level-set-function 1 (y) is defined in the grid points and is identified by 1&1, = Y(yp),
where y,, is the spatial position of the p—th grid point. The set {zﬁp}, forrp=1,...,(No +
1)(Ng + 1)(N, + 1) are the level-set-function parameters.

Geometry mapping from the LSF parametrization

The elastic property of the v—th voxel represented in Figure A.6, is characterized with the

elasticity tensor Cv that is computed with the convex combination of the elasticity tensors
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Figura A.6: Discrete unit cell. Parameters of the level-set-function associated with the v—th voxel.

Cyy, and Cyy,, of phases M7 and M» respectively, as follows:
C” = &"Chy, + (1 — &) Cay, (A.20)

where the coefficient @, of the v—th voxel, is evaluated with the eight level-set function

parameters, zﬂpv for: p, = 1, ..., 8, that correspond to the v—th voxel vertices, as follows

- ’ Yo, = 0  otherwise

S =
2 po=1 ¥p,]

with @V € [0, 1]. The numerator of this expression is the addition of the absolute values of

8 i P i
(:)’U Zp,UZI |77[)pu| N {wpv lf‘ wpv < O’ (A21)

the level-set function parameters with negative values.

The term @ plays the role of a smoothed characteristic function, similar to x defined in
equation (A.6). According to equations (A.20) and (A.21), if the eight level-set-function
parameters of a voxel are negative (positive), the elasticity tensor coincides with the elasti-
city tensor of phase M; (Ms). Alternatively, if the level-set function parameters are positive
and negative, the material elastic stiffness can be interpreted as a mixture with proportio-
nal stiffness to w”. The salient feature of equation (A.21) is that a smooth transition from
C)y, to Cyy, is induced by a continuous movement of the interface, i.e., the zero iso-surface

level-set function, across the voxel.

iii) Updating the LSF parameters

Once the topological derivative of 7 is known, the level-set-function is updated, at iteration

k + 1, as follows:

PFH = yF 4 1g, (A.22)
where g(y) is defined by:
| =(DrT) if:v <0
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v)

and can be interpreted as a descent direction of 7, and 7 is a step length. Additional discus-

sions for determining the value of the 7 are presented in Appendix II.

For the problem (A.13), the topological derivative of 7 is initially computed in the N, x
Ng x N, voxels according to equations (A.18), (A.19) and (A.35). Then, they are mapped
to the grid points by averaging the values of the neighboring voxels. The resulting nodal
derivative at the generic grid point p is denoted g,,. Finally, the level-set function parameters

in the grid points are updated with equation (A.22).

The iterative updating of the Lagrange multipliers \; of the Lagrangian function 7 are

further discussed in the Appendix II.
Regularization and filtering of the LSF parameters

The level-set function parameters are filtered through a discrete convolution product

W (yp) = (0 * K)(yp) ; (A.24)

where 1)/ are the level-set function parameters after the filtering and the discrete convolution

product is defined as

(Na+1)x(Ng+1)x (N,+1)
U (yp) = (¥ % K)(yp) = > oK (yr — ¥p) ; (A.25)
k=1
and the Kernel K is I
0 if x| > ¢

with the coefficient 3 being taken such that ) ©, K(yx — y,) = 1, for all p. The filter radius
Ly determines the minimum allowed length scale of the designed topology. The topological

derivative is also filtered with a similar expression.
Convergence criterion
Convergence is achieved when the following two criteria are accomplished:

a) Following to Amstutz (2011), a local optimality criterion of problem (A.15) is given
by the condition
DrT >0 ; VyeQ,

which can be implemented by verifying the inequality

G-
LT > (1—toly) ; (A.27)
115 v
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where the vectors ¢ and 1) collect the values of § and 1[1, respectively, of the grid points
(G =1{gp}and 3 = {¢p}, withp = 1, ..., (No + 1) x (Ng + 1) x (N, + 1)).

b) All constraints must be satisfied with given prescribed tolerances:
|hi| < tolp, ; withi=1,2,3 (A.28)
vi) Nested grid refinements

The optimization problems are solved using a grid refinement scheme. Initially, they are
solved with a rather coarse grid of points. Once their solutions attain the convergence criteria
in this coarse grid, the solutions are projected onto a finer grid, and the iterative scheme is

restarted.

Each refinement step consists of exactly doubling the number of voxels per cell side, and
therefore, from one step to the next, the number of voxels increases with a factor 8. Using
this approach, the level-set function parameters of the coarser grid are projected onto the
finer one. The projection procedure is the following: i) For coincident points of both grids,
the parameters are identically copied. ii) For those points of the finer grid not coinciding
with the points of the coarser grid, the parameters are the average values of the parameters
defined in the closest points of the coarser grid, such as it is sketched for a 2D problem in

Figure A.7.

Coarse grid Refined grid = 4 4+

Ti41,j+1

l/}i-j“/ _/wy'+1.j+1 Y

Vit Vip1 Vet Vivsjrs

%7/ /¢f+1.j

Figura A.7: Nested grid refinement procedure. Mapping of the level-set function parameters, from the coarser grid
onto the finer one.

3.5. Strategy for imposing the space group symmetry

The topology computed at each iteration of the optimization algorithm is forced to exhibit
the crystal symmetry defined by a preestablished space group. To get this objective, we adopt the

following strategy.

a) First, the set of points belonging to the asymmetric unit* of the design domain is identified.

“The asymmetric unit and the corresponding image points are defined for all the space groups in the International
Tables of Crystallography (London (2004)).
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Figura A.8: Procedure to impose the 2D crystal symmetry. Plane groups (a) p3 and (b) p4. Primitive cells are depicted
with solid lines and Wigner-Seitz (Voronoi) cells with dotted lines. Orange dots are image points which are located using
the RPS information for every point in the asymmetric unit cell. Green dots are the result of the symmetry translations
of orange points that lay outside the parallelepiped cell.

b) The image points, related to the asymmetric unit points through the symmetry operations of

the space group, are next identified. Both set of points depend on the crystal space group.

¢) In each iteration of the optimization algorithm, the average values of the level-set function
parameters and topological derivatives of the asymmetric unit point and its image points are

computed. These average values are assigned to all of them.

For regular grids of points, such as those used in the FFT scheme, the identification of the
image points associated with every point in the asymmetric unit is achieved by using the regular
point system (RPS)’, see Vainshtein (2013). Examples of RPS and the mechanism of locating
the image points in the grid are shown in Figure A.8 for two 2D cases. Information about the
adopted origin of the coordinate system and the RPS for plane and space groups are specified in
the International Tables for Crystallography London (2004). In the case of the plane group p3, the
coordinates taken as examples of generic coordinates are x = 3/6 and y = 1/6, while for the

plane group p4, these coordinates are z = 3/8 and y = 1/8.

4. Numerical assessments

Microarchitecture design problems to attain composites with isotropic elastic properties close

to the theoretical estimated bounds are next solved. Main results of this task have been presented by

SAn RPS is the set of points that are associated with one generic point, occupying an arbitrary spatial position,
through the symmetry group operations. The coordinates of these points are expressed as a function of the generic point
coordinates.

%To be consistent with the notation used in the International Tables of Crystallography (London (2004)), the coor-
dinates in Figure A.8 are denoted (z,y) instead of the usual notation for the contravariant coordinates that we have
adopted in this work.
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the authors elsewhere, see Yera et al. (2019), where the influence of imposing crystal symmetries
to attain the desired objective has been evaluated by testing four space groups of the cubic crystal
systems for 3D problems. Additional results of similar problems have been reported by Andreassen
y Lazarov (2014).

The numerical performance of the topology optimization algorithms is analyzed in three spe-
cific design cases. They aim at attaining microstructures whose effective properties display: a) one
of the most negative Poisson’s ratios (auxetic composite); b) the stiffest response and c) pentamo-
dal features. The effective elastic properties of these composites in the space (%, Q) occupy the
locations displayed in Figure A.5. The composites with negative Poisson’s ratios have their pro-
perties on the left region of the HS-bound. They are composites demanding high shear modulus
and small bulk modulus. The stiffest composite is positioned at the upper right bound in the (&, Q)
space, demanding high 4 and G moduli, and pentamode composites are characterized by small
shear modulus and are positioned at the lower HS-bound in the same space. Three instances of
pentamode composites are solved.

The attained optimal solutions depend on the crystal symmetry adopted for solving the topo-
logy optimization problem. Yera et al. have shown that closer solutions to the theoretical bounds
can be found by choosing suitable crystal space groups for each case. For example, the space
groups /23 and P23 are appropriate to attain maximal properties in the region close to the HS-left
bound, coincident with the response of auxetic materials. Furthermore, the proper selection of the
optimization domain, €2,,, has also a notable influence. In the same paper, Yera et al. also show
that topologies with bce primitive cell provide topologies with closer properties to the HS upper

bound than those provided by a simple cubic cell.

4.1. Specific technique for solving the present numerical assessments

The topology optimization algorithm described in Appendix II, with scheme 2, has been used
for solving the auxetic composite. The remaining microarchitectures reported in this Section have
been obtained with the same algorithm but using scheme 1.

The optimization process starts by taking a grid with 32 x 32 x 32 voxels. It is followed
by posterior refinements till reaching grids of 256 x 256 x 256 voxels’. The initial topology
configurations in all cases are a random distribution satisfying the target volume fraction of the
stiff phase.

The solutions of the problems reported in this work are obtained with the filter radius fixed to
zero. However, as it can be observed in the attained topologies of Figures A.10 to A.14, they do not

display a finer sub-scale. This outcome may be due to the adopted grid refinement strategy. The

"The sequence of grid refinements consists of taking 32, 64, 128 and 256 voxels per spatial dimension.
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Figura A.9: The points A, B, C and D in the plane (&, () have been obtained with the present methodology and grids of
256 x 256 x 256 voxels. The curves have been taken from Yera et al. (2019) with the space groups and unit cells of the
cubic crystal system: P23 with a primitive cubic cell (SC-P23), 123 with a bce primitive cell (BCC-123), Pm3m with
primitive cubic cell (SC-Pm3m) and I'm3m with bee primitive cell (BCC-Im3m). HS-bounds of effective properties
for two-phase isotropic 3D composites according to Hashin y Shtrikman (1963) (HS-bounds).

coarse grid taken for starting the optimization process precludes the generation of a fine topology
structure. We have observed that in the posterior grid refinement steps, the algorithm does not

longer introduce a sub-scale.

4.2. 3D topology design problems

The designed composites have the same elastic properties, for both phases, defined in the
previous sub-Section 3.1. Therefore, the Figure A.9 copies the HS-bounds in the space (&, G)
depicted in Figure A.5. In the same Figure A.9, we also show four solutions A; B, C, and D that
have been obtained with the present methodology. They are discussed in sub-Sections 4.2, 4.2,
4.2:case-a and 4.2:case-b, respectively. Following the suggestions raised by Yera et al., different
space groups have been imposed on the topology optimization problems to get these solutions.

The results reported by these authors using grids of 100 voxels are also shown in the Figure.

Finally, the last example in sub-Section 4.2:case-c, describes a particular solution of a penta-

mode composite with a smaller volume fraction f; = 0.1.
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Auxetic materials

The synthesis of auxetics materials has recently raised an enormous interest in the community
due to the unusual properties that they display, such as increased resistance to indentation, synclas-
ticity, improvement of fracture toughness, etc. (Saxena et al. (2016) and Cabras y Brun (2014)).
For example, Podestd et al. (2018b) have shown that optimal design of elastic structures demands
the use of auxetics materials.

In this test, the objective is to attain an isotropic composite with minimum Poisson’s ratio for
a relatively high target shear modulus. The problem formulation (A.14) is used in this case with a
target shear modulus® G* = 0.03.

The designed microarchitecture has been solved with an imposed space group /23 of the cubic
crystal system. Figure A.10 displays the resulting topology, and their effective elastic properties
are plotted in Figure A.9, point A. The components of the attained homogenized elasticity tensor
are: Oy = Ch, = Cly = 0.041500, C}, = Ch, = Ol = —0.018739 and Cy = CL = Cls =
0.060176. Thus, the attained Poisson’s ratio is —0.82 and the volume fraction is f; = 0.3383.

We use the Zener ratio to quantify the anisotropy of the effective material properties having
cubic symmetry. The Zener ratio is computed with the formula: ¢ = C},/(Cly — C,). A value 1
for this ratio indicates that C" is isotropic.

The present solution has a Zener ratio of value £ = 0.9989, very close to 1, and therefore, it
satisfies almost exact isotropic response. It is important to remark that several auxetic composites

reported in the literature are strongly anisotropic.

Deformation mechanism of the designed auxetic material

Additional insight respect to the deformation mechanism characterizing the microarchitecture
of Figure A.10 can be conceived by analyzing an alternative, but equivalent, solution. First, notice
that the topology depicted in Figure A.10, obtained with the space group 123, tends to show
a higher symmetry than the enforced one. According to this observation, we achieve a simpler
microstructure, though slightly less efficient, by imposing the space group I43m. The so-attained
microstructure is described in Figure A.11 and its effective Poisson’s ratio is -0.74. Notice that the
main difference between the solutions of Figures A.10 and A.11 lies on the thin sub-structures that
are commonly attained when extreme materials are designed.

The deformation mechanism of the simpler microstructure in Figure A.11 is next explained.

Figures A.11 (a) and (b) show the primitive and conventional cells. Figures A.11 (d) and (e) present

81t is worth to mention that solutions reported by Yera et al. (2019) and Andreassen y Lazarov (2014) show that it is
possible to attain more negative Poisson’s ratios using smaller target values of the shear modulus G*9.
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Figura A.10: Primitive cell of the composite with elastic properties corresponding to Point A in Fig A.9. Imposed
space group /23. Primitive cell observed from two opposite viewpoints: [111] and [111] . The Poisson’s ratio of this
microstructure is —0.82, the effective shear modulus G = 0.0301 and the effective bulk modulus &£ = 0.0013405.

the details of the interior region of the conventional cell and the external faces of the conventio-
nal cell, respectively. Also, they sketch the deformation mechanism when the microstructure is

subjected to a macroscopic strain.

Three cell configurations are presented in Figures A.11 (d) and (e). The central pictures display
the original configurations of the cell. The pictures on the right side display the deformed cell
when it is stretched in the direction [1 0 0]. The pictures on the left side display the deformed cell
when it is compressed in the same direction. Notice the original and deformed positions of the
points 1, 2 and 3 in the three configurations of Figure A.11 (d). It can be seen the microstructure
unfolding mechanism that is activated when it is stretched; the points are moving away and the
dihedral angle « increases. Alternatively, in the reverse direction, in a compressive regime, the
microstructure folding mechanism is activated; the points are approaching and the dihedral angle
« decreases. The points 1, 2 in the three configurations of the Figure A.11 (e) display a similar

folding/unfolding mechanism.

We point out that the deformation mechanism of the microstructure could be envisaged through
the simpler deformation mechanism displayed by the origami in Figure (c). Both structures deform

following a similar pattern.
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Figura A.11: Auxetic composite with space group 143m and Poisson’s ratio —0.74. (a) Primitive cell observed from
viewpoint [1 1 1]. (b) Conventional cell. (c) Origami displaying a similar deformation mechanism to the auxetic com-
posite. (d) Half of the conventional cell constituted by the contribution of four primitive cells. Internal region views. (e)
External views of the conventional cell.
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Figura A.12: Topology of the maximum stiffness composite, point B in Figure A.9, designed with a Pm3m space
group. (a) Primitive cell. (b) Trimmed microcell showing the interior void.

Maximum stiffness materials

With the present approach, we have noted that the topology optimization algorithm finds solu-
tions close to the HS-right bound more easily than solutions close to the HS-upper bound. Accor-
ding to this observation, in this problem, we find the topology by solving a maximization problem
with the formulation (A.13). The target bulk modulus is k9 = 0.167 close to the upper bulk
modulus, £ = 0.1704, estimated by the HS-bounds. The enforced space group is Pm3m. The
design domain is the primitive cell of the simple cubic Bravais lattice.

Figure A.12 displays the attained topology. It is constituted of a void volume covered with a
layered structure in three orthogonal directions that contributes to increasing the shear stiffness.
This topology can be compared with the microstructure of Figure A.14 obtained for high bulk
modulus and low shear stiffness.

The homogenized elasticity tensor components of the microarchitecture displayed in Figure
Al2is: Oy = Chy = Ol = 0.252523, O, = CF, = Cly = 0.124672 and C}y = CL = Cl, =
0.127826, with effective bulk and shear moduli plotted in Figure A.9, point B. The Zener ratio is
& =0.9998.

Pentamode materials

The name of pentamode materials has been coined by Milton y Cherkaev (1995)° to designate

the class of composites displaying a stiff response for one characteristic strain mode while displa-

° At the same time, Sigmund (1995) has independently introduced this kind of composites in the context of inverse
homogenization problems.
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ying easy modes of deformations for the remaining five characteristic strain modes. We consider
that the characteristic strain modes are assumed to be the six eigenvectors of the elasticity tensor.
Thus, for a typical isotropic material, the stiff deformation mode can be associated with the eigen-
value coinciding with the bulk modulus, while the compliant response is associated with the shear
modulus. It means that a pentamode material displays an almost null shear modulus jointly with
a non-null bulk modulus. Pentamode materials have an interest because any achievable effective
elastic material can be generated using an assemblage of pentamode materials, such as mentioned
in the paper by Milton y Cherkaev (1995). In this reference work, the authors also propose a natu-
ral candidate for the pentamode materials, being a diamond-type structure in which four linkages

meet at a point.

Case a: microstructure of a pentamode composite attained with P23 space group (point D in

Figure A.9)

We solve the problem (A.13) with k' = 0.04 and the imposed space group P23. The solved
microstructure is displayed in Figure A.13, and it has effective properties which correspond to the
point D in Figure A.9. The components of its homogenized elasticity tensor are: Cfl = CSQ =
Ch = 0.04363, Cl, = Cly = Ch, = 0.03817 and C}, = Ch = Ch, = 0.00630. Thus, the Zener
coefficient is & = 1.1538, with a ratio: k" /G" ~ 13. The six eigenvalues of the elasticity tensor
are 0.1997, 0.0630, 0.0630, 0.0630, 0.0547 and 0.00547, respectively, Then, the ratios between
the maximum A4, the medium A,,cq or the minimum \,,,;,, eigenvalues are: A,z /Amed = 19

and )\max)\min = 22,

The topology is constituted of four interconnected helix-like sub-structures. Each sub-structure
is formed by three linked bulky elements. Details of the links are displayed in Figure A.13-b.
Unlike the Milton microstructure that is analyzed in the following case-c, in this topology, the
linkage of the three bulky elements is not reduced to a point. Additionally, as it can be observed in
Figure A.13-a, the internal region of the cell displays the four helix-like sub-structures which are

interconnected through a small microstructure constituted by four bars.

From this result, we can conclude that the deformation mechanisms generated by the four
helix-like linked substructures are responsible for providing an almost isotropic effective elastic
response of the composite, while their linkage would probably need the introduction of a sub-

topology, with a smaller length scale to further decrease the effective shear modulus.

Case b: Microstructure of a pentamode composite attained with the Im3m space group

(point C in Figure A.9)
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Figura A.13: Pentamode material attained with the space group P23. Effective properties corresponds to point D of
Figure A.9. (a) Primitive cell; (b) detail of the joints of the substructures.

Although the microstructure of Figure A.13 displays a high bulk to shear moduli ratio, it is
attained by imposing a low target bulk modulus ' < x%/4. With higher values of x'9, the ratio
k" /G" of the attained composites decreases and their material properties tend to move away from

the lower theoretical HS-bound.

A typical case is the topology shown in Figure A.14, which corresponds to Point C in Figure
A.9, obtained with the formulation (A.13), with k%9 = 0.12 and imposing a space group symmetry
I'm3m. This result shows two well-recognized sub-structures which are linked through a bar-like
system of elements. The components of the homogenized elasticity tensor of this microstructure
are: Cly = Ch, = Ol = 0.16458, Cly = Cly = Cf, = 0.09815 and O}y, = Ck = Chs =
0.06500. Thus, the Zener coefficient is £ = 0.9785,

The attained shear modulus of this microstructure is far from the lower HS-bound. However
it is interesting to note certain similitude with the topologies reported by Sigmund (2000) for the
equivalent problem, identified as the Walpole point problem in 2D. Both 2D and 3D structures
have the maximum possible symmetry, i.e. p6mm with a hexagonal lattice in the 2D case, and
I'm3m with a bee lattice in the 3D case. Another remarkable aspect is that both topologies tend to
include additional sub-structures displaying a smaller length scale. Compare Point 9 of Figure 7 in
Sigmund’s work and the details in Figure A.14-(b). In the 2D case, the lower length scale structure

is a laminated material.
In the 3D case reported here, two independent saddle-shaped sub-structures conform, after
cell assembly, a system of hollow “tubes” which are interconnected by parallel bars/cylinders in

three directions, such as observed in the details depicted in Figure A.14. Remarkably, Milton y
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Figura A.14: Topology obtained with the Im3m. Effective properties corresponds to Point C in Fig A.9. Primitive cell
and details of links between the two sub-structures constituting the composite.

Camar-Eddine (2018) have recently discussed similar kinds of microstructures in the context of
isotropic pentamode material. The microstructures proposed by these authors have almost zero
shear modulus and can be realized with a system of parallel cylinders, having characteristic sizes
much lower than the microarchitecture size, which are inserted into structures having maximum
bulk and shear moduli. These cylinders are placed in a sufficient number of orientations to ensure
the isotropy of the composite. Additionally, in the discussion presented by Milton et al. (2017), it
has been pointed out that multiscale substructures are necessary to achieve simple topologies with
properties close to the theoretical bounds. According to these comments and due to the design
constraints that we adopt in this work, the bar system observed in Figure A.14 does not constitute a
true lower scale length of the microstructure, and therefore, they could be the reason for preventing

an additional decrement of the shear modulus.

Case c: microstructure of a pentamode composite attained with F'43m space group and sma-

ller volume fraction

The diamond’s cubic structure depicted in Figure A.15, with the internal atoms i equal to the
face atoms f of the conventional cell, has a crystal symmetry with the F'd3m space group and fcc
Bravais lattice. When the atoms i are different to atoms f, the crystal symmetry is lowered to the
space group F'43m.

An interesting point demonstrating the potentiality of the present methodology lies in the fact
that by imposing a space group F'43m, with fcc Bravais lattice, we attain a microarchitecture

similar to that proposed by Milton et al., displaying the higher symmetry F'd3m of the diamond-
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Figura A.15: Diamond’s crystal structure. Atoms f are on the unit cell faces and atoms i are on the interior of the cell.
*
(b) I
Figura A.16: Topology obtained with space group F43m. (a) Primitive parallelepiped cell; (b) Detail of the joints
shape; (c) Conventional cell.

(c)

like structure. This solution is shown in Figure A.16 and has been obtained for a stiff volume
fraction of 0.1. This microstructure is slightly different from that reported by Kadic et al. (2012).
In the present case, the optimal bars conforming the diamond-like microstructure are similar to
ellipsoids, with the section of the bars not being exactly circular but similar to hexagons with
rounded vertices, as can be noted in the Figure.

A detail of the geometry of the bar joints are shown in Figure A.16-(b).

The homogenized elasticity tensor is C1; = 0.00994, C12 = 0.00936 and Cyy = 0.00157.
The six eigenvalues of this tensor are: 0.02866, 0.00157, 0.00157, 0.00157, 0.00057, and 0.00057.
Thus, the six eigenvalues of the elasticity tensor are 0.02866, 0.00157, 0.00157, 0.00157, 0.00057,
and 0.00057, respectively. And the ratios between the maximum, \,4z, the medium, \,,,.4 or the

minimum, A, eigenvalues are: A\jaz/Amed = 18 and \pyaz/Amin = 50. The Zener coefficient
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is & > 2 resulting a composite whose properties are far from being isotropic. In this case, the
specific tolerance of the algorithm corresponding to the isotropy constraint has been handled to
force the convergence conditions.

The ratio x"/G" = 16 is low if compared with the results reported by Kadic et al. However,

note that the solution of Kadic et al. corresponds to a volume fraction less than 0.05.

4.3. Computational burden for solving the topology optimization problems

Several additional tests have been performed to assess the computational burden demanded
by the present methodology. The four topology optimization problems denoted A, B, C and D in

Figure A.9 have been solved with:

i) two space groups: P23 and 123, and

ii) using the iterative schemes 1 and 2 described in Appendix II.

Ten instances of each problem have been tested. For each instance, the iterative process is
initiated with a random distribution of the stiff phase and a grid of 32 x 32 x 32 voxels. After
convergence, a new iterative process is started with a grid of 64 x 64 x 64 voxels. In this case, the
initial material configuration is the projection of the coarse grid solution onto the fine grid.

The results, in terms of computational burden, are reported in Table ??. This table compares
the number of tests that have converged, the total number of iterations required to converge, the
number of homogenization evaluations that have been performed and the attained best objective
function value of each problem.

The Table rows denoted: C/T report the ratio between the number of converged tests divided by
the total numbers of tested instances, which is 10 in all cases; MNI report the number of iterations
needed to converge (the mean value of the converged instances); MNH report the number of times
(average) that the homogenization elasticity tensor has been computed; and BOf report the attained
optimum value of the objective function.

The Table columns P23 and 123 report the results of the five problems with topologies sa-
tisfying the crystal symmetries with either the P23 or 123 space groups; Grid 323 and Grid 643
identify the results obtained with either 32 x 32 x 32 or 64 x 64 x 64 voxels; and Sch I and Sch 2
identify the iterative scheme, described in Appendix II, adopted to solve the problem. The scheme
using a predefined step length (parameter 7 in equation (A.22)) is denoted with Sch 1. The line

search scheme is denoted with Sch 2.
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Tabla A.2: Computational burden for solving the topology design problems A, B, C and D of Figure ??. First column
identifies the problem.

P23 123
Grid 32 Grid 64 Grid 32° Grid 64°
Sch1 [ Sch2 | Schl | Sch2 | Schl | Sch2 | Sch1l | Sch2
or || 6/10 | 10/10 | 5/6 10/10 || 10/10 | 10/10 | 10/10 | 10/10
Al w || 843 366 193 114 816 264 94 87
wa || 845 1120 194 447 818 872 95 305
sor || 5.94e-3 | 6.67¢-3 [ 3.67e-3 | 3.74e-3 || 4.98¢-3 [ 5.30e-3 | 3.18e-3 | 2.44e-3
or || 910 | 1010 | 99 10/10 || 510 | 9/10 418 8/9
B | wu [ 409 607 68 78 702 906 127 198
wa || 411 2162 69 221 704 | 2752 128 457
vor || 6.67e-2 | 6.58¢-2 | 6.69¢-2 | 6.79¢-2 || 6.66e-2 | 6.39%¢-2 | 6.66¢-2 | 6.54e-2
or || 1010 | 10/10 | 10/10 | 8/10 9/10 | 6/10 9/9 6/6
Clwi| 973 629 166 118 875 309 88 58
wi [ 975 1522 167 385 877 915 89 167
por || 3.51e-2 | 3.72e-2 | 3.40e-2 | 3.50e-2 || 3.91e-2 | 3.97e-2 [ 3.75¢-2 [ 3.83¢-2
or || 510 | 810 415 8/8 7/10 | 8/10 17 7/8
D |[wwu | 859 736 23 36 929 630 228 107
wa || 861 2060 24 116 931 1754 [ 229 317
vor || 3.62¢-3 [ 3.34e-3 | 2.92¢-3 | 2.50e-3 || 5.58¢-3 | 3.14e-3 | 3.99¢-3 [ 2.61e-3

According to the data reported in Table ??, we observe that the number of iteration required
for convergence notably changes according to the problem. Additionally, we can estimate the
robustness performance of the algorithm by analyzing the number of converged solutions respect
to the total number of performed tests.

In most tested cases, scheme 2 demands more homogenization evaluations than scheme 1 to
achieve the solution, resulting in a more costly procedure. However, scheme 2 does not need to

guess the step length for generic cases, which yields a more reliable procedure.

5. Conclusions

In this paper, we have shown that the microarchitecture design of elastic materials attained
through the solution of topology optimization problems, combined with the imposition of pre-
defined crystal symmetries, is a viable and robust methodology for designing 3D metamaterials
with effective elastic properties close to the theoretical bounds.

To reach this objective, we have adopted two similar topology optimization problems that are
formulated as inverse homogenization techniques. The implementation details of the algorithm for
solving these formulations have also been presented. The algorithm is based on a level-set function
technique with the sensitivities, for the iterative correction of the level-set function, evaluated

through the topology derivative of the problem.
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We have used an FFT technique reported in the literature to compute efficiently the homo-
genized elastic properties of 3D composites. The contrast factor for modeling the void phase has
been taken small enough to provide accurate solutions without substantially penalizing the compu-
tational cost required by the FFT technique. A good performance of the FFT technique has been
attained after introducing grey voxels in the interfaces which simulate materials with intermediate

properties of the constituent phases.

To confirm the computational efficiency of this homogenization technique, we have presented
a detailed numerical assessment consisting of computing the homogenized elasticity tensor of a
periodic microstructure with an fcc Bravais lattice. Results, in terms of computational time vs.
accuracy, have been compared with solutions obtained using the FEM. Under these circumstances
and including the grey material in the model, the FFT technique has a favorable performance if

compared with the FEM.

The design technique, as well as the computation of the homogenized elastic properties of
composites with arbitrary crystal symmetries and periodic topologies, requires the use of primi-
tive cells of Bravais lattices that are associated with the pre-defined space group imposed to the
topology. One of the most salient features of these cells is that they are not necessarily rectangular
prisms. Therefore, the use of the FFT technique reported in the literature has to be adapted to these
situations where the cell faces are non-orthogonal. This issue has specifically been addressed in

this work.

To attain the microarchitectures with effective properties close to the theoretical bounds, we
have imposed crystal symmetries with different space groups which have been adopted in concor-
dance with the conclusions of a previous paper of the authors (Yera et al. (2019)). The imposed
space groups are compatible with the cubic crystal system. Therefore, the obtained topologies ha-
ve effective elastic properties with cubic symmetry. Based on this evidence, the isotropy of these
microstructures can be measured with the Zener coefficient who is reported for all cases discussed
in the paper. Excluding the pentamode material of case c in sub-Section 4.2, in all the remaining
cases, the Zener coefficients are close to 1. Therefore, we conclude that the isotropic response is

fulfilled in almost the complete set of designed topologies.

In sub-Section 4.3, we have evaluated the computational burden required for solving several
topology design cases. An important conclusion can be drawn from the data reported in Table ??.
It refers to the relatively high number of tests that have reached convergence. We conclude that the

methodology with the crystal symmetry ingredients displays good and robust performances.

An interesting final remark about the integrated design strategy, here discussed, is its suitability

for imposing different space group symmetries due to the regular grids used for solving the FFT
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scheme.

Acknowledgments

The authors acknowledge the financial support from CONICET and ANPCyT (grants PIP 2013-
2015 631 and PICT 2014-3372 and 2016-2673).

We thank Dr. Ricardo Lebensohn, from Los Alamos National Laboratory, for the discussion
hold about some topics related to the FFT homogenization technique in parallelepiped domains

addressed in this work.

APPENDIX I: Homogenized elasticity tensor and its topological Deri-
vative

Let us consider the problem sketched in Figure A.1. The macro-stress o and macro-strain E
are the volumetric average, in the micro-cell €2, of the corresponding micro-stress o, and micro-
strain €, observed at the micro-scale: o = (0,) and E = (g,,). Also, €,(y) can be split into the

average strain F plus a fluctuation term €, (y) with zero average value in €2,
en(y) = E+éuly) - (A.29)

The fluctuation micro-strain is the symmetric gradient of a fluctuation displacement field, u which
is periodic on the boundary I';, of €. The displacement fluctuations u are periodic along the
directions defined by the primitive vectors of the Bravais lattice.
Stresses and strains at the macro-scale are related through the homogenized elasticity tensor
Ch:
o=C'E, (A.30)

and stresses and strains at the micro-scale are related through the constitutive law:

o.(y) = C(y)euly) - (A.31)

where C(y) is the elasticity tensor of phase at the point y. Additionally, o, is a self-equilibrated
stress field: V - o, = 01in Q..

By following to Moulinec et al, the micro-scale field equations with the corresponding boun-
dary conditions can be rewritten as an auxiliary problem and reduced to the Lippmann-Schwinger
integral equation for €,(1), which, finally, can be iteratively solved in the frequency space, using

a fixed-point algorithm.

Homogenized elasticity tensor
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Let us define the canonical base of the macro-strain tensors £ := {E't, ..., Ef6}, where the
indices Iy, I, ..., I identify every one of the six strain bases E’m. The six components of each
strain base is written in the conventional way, Eilj?l, with ¢, 5 = 1,2, 3. Then, the components of
the canonical strain bases are defined by

L1 (1)) € L
B =0 it (A32)

where the following association between component indices, ¢, j, and strain base indices, I,
is defined: (1,1) € I1; (2,2) € Is; (3,3) € I3; {(1,2),(2,1)} € Is; {(2,3),(3,2)} € Is;
{(17 3)7 (37 1)} € IG'

The components of the homogenized elasticity matrix'? is computed with the expression:
ch. =c(E™):E"™ ;  mn=1,2..6; (A.33)

where o (E'™) is the homogenized macro-stress satisfying the multiscale equations, defined abo-
ve, for the given macro-strain Elm.

Thus, six problems o (E!™), with m = 1,...6, are solved. Associated to each one of them,
the micro-strain 5{[" and the micro-stress a{[" are also computed in the micro-cell. According to

equation (A.29), the micro-strain sﬁm is split as follows:

el (y)=E™ +&m(y), (A.34)

where éf[" is a fluctuation term with zero average value on the micro-cell.

Topological derivative of the homogenized elasticity tensor

The book by Novotny y Sokotowski (2012) describes the topological derivative of the energy
function associated with an elastic boundary value problem defined in a given spatial domain. Fo-
llowing this approach, Giusti (2009) develops the topological derivative of the effective elasticity
tensor obtained using a computational homogenization procedure for 2D problems. This term has
subsequently been used by Amstutz et al. (2010) for solving a topology optimization algorithm.
Here, we only present a summary of these concepts and the expression used for the topology
derivative in 3D problems, see Giusti (2019) and Lopes et al. (2015).

The topological derivative of the homogenized elasticity tensor represents the sensitivity of
this tensor to infinitesimal spherical perturbation in the homogenization domain, such as sketched
in Figure A.17. Let us consider that, at the point y of the microcell, it exists the base elastic ma-
terial with the Lame parameters (\; 1) and Poisson’s ratio v. This material is substituted by an

infinitesimal spherical perturbation with another elastic material with parameters (Ao; £40). Then,

10 At this point, we are implicitly introducing the Kelvin notation for tensors.
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Phase M, (y=0) Ball of radius e

(domain Qﬁ )
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G Phase M, (x=1)
(domain .Q/{

Figura A.17: Perturbed micro-cell domain.

the topological derivative of the homogenized elasticity tensor can be computed with the expres-

sion:
DrClL, (x(¥) =€) :P:er(y) 5  mmn=1,.,6 (A.35)

where IP is the polarization tensor!!.

P=ay (a1 ®1)+21) ; (A.36)

the symbols 1 and I represent the second and fourth order unit tensor, respectively, and the coeffi-

cient o1 and a9 are:

o — 15p0,(v — 1) .

P\ Isp(l—v) + 20,50 —4) )
_ O [15pA(1 — v) + 200, (5v — 4)] — 20, (A6, — Suvdy)
50, [BuA(1 —v) — 3uvdy — Ao, (1 — 2v)] ’

(A.37)

a2

with §) :A*)\o;éu:ﬁbfﬁbo.
The strains sﬁm and s{f in equation (A.35) are the solutions of the FFT technique to each one
of the six problems (m,n = 1,2, ...,6) and are given by equation (A.34). Note from (A.35) that

the topological derivative of C" is defined in each point of the micro-cell (y € Q).

APPENDIX II: Iterative schemes for solving the optimization algo-
rithms

We have implemented two alternative iterative schemes for solving the equations governing
the optimization algorithm which are described in sub-Section 3.4. In this Appendix, we describe
both implementations.

Both implementations are inspired by the Augmented Lagrangian technique and adopt a fi-
xed penalty parameter. The first scheme uses a pre-defined linearly decreasing step size, 7. This

parameter determine the size the level-set function update equation (A.22). The second scheme

' Additional description and properties of the polarization tensor for 3D problems can be found in Ammari et al.
(2008), where it is called the Elastic Moment Tensor (EMT)
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determines the step size, 7, using a linear search technique. The step size of the first scheme and
how it is decreased is defined through a previous adjust procedure.

Both schemes are summarized in the following Box.

General Algorithm
Initialization: Level-set function "; Lagrange multipliers )\?; penalty parameter «;
Amstutz criteria tolerance toly,; constraints tolerances toly,.

Iteration k + 1:
1. Build the characteristic function (1/*) defined in equation (A.12).
2. Perform the homogenization.
3. Evaluate the augmented Lagrangian 7 (1/*, A\¥) defined in equation (A.16)

4. Compute the topological derivative D,,C%,, (x(¥)) using equation (A.35); apply the
filter; impose the symmetries.

5. Compute the search direction of the augmented Lagrangian problem, g*, with equa-
tion (A.23), and using D¢T(1,Z)k, )\k) from equation (A.18).

6. Determine the steep size parameter 7.

= scheme 1: Linearly decreased with k.

Choose a safewarded minimum step size Tiin.

n h 2: )
801D { Per form alinear search : 7 € [Tpmin, 1].

7. Update the level-set function 1/**! with equation (A.22); apply the filter; impose the
symmetries.

8. Update the Lagrange multipliers: )\fH = )\f + ah.

9. Convergence test using equations (A.27) and (A.28)

The line search procedure for determining the step size, scheme 2, is based on the Moré and
Thuente Moré y Thuente (1994) algorithm. We use the topological derivative in the sense of the

usual derivative.
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Abstract

This paper evaluates the effect that different imposed crystal symmetries have on the topology
design of two-phase isotropic elastic composites ruled by the target of attaining extreme theoretical
properties. Extreme properties are defined by the Cherkaev-Gibiansky bounds, for 2D cases, or the
Hashin-Shtrikman bounds, for 3D cases.

The topology design methodology used in this study is an inverse homogenization technique
which is mathematically formulated as a topology optimization problem. The crystal symmetry is
imposed on the material configuration within a predefined design domain, which is taken as the
primitive cell of the underlying Bravais lattice of the crystal system studied in each case.

The influence of imposing crystal symmetries to the microstructure topologies is evaluated by
testing five plane groups of the hexagonal crystal system for 2D problems and four space groups
of the cubic crystal systems for 3D problems.

A discussion about the adequacy of the tested plane or space groups to attain elastic properties
close to the theoretical bounds are presented. The extracted conclusions could be meaningful for

more general classes of topology design problems in the thermal, phononic or photonic fields.
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1. Introduction

The notable increase in the use of additive manufacturing techniques for processing complex
material microstructures opens the possibility of realizing materials designed for given targets
(Kadic et al. (2019)). In line with this problem, we present a topology design methodology for two
and three-dimensional (2D and 3D) two-phase periodic microarchitectures ruled by the objective
of attaining extreme isotropic elastic properties'. The crucial point in this contribution is the im-
position of crystal symmetries to the designed topologies, which has to be considered as a guiding
principle in the context of the adopted methodology.

The design methodology that we follow is based on a well-established mathematical tool, an
inverse homogenization technique formulated as a topology optimization problem, supplemented
with the necessary geometrical constraints to get the required symmetries copying that of a prede-
fined crystal. Then, using this approach, we study the effects induced by the imposition of different

space groups onto the accomplishment of the problem targets.

The study of crystal symmetries and the related mathematical method, i.e., the group theory,
is one of the most fundamental topics in crystallography, particularly in crystal physics. Thus, the
general concepts associated with the crystal symmetry properties, the notions of point, plane and
space groups, as well as the symmetry classification which are necessary to develop this work, are
taken from the International Tables for Crystallography, see London (2004). Additional references
are the books by Vainshtein (2013) and Sélyom (2007).

The space groups of 3D periodic arrangements of crystals characterize their symmetry proper-
ties. Symmetry elements of these space groups are constituted by rotation axes, mirror-reflection
planes, inversion-rotation axes, glide-reflection planes, and screw axes. The point groups are the
nexus, via the Neuman’s theorem, between the symmetry of the microstructure topology, defined
by the crystal space group, and the symmetry of the macroscopic effective physical properties, see
Nye (2006). This concept is the cornerstone of the present approach.

Inverse homogenization techniques for topology designs are well-established in the literature.
In this sense, the work pioneered by Sigmund (1994), the numerous posterior contributions of this
author and coworkers, as well as the huge number of papers addressed to this topic (see for example
Torquato (2010) and Osanov y Guest (2016)), are a clear indication of the power of this technique
to obtain new microarchitecture topologies which are hard to be imagined if using ad-hoc design

methodologies, see, in particular, the brief discussion by Milton (2018). Inverse homogenization

!The concept of extreme material has been coined by Milton y Cherkaev (1995). They give this name to materials
which elasticity tensors have some eigenvalues very large and the remaining ones are very small. Here, following
to Sigmund (2000), we use this concept in a slightly broader sense, including all those isotropic composites whose
effective properties attain extreme bulk and shear modulus.
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techniques can be formulated as a mathematical topology optimization problem posed in a spatial
domain €2,,. Their solutions provide the optimal topologies, or spatial material layouts, satisfying
the proposed targets. An overview of these techniques for different problems can be found in the

book by Bendsoe y Sigmund (2003).

We closely follow the works of Sigmund (2000) and Andreassen y Lazarov (2014), where,
3D (2D) microarchitecture design problems aiming at obtaining extreme composites using inverse
homogenization techniques have been reported. Here, we solve the topology optimization algo-
rithm with the necessary geometrical constraints to impose a space (plane) group to the obtained
material layout. The space (plane) group is defined apriori according to the symmetry of the target

effective elastic response.

The implementation of this approach has required the development of a particular numerical
treatment for handling the high computational cost demanded by 3D microstructure designs. Ne-
vertheless, we leave for a forthcoming paper a detailed description of the numerical aspects of the
methodology. It is notably to remark here that the topology optimization algorithm is solved with
a spatial filter to avoid the occurrence of thin microstructures. Therefore, the attained topologies
have only one length scale. The authors have previously reported some studies performed with this
methodology for 2D problems in Podesta et al. (2018) and Podesta et al. (2019) and 3D problems
in Méndez et al. (2019).

In this paper, initially and after a summary of the concepts on which this work is based on,
we evaluate in Section 3 several plane groups to design 2D microarchitectures aiming at obtai-
ning extreme elastic properties. The material isotropy is guaranteed by taking plane groups of the
hexagonal crystal system. Subsequently, in Section 4, we perform a similar analysis for 3D pro-
blems. In these cases, the isotropic elastic response cannot be guaranteed by any space group-.
Thus, we test four space groups with the highest and the lowest symmetries of the cubic crystal
system, adding one isotropy constraint to the topology optimization problem. The 2D and 3D ma-
terial configurations obtained with different plane and space groups are compared and discussed.

Finally, the conclusions are presented.

Some representative 3D microstructures designed with this methodology are available as sup-
plementary material in the dataset Yera et al. (2019). These microarchitectures are stored in .stl

format and are ready for 3D printing.

Mt is worth to remark that, when topologies with multiple length scales are allowed, the crystal symmetry does
not matter for attaining isotropic effective responses, such as happens in randomly textured polycrystals with isotropic
macroscopic response. However, the important point here is that topologies implying multiple length scales are not so
practical and their consideration enlarges the design space which makes the optimization more difficult.
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Figura B.1: Topology optimization problem. Cell §2,, of the microstructured composite with phases M, and M2 and the

characteristic function x. At the macrostructural scale, the effective elastic properties of the composite are represented
by the homogenized constitutive elasticity tensor C.

2. Inverse material design problem

We design microstructures of periodic composites constituted by two isotropic phases, M;
and Ms, and a given volume fraction f; of M;. Two well-separated scales of lengths are assumed,
see Figure B.1; the structure length scale, ¢, and the microstructural length scale éu in where the
geometrical configuration of the phase distribution is defined. Thus, it is satisfied that £ > £,,. The
effective material properties are evaluated at the structural scale.

The composite has to display the closest effective isotropic elastic properties to its theoreti-
cally estimated bounds. In particular, for the here studied cases in 2D problems, these bound have
been reported by Cherkaev y Gibiansky (1993), and for 3D problems, they have been reported by
Hashin y Shtrikman (1963). The elastic properties of the component phases are chosen to allow for
effective properties with negative Poissons ratios. Thus, the design of isotropic auxetic materials
is an additional challenge addressed for some extreme target conditions.

In this Section, and after defining the theoretical bounds reported in the literature, we describe

the optimization problems that are formulated to attain the closest properties to these bounds.

2.1. Analytical bounds of two-phase composites with effective isotropic elasticity

The bounds described in this Section for the effective bulk and shear moduli, % and G, respec-
tively?, of isotropic two-phase composites, are valid for well-ordered composites, i.e. ko < 1 and
G2 < GGy, where k1 and (1 are the bulk and shear moduli of the stiff phase, M1, and ko and G»
are the bulk and shear moduli of the soft phase, M>. These bounds are next defined in the space

(K , G) for 2D problems4 and (&, G) for 3D problems.

3The symbol (%) denotes an effective value of the elastic property.

*The plane strain modulus K is givenby K = k+ G /3, where x and G are the conventional bulk and shear moduli
of the three-dimensional theory. The elastic constant in the plane strain v, = v/(1 — v), where v is the conventional
3D Poisson’s ratio and —1 < v, < 1, is here taken as the plane strain Poisson’s ratio. The parameter K is known as
the Kolosov constant. For additional details about the connection between the 2D and 3D elastic constants we reference
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Plane strain problems. According to the analysis of Cherkaev et al., the effective moduli of an
isotropic composite constituted by the phase M, with bulk modulus® K; = 5/7, shear modulus
G1 = 5/13 and volume fraction f; = 0.5, and the phase My, with bulk modulus Ky = K;/200
and shear modulus G2 = (1/200; can be bounded in the space (K, @) with an upper coupled
bound defined by the curve:

gy WG+ f2G2) + GiGo oy
GHK) = powt =Gt B.1
(K) Gaf1 + Gy fa + w® 1 Buyp — 74 (B.1)
and a lower coupled bound, defined by the curve:
1) - @G+ o) + GGy o' (g + 77)
el e _ w(1iG1 + f2Go oWl Gyt e TR B2
) [1G2 + foG1 + ! 1 Bl(y%(‘i‘%)—Wl (B.2)
where
(- ﬁ
(=+72) <f1 fo >
= Kk — + B3
a TR - (fiK1 + foK2) \ 1 Ko (B.3)

The coefficient in (B.1)—(B.2) are: o/ = 0.4107, ' = 1.0653, v = 0.0110, o* = —0.1256,
B = —0.2200 and 4% = 2.0 x 1074,

The curves (K, G") and (K ,GY are plotted in Figure B.2-a and, in the following, are denoted
CG-bounds.

Three-dimensional problems. The best known bounds at the present time for 3D composites,
when one phase is void, are the Hashin-Shtrikman bounds (denoted HS-bounds in the following)

which are given by the expressions:

1—
A=K+ — h R =yt — h ——; (B.4)
K2—K1 + 33/{1+4G1 K1—K2 + 33K2+4G2
8 1-f bkl
u __ .
G'=Git 1 + 6(k14+2G1)f1 G G2+ 1 + 6(k2+2G2)(1—f1) ~
Go—Gq 5G1 (3H1+4G1) G1—Go 5G2(3K2+4G2)

By following to Andreassen y Lazarov (2014), we adopt k1 = 1.667, G1 = 0.3571, ko = VK1,
G2 = (1, with the contrast factor v = 104, and the volume fraction f; = 0.338. For these
composites, the HS-bounds are: £“ = 0.170; Rl =28x 1074 G = 0.789; Gl =73x1075

and are plotted in Figure B.2-b, in the space (&, G).

Remark: in two-dimensions the Cherkaev-Gibiansky bounds degenerate to the Hashin-Shtrikman
bounds in the limit in which one phase is void. This is similar to the way the Berryman-Milton-
Phan-Thien bounds degenerate in three dimensions to the Hashin-Shtrikman bounds, see Berry-

man y Milton (1988) and references cited therein.

the work by Thorpe y Jasiuk (1992).
SStifnesses and lengths are defined in arbitrary units.
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Figura B.2: Analytic bounds of effective properties for two-phase isotropic composites. a) Plane elasticity. Bounds
according to Cherkaev y Gibiansky (1993) (CG-bounds). Properties of phases My and Ms are K1 = 5/7; Ko =
K1/200; G1 = 5/13; G2 = G1/200. Volume fraction of phase M; is fi = 0.5. b) 3D elasticity bounds according to
Hashin y Shtrikman (1963) (HS-bounds). Properties of phases M; and Ms are k1 = 1.667, G1 = 0.3571, ko = k1,
Go = vG1, contrast factor v = 10™%, volume fraction f; = 0.338.

2.2. Topology optimization problem

Let us consider a basic micro-cell, identified by €2,,, of the two-phase composite. The phases
My and My occupy the domains Qb and Qi respectively, see Figure B.1.
In §2,,, we define a characteristic function x(y) identifying the positions where the phase M;

is placed. It is defined by:
|0 Vye Qi
w={1 ol ®.5

The homogenized elasticity tensor of the composite, C, depends on the geometrical configuration
of the phases M7 and M5 in €2,. We make explicit this dependence by introducing the notation
C(X) If the effective properties of the composite are isotropic, then, C can be determined accor-

dingly with the effective bulk and shear moduli, denoted () and G (), respectively.
Three-dimensional topology optimization problems

The optimal design of microarchitecture topologies whose target effective properties are the
points on the lower Hashin-Shtrikman bounds are obtained by solving a set of n discrete topology

optimization problems formulated as follows:

min G(x); (B.6)
X
such that: R(x)—kK; =0
C(x) is isotropic

fi) = f1=0

where £} (with 1 < j < n) is the j—th target bulk modulus of the composite defined whitin the

interval ! < k7 < K" and f{ is the target volume fraction of phase M. The problem (B.6) expres-
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ses that the minimum of the effective shear modulus, G, is searched by varying the characteristic

function x within €2,,.

Similarly, the Hashin-Strikman upper bound is approached by solving the maximum G (%),

with identical constraints of problem (B.6).

Alternatively, the topologies approaching the left Hashin-Strikman bound are sought by sol-
ving the problems:

min £(x); (B.7)
X

such that: Glx) — G:=0

A~

C(x) is isotropic
Hhx)—f=0

where now, the target effective shear modulus G of the j—th optimization problem is chosen from
the the interval G! < G}‘f < G*. The extreme composites on the right H-S bound are approached

by changing the minimum problem in (B.7) by one of maximizing the effective bulk modulus.

In the case that the effective elastic properties have cubic symmetry, situation that is guaranteed
by taking a material configuration having a space group consistent with the cubic crystal system,
the coefficients C’ij, with i,7 = 1,...,6, of the elasticity matrix® C satisfy the general identities
displayed in Table ??, resulting: C’H = C’Qg = 033 ; C’lg = C’lg = C’gg ; 6'44 = 6'55 = C’GG.
The remaining coefficients of the elasticity matrix are zero. Any tensor C with cubic symmetry is

isotropic if additionally its coefficients satisfies:

Cii—Ci1p—Cuy =0, (B.8)
resulting:
Giso = 244 B.9
5 (B.9)
~150 L - A
R = §(011 +2Ch2) , (B.10)

where 5% and G%° are the bulk and shear moduli of the effective elastic isotropic response. In

the problems (B.6) and (B.7), the elastic isotropy is imposed by the equation (B.8).

Based on these identities we reformulate the problem (B.6) in terms of the components of C

®We use Kelvin’s notation.
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as follows:

min Ca, (B.11)
such that: Chi +2C15 — 3k; =0,
Cii—Cra—Cu =0,
filx) —fi =0,

and problem (B.7) as follows:

min(Cra + 3Cu), (B.12)
such that: (C’ll —Cha + 2044) — ’c')G;f =0,
Ci1—Cr—Cu =0,
filx) —f1=0.

The objective function in problem (B.12) results from replacing the isotropy constraint (B.8) in

equation (B.10).

Two-dimensional (plane strain) topology optimization problems

The optimal design of 2D microstructures whose target is to attain an extreme isotropic mate-
rial is also performed using a topology optimization algorithm with a slightly different formulation
to those stated in (B.6) or (B.7). In this case, those problems are formulated without specifically
imposing the isotropic elasticity constraint, because this property is guaranteed by enforcing topo-

logies with hexagonal symmetry.

Topology optimization algorithm

The algorithm used for solving the problems (B.11)—(B.12) is based on a level-set method
jointly with topological derivative evaluating the sensitivity of response with changes of the cha-
racteristic function  defined in (B.5). The numerical technique follows the original proposal of
Amstutz y Andrid (2006) and Amstutz et al. (2010). The topological derivative has been studied by
Novotny y Sokotowski (2012). Additional details of this algorithm for solving 3D problems can
be found in Méndez et al. (2019).

In all cases, the configurations for the algorithm onset are random distributions of the stiff

phase in €2,,.
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Tabla B.1: Hexagonal (2D) Crystal System. Compatible point and plane groups. The elasticity matrix is isotropic and
is represented in column 1, with the coefficient C'11 and C2 characterizing the elastic properties.

Elasticity Crystal Point | Plane Compatible Wigner-Seitz and
Matrix system group | group | Bravais lattice | primitive unit cell
3 p3 ® L]
Ci1 Ci2 0 3m p3ml
Ci2 Cn 0 hexagonal p3lm | hexagonal
0 0 Ci1—Ci2 6 p6
6mm | p6mm

P
4
'
D

v

/
p3 p3m1
Three-fold rotational symmetry Six-fold rotational symmetry

Figura B.3: Symmetry elements of plane groups p3, p3m1, p31m, p6, p6mm. Note that the mirror planes of the p3m1
plane group intersect the Voronoi cell differently to that of the p31m plane group.

2.3. Use of specific plane group and space group symmetries

We focus only on particular cases of space group symmetries for designing composites with

isotropic effective elastic responses.
Hexagonal crystal system for 2D isotropic material design

The isotropy of 2D elastic properties is guaranteed if the periodic material configuration is
compatible with the hexagonal crystal system whose main properties are summarized in Table 2?.
Thus, the plane groups p3, p3ml, p31m, p6, and p6mm’ guarantee the obtention of isotropic
effective elastic properties, and therefore, they are the ones tested in this work.

The symmetry elements of these plane groups are depicted in Figure B.3. The underlying

Bravais lattice compatible with these plane groups is hexagonal.

Cubic crystal system for 3D isotropic material design

There are 230 space groups characterizing periodic microstructures in 3D. None of them gua-
rantee an isotropic effective elastic response. Under this circumstance, we study the cubic space

groups, which have the highest possible crystal symmetries in 3D. We only focus on the cubic

"We use the Herrman-Maugin notation to identify point, plane and space groups, see International Tables of Crys-
tallography London (2004).
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Tabla B.2: Cubic System. Compatible point and space groups. Two Bravais lattices compatible with the cubic systems
are sc and bec. Conventional (or Centered) and Wigner-Seitz cells of the two Bravais lattices. The elasticity matrix in
the natural bais is represented in column 1. The symbol “*x —*” linking two coefficients means that they are equal. Thus,
only three coefficients define the elasticity matrix in natural basis. The evaluated point and space groups are denoted in
bold.

Elasticity Crystal | Point Space
Tensor System | Groups Groups
# *-+ 0 00 23 P23, P23 123, 72,3
jo s g m3 | Pm3, Pn3, Pa3 Im3, Ta3
Cubic P432, P4532
* 0 0 > )
\*\0 432 P4332, P4,32 1432, 14,32
* 43m P43m, P43n 143m, 143d
= Pm3m, Pn3n, = =
m3m Pm3n, Pn3m Im3m, Ia3d
.b ..bo ‘o
Compatible Bravais lattice “ "‘l bec "‘I
(Conventional cells) ) * *
Wigner-Seitz cell sc bee g

crystal system whose Bravais lattices are sc (primitive simple cubic) or bce (body-centered cubic).

A further analysis would include the fcc lattice.

Additional details about the cubic crystal system are presented in Table ??. Column 4 of this
Table displays all the space groups that are compatible with the sc and bcc lattices. Point and space
groups being compatible are described in identical lines of columns 3 and 4. It can be guaranteed
that the effective elasticity properties of any composite whose material layout has a symmetry
compatible with a point group listed in column 3 satisfy cubic symmetry, and therefore, the co-
rresponding elastic matrix coefficients, expressed in natural basis, should satisfy the identities
shown in column 1. In the last two rows of Table ??, we show the Conventional and Wigner-Seitz
(Voronoi) cells of both lattices which are here studied®. Primitive cells of this lattice are shown
in Figure B.4. The primitive and the conventional unit cells are identical for the sc lattice and
different for the bcc lattice.

We only analyze the design of topologies with space groups P23, 123, Pm3m and Im3m.
Some of the symmetry elements of these space groups are shown in Figure B.5.

The space groups P23 and 123 have fewer symmetry elements than the Pm3m and Im3m

cases. The first ones can be considered as the space groups with the lowest symmetries and the

®1n this work, three types of unit cells are mentioned and used: i) Wigner-Seitz (or Voronoi) unit cells; ii) primitive
unit cells defined by the primitive vectors of the lattice and iii) the conventional cells whose faces are planes parallel to
the coordinate planes. Voronoi and primitive cells have minimum volume, while conventional cells, in general, do not
have minimum volume
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Figura B.4: Primitive cells of cubic Bravais Lattices of sc and bcc lattices are defined by the primitive vectors a, b, c.
The volumes of the primitive unit cells are V. = 1, Vi = 0.5. Conventional cells are defined in both cases by the
vectors (1,0,0), (0,1,0) and (0,0, 1).
second ones with the highest of the cubic crystal system. Also, the space groups P23 and Pm3m
are compatible with an sc Bravais lattice, while the 723 and Im3m are compatible with a bcc
Bravais lattice. Note further that the space group /23 has two-fold screw axes which provide higher
symmetry properties than that of the space group P23. As will be observed in the following, this
higher symmetry of the /23 space group affects the capacity for obtaining some minimal/maximal
properties close to the extreme materials.

The objective here is to make a comparative analysis of the topologies obtained using both
extreme cases of symmetries, with point groups 23 and m3m, and two different Bravais lattices,

sc and bcc.

2.4. Technique for solving the inverse design problem

Significant issues for solving the topology optimization algorithm summarized in sub-Section

2.2 are next remarked.

i) Selection of the design domain (),: following to Podestd et al. (2019), 2, is taken as
the primitive cell of a Bravais lattice having a point group symmetry compatible with the
target elastic properties. This lattice is identified as the underlying Bravais lattice of the
composite. For 2D problems, the hexagonal Bravais lattice is taken, and the corresponding
primitive cell is the parallelogram depicted in Figure B.6. In 3D problems, the domain €2,
coincides with the primitive cell of the underlying Bravais lattice’. The primitive cells of SP

and bcc lattices are shown in Figure B.4.

ii) Computational homogenization: the effective properties of the composite are evaluated

using a base cell coinciding with €,,. Periodic conditions of the material layout, by repea-

?Selecting the primitive unit cell of the Bravais lattice instead of the conventional cell means that the design domain
would represent the minimum possible volume of the composite which tesselation reproduce the periodic microstruc-
ture. Then, for identical microstructures, the minimum volume of €2,,, instead of using a conventional cell, implies to
search for a simpler material configuration.
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Figura B.5: (a) to (h) Symmetry elements in conventional sc and bec cells, of the space groups P23, 123, Pm3m and
I'm3m3. Glide and screw elements of space groups Pm3m and Im3m3 are not shown. c) and d) orthogarphic view
of screw elements of space groups P23 and 123. i) representation of the screw rotation and rotoinversion symmetry
elements. The symmetry elements of space groups can be interactively visualized with the software “Space Group
Visualizer” described in Hitzer y Perwass (2009).
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Figura B.6: Five plane groups of the hexagonal crystal system. Asymmetric units in red and their image points. The
asymmetric unit domain is easily distinguished in the Wigner-Seitz cell but hardly recognized in primitive cells. Sym-
bols used for identifying the symmetry elements in plane groups.

iii)

ting the pattern defined by this base cell, are coincident with the primitive directions of the
underlying Bravais lattice. Thus, periodic boundary conditions of the displacement fluctua-

tions compatible with this criterion are imposed on the base cell.

In 3D problems, the homogenization of the effective properties is computed with an FFT

(Fast Fourier Transform) technique'”

Implementation of the space group symmetry: the symmetry of the microarchitecture
topology agreeing with a pre-established space group is imposed in two steps. The first step
consists of defining a set of points in the primitive cell, known as the asymmetric unit do-
main'!, and then to find their image points. The asymmetric domain is the reduced volume
of the primitive cell which can be replicated by applying the symmetry operations of the
space group to obtain the full primitive cell configuration. Therefore, the asymmetric unit
contains the complete information necessary for the description of the crystal structure. In
Figure B.6, we depict the plane group consistent with the hexagonal crystal system and the
asymmetric unit domains in red. In different colors are depicted the image points. The asym-

metric unit domains, as well as the image points of the conventional cells for all plane and

space groups, are defined in the International Tables for Crystallography (London (2004)).

3. Design of 2-D isotropic materials

The attainment of a 2D microstructure with isotropic effective elastic response is strictly gua-

ranteed'? by imposing the following plane groups p3, p3m1, p31m, p6 and p6mm which are

1%The FFT technique for homogenization implemented in this work has been taken from Eyre y Milton (1999). In
2D, this step of the inverse homogenization problem is computed with a Finite Element technique. Additional details
of the numerical aspects of this technique are addressed in Rossi Cabral et al. (2019).

See point 2.1.3.8 inLondon (2004)

"2The effective elasticity tensor of all the 2D microarchitectures displayed in this Section are exactly isotropic until
the machine precision.
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Figura B.7: Two-dimensional design of extreme isotropic microstructures: a) Cherkaev y Gibiansky (1993) bounds
(CG-bounds)) and best solutions obtained with plane groups p3, p3m1, p31m, p6 and p6mm; b) zoom of the region
near to the most negative Poisson’s ratio (Point NP) of the CG-bounds: ¢) zoom of the region near to the Walpole Point
(Point WP).

ordered from the lowest to the highest symmetries. We take a primitive unit cell of the hexagonal
Bravais lattice to solve the topology optimization algorithm.

The designs of materials whose properties are close to the bounds, for two-phase composites
defined in Section 2.1, are studied for 13 different target conditions identified by the corresponding
points in the space (K,G) depicted in Figure B.7-a. The bounds reported by Cherkaev et al. are
displayed again in the Figure, as well as some isolines of negative Poisson’s ratios. The Point NP

marks the elastic properties with the most negative Poisson’s ratio estimated with the CG-bounds.

3.1. Discussion of results

After evaluating these solutions, the following discussion can be addressed.

1) The enforcement of a plane group with the highest symmetry (p6mm) is the most adequate
to attain microarchitectures with elastic properties close to the region with low shear and

high bulk moduli, i.e., near the Walpole Point (Point WP in Figure B.7-a and c);

2) The enforcement of a plane groups with a hexagonal Bravais lattice and only few symmetry
elements guaranteeing isotropy (p3, p31m and p6) are useful to attain elastic properties
close to the bounds in the region with high shear and low bulk moduli, near the points with

negative Poisson ratios denoted NP in Figure B.7-a and b;

3) There are no substantial differences by using plane groups with high or low symmetries for

capturing extreme materials close to the other two vertices defined by the CG-bounds.
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Figura B.8: Two-dimensional design of extreme isotropic microstructures: Walpole Point WP in Figure B.7-a and c.
Topologies obtained with plane groups p6mm, p31m, p6, p3, p3m1. Mirror lines and Voronoi cells.

Problem target: Walpole Point (Problem 9 in Figure B.7-a)

The material layouts obtained with different plane groups for the WP point (of Figure B.7-a
and c) are depicted in Figure B.8. These solutions confirm the conclusions reported by Sigmund
(2000). The most extreme properties are attained with the symmetry p6mm and the topology
agrees with that reported by Sigmund in the same paper. Notably in this case, the microstructure
is constituted by laminated bars and rigid joints. Sigmund has proven that parameterizing this
topology and performing an optimization of the geometry configuration through these parameters,
the material almost reaches the Walpole Point. It is evident that the additional symmetry lines of
the p6mm plane group guide the algorithm to attain a more adequate limit condition.

The same Figure B.8 shows that when a lower symmetry is imposed, for example p3, the
algorithm searches for a solution tending to capture similar symmetry elements to those shown by
the p6mm plane group.

It is remarked that the Walpole point is asymptotically attained when one phase is void, both
in two and three dimensions, such as mentioned in the introduction of the paper by Milton y

Camar-Eddine (2018).

Problem target: minimum Poisson’s ratio (Problem 2 in Figure B.7-a)

The resulting topologies for the problem identified with number 2 in Figure B.7-a, whose
target is to attain the bound for the composite with the most negative Poisson’s ratio (Point NP in
the CG-bounds), are shown in Figure B.9. In general, these topologies agree with the ones reported
in the paper by Podestd et al. (2019). We note in Figure B.7-a and b that the effective response
is rather sensitive to the imposed plane group. The microarchitectures giving a good tendency are
either chiral (obtained with the plane groups p6 and p3 without mirror symmetry lines) as well as
not chiral (obtained with the plane group p31m with one system of mirror symmetry line). Again,
we note that p31m, p6 and p3 plane groups try to attain microstructures constituted by laminate
bars. Note the similarity of the configuration attained with p6 symmetry and the parameterized
microstructure studied in Ostanin et al. (2018).

The solutions with the plane groups p3m1 and p6mm are clearly inefficient if compared with
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Figura B.9: Two-dimensional design of isotropic microstructures: most negative Poisson’s ratio (Point NP in Figure
B.7-a and b). Topologies obtained with plane groups p31m, p6, p3, p6mm, and p3m1. Mirror lines and Voronoi cells.
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Figura B.10: Two-dimensional design of extreme isotropic microstructures: maximum shear and bulk moduli (Problem
7 in Figure B.7-a). Topologies obtained with plane groups p6mm and p3m1.

the p6 and p3 solutions. This response can be explained by the mirror lines of the plane group
pbmm yielding an inadequate topology for emulating the deformation mechanisms typical of
auxetic materials. The inefficiency of the solutions for both plane groups p3m1 and p6mm are
additionally confirmed by observing the intricate resolved microarchitectures displayed in Figure
B.9.

The above discussed conclusions are valid for designing extreme composites whose target
properties lay on a larger part of the left and upper CG-bounds, for example, for the problems

denoted with the numbers 1 to 5 in Figure B.7-a.

Problem target: maximum shear and bulk moduli (Problem 7 in Figure B.7-a)

Similar microstructures are obtained with the five plane groups when searching for the stiffer
microstructure at the upper right vertex of the CG-bounds, maximum shear and bulk moduli.
Figure B.10 depicts the solutions attained with the plane groups p6mm and p31m. They are

similar microstructures to those reported by Sigmund (2000).

Smooth transition of topologies along the CG-bounds

Figure B.11 displays a sequence of the microarchitectures attained in problems 1 to 4 (with
plane group p31m), as well as, 8 to 11 (with plane group p6mm). There can be seen a smooth and
continuous transition of topologies for the problems along the CG-boundary. These results open
the possibility to define families of microarchitectures, via parametrization of their geometrical
configuration, which could be used as a tool, by appealing to parameter optimization, for attaining

topologies with properties even closer to the limits.
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Figura B.11: Transitions of topologies (Points 1 to 4 with p31m plane group (above) and 8 to 11 with p6mm plane
group (below)). The problem numbers are identified in Figure B.7-a.

4. Design of 3-D isotropic materials

Four different space groups P23, Pm3m (with sc Bravais lattices) and 123, Im3m (with bcc
Bravais lattices) are adopted for designing the 3D topologies. All the solutions have been got with
a Fast Fourier Transform procedure to compute the homogenized elastic properties. The cells have
100 x 100 x 100 voxels in all cases.

Figure B.12 plots the results in the space (&, G). The HS-upper and lower bounds and some
isolines of properties with negative Poisson’s ratios are depicted, as well as 13 sets of solutions
obtained with the four mentioned space groups. Each set of solutions are denoted with the numbers
1 to 13. Several instances have been run for every set of Problems 1 to 13 and for every space
group. The solutions depicted in Figure B.12 correspond to the best obtained case of all the runs

for each space group.

Isotropy analysis

With the coefficients of the homogenized elasticity tensor C, we compute the Zener ratios'?
of some representative microarchitectures as follows:
Cyq

ng
Ci1 — Ci2

(B.13)

A value 1 for this ratio indicates that C is isotropic'*. Contrarily, a large value of ¢ indicates that
C is far from being isotropic. Some Zener ratios are reported in Table B.3. In general, they are
close to 1, meaning that the effective response almost satisfies the isotropy constraint imposed on

the topology optimization algorithm.

13The Zener ratio quantifies the anisotropy of the effective material properties having cubic symmetry.
“For the subsequent analysis, the elasticity tensors whose Zener ratios are different from 1 are projected to the space
of isotropic tensors using the technique reported by Meille y Garboczi (2001).
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(with sc Bravais lattice) and 123, Im3m (with bce Bravais lattice). Isolines of properties with negative Posson’s ratios

are shown.

Tabla B.3: Zener ratio £ quantifying the anisotropy of 3-D microarchitecture design solutions with space groups P23,
123, Pm3m and Im3m. The number of the problem in column 1 coincides with the problem number identified in

Figure B.12.
Problem | P23 | 123 | Pm3m | Im3m
1 1.009 | 1.012 0.943 0.995
2 0.978 | 1.014 1.047 1.005
7 1.035 | 1.010 1.004 0.987
12 1.455 | 1.539 1.140 0.995
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4.1.

Discussion of results

After evaluating the results plotted in Figure B.12 and Table B.3, the following conclusions

can be drawn:

1)

2)

3)

4)

In the region of the space (k, G) corresponding to small # and large G, ie., negative or
small Poisson’s ratios, the point group (either 23 or m3m) have a higher influence than the
Bravais lattice (sc or bce) to achieve properties close to the bounds. The closest solutions
are attained with the point group 23, which has fewer symmetry elements than the m3m

point group.

In the region of the space (&, &) corresponding to high bulk and shear moduli, problems 6
and 7, the solutions are similar for identical lattices, independently of the point group. The
reason for this response is that topologies with the highest symmetries display properties
closer to the limit values in this specific region of the space (&, G). Thus, when a space
group with lower symmetry is imposed in the algorithm, it seeks for solutions with higher

symmetry than the enforced one.

According to this conclusion, which is similar to that presented at the end of sub-Section
3.1, there would be a tendency to think that, in all cases, the imposition of the lowest sym-
metries is preferable to the highest ones and leaving to the algorithm, the search for higher
symmetries, if it were the case. However, this conclusion is not correct in general. We ha-
ve discussed in sub-Section 3.1 that the enforcement of appropriate symmetries has been
beneficial for obtaining a marginally closer solution to the theoretical limits, as well as, to
achieve notably more stable, robust and repetitive responses of the topology optimization

algorithm.

The following tendency has been observed in general for attaining the points on the HS-
upper and right bounds. The bcc lattice provides solutions with larger values of G, while the

sc lattice provides solutions with slightly larger values of &.

In the HS-lower bound region, problem 12, where the HS-bound estimates the occurrence of
pentamode materials, the solutions with space groups P23, 123 and Im3m give lower shear
stifftnesses. However, according to the results in Table B.3, the P23 and /23 solutions cannot
be considered as isotropic. Alternatively, the I'm3m solution attains a low shear modulus

with a closely isotropic response.
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Figura B.13: Microarchitecture transitions with maximal shear stiffness and target points along the HS-upper bound.
Space group /23. Problems 1, 2, 3, 4 and 6 are in correspondence with those in Figure B.12. Topologies of the bcc
primitive cell observed from two points of view: [111] and [111].

Microarchitecture transition along the upper bound

An almost continuous transition of topologies with the imposed space group /23 is attained
when designing microstructures with maximum shear modulus close to the HS-upper bound. The-
se microarchitectures are depicted in Figure B.13 and correspond to solutions of Problems 1, 2, 3,
4, and 6 of Figure B.12. The attained microarchitectures are displayed from two opposite points

of view, according to the directions [11 1] and [1 1 1], respectively'>.

Due to the characteristic symmetries of space group Im3m, the topologies with this space
group display an identical appearance when viewed from both directions [1 1 1] and [1 1 1] because
in this point group m3m, both directions belongs to the same family (111). Such property is not
satisfied, in general, by topologies with /23 space group, property which is confirmed in Figure
B.13. However, the similar appearance observed from both points of view is noted in the solution

of Problem 6, Figure B.13.

The above observation confirms once again the previously discussed concept about that the
imposition of a low symmetry condition, such as the /23, does not inhibit the attainment of to-
pologies with higher symmetries, copying that of the space group Im3m. This observation is
additionally supported by the fact that solutions obtained with space groups 123 and I'm3m have

almost the same elastic properties stated in Figure B.12,

'We use Miller indices to identify crystallographic directions and planes. A family of planes is denoted between
braces “{...}” and collect all the planes which are related through the symmetry operations of the point group. Therefore,
two families of planes with identical Miller indices but different point groups may indicate different sets of planes. The
same observation is done for the family of directions denoted between angle brackets “(...)".
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123 instance 1, Problem 1

Figura B.14: Two instances of composites with minimum Poisson’s ratio attained with Problem 1 in Figure B.12,
space group I23. Instance 1: a) primitive cell; b) assembled microstructure; ¢) conventional cell; d) Voronoi cell; ) 2D
rotating polygonal models described in Ren et al. (2018). Instance 2: f) primitive cell; g) assembled microstructure; h)
conventional cell; i) Voronoi cell.

Microarchitecture of auxetic materials

Several designed 3D microarchitectures with auxetic properties show topologies characterized
by similar deformation mechanisms to those reported in the literature for 2D problems. A typical
case is a microstructure designed to have minimum Poisson’s ratio (Problem 1 in Figure B.12)
using the spatial group I123. Two different solutions are depicted in Figure B.14 called Instances
1 and 2. It can be noted that the conventional cell of Instance I, Figure B.14-c, consists of eight
blocks, similar to rigid cubes, connected at their edges with joints. These rigid cubes are allowed to
have a relative rotation between them. Thus, the deformation mechanism to get the required auxetic
behavior is similar to the 2D microstructure reported in the literature and called rotating polygonal
models, see Ren et al. (2018) and Attard y Grima (2012). For comparison, the rotating polygonal
microstructure is reproduced in Figure B.14-e. Some other three-dimensional microarchitectures
having a Poisson’s ratio approaching —1 are reported in Milton (2015).

One additional attained microstructure with similar elastic properties is denoted Instance 2.
It is displayed in Figure B.14 f-i. The Voronoi cell of this microstructure shows four identical
independent substructures which stay interconnected after the cell assembling. At the best of our

knowledge, this microstructure has not been previously reported in the literature.

Configurations resulting from the auxetic 3D microstructures projected onto cutting planes

An additional aspect which shed some light on the understanding of the attained 3D micros-
tructures comes from the analysis of the resulting projected topologies by cutting the designed
microarchitectures with specific families of planes. Of particular interest are those projected topo-

logies onto planes containing symmetry elements.
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Figura B.15: Projected microstructures attained of problem 2 in Figure B.12. Space groups P23 and 123. Two projected
configurations according to two different cut plane positions (cases A and B). a) primitive cells; b) and f) projected
topologies of the assembled composites; ¢) and g) projected topologies of the conventional unit cells; d) positions in
the conventional cell of the cutting planes; e) and i) plane groups and symmetry elements. The symbols representing
the plane group symmetry elements are described in Figure B.6.

We analyze the projected configuration onto planes orthogonal to three families of directions:
(100), (110) and (111).
This analysis is restricted to the solutions of problems 1 and 2 of Figure B.12 displaying the

most negative Poissson’s ratios.
a) Cutting planes orthogonal to (100)

a.1) Space groups P23 and 723

The projected configurations onto generic planes orthogonal to (1 0 0) of topologies with point
groups 23 display a plane group p2 with a square lattice. However, there are some specific posi-
tions of these cutting planes in where the projected topology may displays additional symmetry
elements.

Particularly, when the position of the cutting plane is at the middle distance between two
consecutive planes of the family {200}, the space group 123 projects as a plane group p2gg.
This result is a consequence of the additional two-fold screw axes existing in the 123 space group
exhibited in Figure B.5-d. Therefore, the space group P23 does not possess this symmetry. Figure
B.15, case A, display the projected configuration of both space groups onto this particular plane.
Although both configurations display analogous patterns, as a consequence of the additional glide
reflection elements in the space group /23, this microstructure presents a better resolution and,

according to Figure B.12, shows closer elastic properties to the bounds.
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Figura B.16: Microstructure attained with Problem 1 in Figure B.12. Space group P23. a) primitive cell; b) assembled
microstructure; ¢) projected topology of the assembled composite onto the plane orthogonal to (1 0 0) situated between
two consecutive planes of the family {200}; d) projected topology of the primitive unit cell onto the same plane; e)
Position of the cutting plane relative to the primitive cell.

It is interesting to compare the similitude between the configuration displayed in Figure B.15-
b of space group 123, and the layout reported as antitetrachiral by Alderson et al. (2010). We
observe that the here obtained projected topology is an anti-tetrachiral configuration. Notably, the
anti-tetrachiral configuration is a p4gm plane group. Such as mentioned by Alderson et al. (2010),
in 2D cases, the anti-tetrachiral configuration, if compared with alternative chiral configurations,
is the most performer one for attaining Poisson’s ratios close to -1, see Chen et al. (2013).

Additionally, the topologies projected onto planes belonging to the family {200}, which con-
tains two-fold rotation axes, have mirror lines resulting with a plane group p2mm, such as shown
in Figure B.15-f. This plane group penalizes the realization of auxetic materials. However, appa-
rently, the arising of this detrimental configuration in a small number of planes is not sufficient to
generate an inadequate response of the full microarchitecture.

Next, based on the results obtained in Problems 1 and 2 of Figure B.12 with the spaces groups
P23 and 123, we re-examine an issue already discussed above. We note that the imposition of a
space group, P23, with a less number of symmetry elements on the topology optimization algo-
rithm, leaving it to attain the adequate configuration symmetry, does not work correctly in Problem
2. In this case, the solution with the 23 space group is notably better than the solution obtained
with the P23 space group. However, this conjecture does work when analyzing the results of
Problem 1. Examining the projected configuration of the P23 solution of Problem 1, depicted in
Figure B.16, we note that it tends to capture a higher symmetry, with mirror symmetry lines, and

which additionally is similar to the topologies 123 displayed in Figures B.15-b.

At this point, it is necessary to distinguish between the point groups p2mg and p2mm and their
capacity to achieve auxetics 2D composites. The glide symmetry element of the p2mg plane group
is not necessarily so prejudicial as the mirror symmetry element is in the p2mm case. There are
several topologies in 2D having plane group p2mg with isotropic elastic properties and negative

Poisson’s ratio, see the discussion in Section 5.1.5 of the paper by Podesta et al. (2019).
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Figura B.17: Microstructure attained with Problem 1 in Figure B.12. Space groups Pm3m and Im3m. a) primitive
cells; b) assembled microstructures; c) projected topologies of the assembled composites onto a generic plane ortho-
gonal to (100); d) projected topologies of the conventional unit cells onto the same plane; e) Positions of the cutting
planes relative to the conventional cells; f) symmetry elements of Pm3m and I'm3m configurations projected onto the
generic plane. The symbols representing the plane group symmetry elements are described in Figure B.6.

a.2) Space groups Pm3m and Im3m

The Pm3m and I'm3m space groups project onto a plane group p4mm when the cutting plane
is a generic plane orthogonal to (1 00). Figure B.17-f shows the symmetry elements of this plane
group, and Figures B.17-c and d display the material configurations of the designed microstructu-
res of Problem 1 in Figure B.12 projected onto this plane. Observe the complex topology shown
by both microstructures.

According to the conclusions achieved for 2D topologies, the plane group p4dmm involves
a large number of mirror symmetry elements, which is very detrimental to obtain large negative
Poisson’s ratios. The same conclusion can be generalized to be applied to the results obtained in 3D
designs with both spaces groups Pm3m and Im3m. The bad performances displayed in Figure
B.12, Problems 1 and 2 , by the elastic properties of these space groups, can then be associated

with this feature.

b) Cutting planes orthogonal to (110)
b.1) Space groups P23 and /23

The projected lattice onto the cutting planes orthogonal to (1 10) generate a Rectangular Pri-
mitive lattice for the three-dimensional sc lattice and a Rectangular Centered one for the bec lattice.
In both cases, the aspect ratios of the conventional plane cells are /2.

The projections of the spaces groups P23 and 123 onto generic planes orthogonal to (1 10) do

not generate any symmetry element. Therefore, the plane group is pl. However, in the particular

118 R. Yera Moreno



Cutting plane {220}
Y A
(PI’OEIZ; 2) ﬁ Plane group pm
2 (C) L )
vy .
@) (b)  Mirror reflection (d)
axis
Mirror reflection
123 - i B
(Problem 2) Y N i& Plane group cm
© : ,
V \< " < >E 0
__—— ! |
v 3 L-J @)
; Glide .
) reflection @

Figura B.18: Projected microstructures attained with Problem 2 in Figure B.12. Space groups P23 and 123. Cutting
plane {220}. a) primitive cells; b) projected topologies of the assembled composites; ¢) projected topologies of the
conventional unit cells; d) Positions of the cutting planes relative to the conventional cells; €) plane groups and symmetry
elements. The symbols representing the plane group symmetry elements are described in Figure B.6.

case of the plane family {220}, which contains the two-fold rotation axes, the plane group pro-
jected by the space groups P23 and 123 change to pm and cm, respectively. Thus, the topologies
obtained with P23 and 123 for the Problem 2 projected onto that specific plane family are shown
in Figure B.18. Also, Figure B.18-c identifies the symmetry lines of the projected configurations.
Note that the plane group pm has two parallel symmetry mirror lines, while the ¢m has only one
mirror line and one glide reflection line, such as exhibited in Figure B.18-e. A consequence of
these attributes is that the space group P23 displays a projected topology with two different ty-
pes of triangles, while the 123 displays only one type of triangle. It is interesting to compare the
resemblance between these topologies with the 2D configuration depicted in Figure B.9, p31m

plane group, which is one of the best plane groups to attain negative Poisson’s ratio.
b.2) Plane groups Pm3m and Im3m

The space group Pm3m projects onto the generic planes orthogonal to (1 1 0) as a plane group
p2mm and the Im3m as a plane group c2mm. Again, and such as observed for 2D problems,
for both space groups, the enforced symmetry onto these planes are not convenient for attaining
negative Poisson’s ratios.
¢) Cutting planes orthogonal to (111)

c.1) Plane groups P23 and 723

The projected configurations onto generic planes orthogonal to (111) of the space groups
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Figura B.19: Projected microstructures attained with Problem 2 in Figure B.19. Space groups P23 and /23. Column 1:
Cutting planes orthogonal to (1 1 1). a) primitive cells; b) projected topologies of the assemble composites; ¢) projected
topologies of the conventional unit cells; d) Positions of the cutting planes relative to the conventional cells; e) plane
groups and symmetry elements. The symbols representing the plane group symmetry elements are described in Figure
B.6.

P23 and 123 display a configuration with a hexagonal Bravais lattice and plane group p3. The
symmetry elements of the plane group p3 are shown in Figure B.19-e. The topologies of the
obtained microarchitectures with these space groups (P23 and 123) are displayed in Figure B.19-
b. These topologies have a tendency to attain a higher symmetry than the p3 enforced by the space
groups.

The topologies attained in Problem 1 of Figure B.12 projected onto planes orthogonal to
{111} almost copy, even with more confidence than in projections onto generic planes (111),
a plane group p3ml. They are shown in Figure B.20-c and d.It is notable that the algorithm sear-
ches for configurations with higher symmetries than the imposed ones also on planes orthogonal
0 (100) and (110).

Analyzing the attained symmetries in these cases, we observe that they are compatible with
space group configurations P43m and I43m projected onto the same family of planes. This con-
clusion may be a symptom that these space groups are better than the imposed ones for reaching

the problem target.
c.2) Plane groups Pm3m and Im3m

Figure B.21 shows the topologies attained with Pm3m space group and projected onto cutting
planes orthogonal to (1 11). In this generic plane, the projected topology has p3m1 plane group.
Particularly, if the cutting plane belongs to the family {22 2}, which contains the inversion center

of the point group element 3, the plane group is a p6mm. Identical symmetry properties are valid
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Figura B.20: Microstructure attained with Problem 1 in Figure B.12. Space groups P23 and /23. a) primitive cells;
b) assembled microstructure; c¢) projected topologies of the assembled composite onto the family of planes {22 2};
d) Voronoi unit cell of the projected topologies; e) Positions of the cutting planes relative to the conventional cells; f)
Projected symmetry elements onto a generic plane orthogonal to (11 1) of space groups P23 and I23. The symbols
representing the plane group symmetry elements are described in Figure B.6.
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Figura B.21: Projected topologies onto planes orthogonal to (11 1) of the microarchitectures at Problem 1 in Figure
B.12, space group Pm3m. a) cutting plane belongs to the family {2 2 2}; b) generic cutting plane orthogonal to (11 1).

for topologies with Im3m space groups, except that the family of planes containing the inversion
centers is the {44 4}.

Again in this case, the results obtained with the space group Pm3m and I'm3m confirm the
comment mentioned in sub-Section 3.1 about that the plane group p6mm penalizes severely the

capturing of auxetic materials.

Microarchitectures for pentamode materials

The lower estimation of the HS-bounds corresponds to isotropic materials with close to zero

shear modulus. Therefore, according to the denomination of Milton y Cherkaev (1995), they are
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Figura B.22: Topologies attained with Problem 12 in Figure B.12 by enforcing a space group P23 (a to d) and Im3m
(e to g). a) and f) are the primitive unit cells; b) assembled microstructures; c, d e and g) sub-microstructures.

pentamode materials'®.

By solving the isotropic problem of minimum shear modulus for the bulk modulus &~ = 0.04
(Problem 12 in Figure B.12), we obtain a similar microstructure to that reported in the litera-
ture for this family of metamaterials, see Milton y Cherkaev (1995), Kadic et al. (2012) and
Kadic et al. (2014). As can be observed in Figure B.22, the microstructures obtained using the
present methodology with space groups P23 and I'm3m are constituted by two independent sub-
microarchitectures in the cubic cell, respectively. Each sub-microstructure is approximately similar
to the ones reported by Kadic et al. (2012) in Figure 1-b and are, typically, constituted by rigid
elements connected through flexible joints.

The homogenized elasticity tensors of the microstructure obtained with the P23 space group
has the following six eigenvalues: 0.1196; 0.0098; 0.0098; 0.0084 ; 0.0084 ; 0.0084, and the ratio
between the maximum and minimum is approximately 14.

The homogenized elasticity tensors of the microstructure obtained with the Im3m space group
has the following six eigenvalues: 0.1204, 0.0098 ; 0.0098 ; 0.0098; 0.0098; 0.0098. The ratio
between the maximum and minimum is approximately 12.

The 723 solution, which gives the lowest shear modulus, display eight sub-microstructures,

16 A Pentamode material is a class of extremal material having five easy (compliant) modes of deformation in a three-
dimensional space, and having only one non-easy (stiff) mode of deformation. The elasticity tensor of this material has
one non-null eigenvalue and five null eigenvalues (hence the name of pentamode given to this class of materials). In
1995, Milton y Cherkaev (1995) have coined the name of pentamode materials in the context of linear elasticity. In the
same year, Sigmund (1995) has independently introduced it in the context of inverse homogenization problems.
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and a second instance of the P23 solution, not shown here, displays four sub-microstructures.
Thus, according to the present results, we perceive that an increase in the number of sub-microstructures

entails a decrease of the shear modulus.

5. Conclusions

In this paper, we have analyzed the role that the symmetries of crystals play in the topology
design of isotropic elastic materials when the design target is to attain properties close to the
theoretical bounds, and the optimum design methodology is based on an inverse homogenization
technique. The summary of the attained results are depicted in Figures B.7 and B.12. They are
a demonstration that the maximal/minimal achievable properties strongly depend on the crystal
symmetries imposed on the mathematical technique. And most important, the adequate crystal
symmetries to reach these maximal/minimal properties change with the limit target point, or sector,
on the CG and HS-bounds in the plane (&, G). In both cases, 2D and 3D, we have found that the
bounds on the right part of the plane, with maximum &, can be approximated with the higher
crystal symmetries. Contrarily, to approach the left bound, it is better to explore other types of
symmetries.

In 2D problems, the isotropy of the composite is guaranteed by adopting plane group sym-
metries consistent with the hexagonal crystal system. However, not all these plane groups have
identical effects. For example, to attain auxetic composites, it is convenient to explore the p3,
p31m and p6 plane groups, while the p6mm and p3m1 are unsuitable in these cases. Notably, the
plane groups p6 and p3 allow for the development of chiral configurations. Conclusions are diffe-
rent if the extreme target properties are the maximal bulk and minimal shear moduli (the Walpole
Point). In this case, the plane group p6mm is the most effective one. For this particular problem,
we have also shown that the imposition of a plane group with low symmetry, such as p3, does not
provide as good solutions as those attained by imposing the p6mm plane group. This result proves
that a procedure which takes a plane group with low symmetry (p3) and leaving the algorithm for
searching the higher symmetry (p6mm) does not work, in general, with the best performance.

In 3D problems, we have only analyzed symmetries of the cubic crystal system. In this case, the
dependence on the space group for attaining maximal/minimal properties is still more pronounced
than in 2D cases. The space groups 123 and P23 are notably more suitable to attain maximal
properties in the region close to the HS-left-upper bound, coincident with the response of auxetic
materials. A similar conclusion about the proper selection of the cell defining the optimization
domain €2, can be drawn. The bcc primitive cell has turned out to be notably more advantageous

than the simple cubic (sc) cell to get maximal properties in some sectors of the plane (&, ), along
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the HS-upper bound.

Even when we have not specifically analyzed the numerical response of the topology optimi-
zation algorithm, we envisage that the additional crystal symmetry constraints notably increase the
robustness and stability of the algorithm, by limiting the search space of the geometrical variables

defining the topology.

Finally, we remark that the use of crystal symmetries for topology design can be easily exten-
ded to other more general thermal, photonic, acoustic microarchitecture design problems, antici-

pating similar potential benefits to those here explored.
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Abstract

Purpose: This work presents a topology optimization method for designing microarchitectures of phononic crystals.
The objective is to get microstructures having, as a consequence of wave propagation phenomena in these media,
bandgaps between two specified bands. An additional target is to enlarge the range of frequencies of these bandgaps.
Design/methodology/approach: The resulting optimization problem is solved employing an augmented Lagrangian
technique based on the proximal point methods. The main primal variable of the Lagrangian function is the
characteristic function determining the spatial geometrical arrangement of different phases within the unit cell of the
phononic crystal. This characteristic function is defined in terms of a level-set function. Descent directions of the
Lagrangian function are evaluated by using the topological derivatives of the eigenvalues obtained through the
dispersion relation of the phononic crystal.

Findings: The description of the optimization algorithm is emphasized and its intrinsic properties to attain adequate
phononic crystal topologies are discussed. Particular attention is addressed to validate the analytical expressions of the
topological derivative. Application examples for several cases are presented, and the numerical performance of the
optimization algorithm for attaining the corresponding solutions is discussed.

Originality: the original contribution results in the description and numerical assessment of a topology optimization
algorithm using the joint concepts of the level-set function and topological derivative to design phononic crystals.

1. Introduction

The speed of elastic waves traveling in a periodic medium depends on the wave vector. This
phenomenon induces a wave dispersion effect which makes possible the appearance of forbid-
den frequency bands, or bandgaps, in the spectrum of this medium (Kushwaha (1996)). At such
frequencies, the waves cannot propagate.

Specifically designed periodic microstructures which are built to promote the generation, wi-
dening, or handling of bandgaps are called phononic crystals as well as metamaterials. The usual
distinction between phononic crystals and metamaterials is enlightened by Croénne et al. (2011),

who also describes three mechanisms, namely Bragg, hybridization, and weak elastic coupling
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effects, inducing the occurrence of bandgaps. Also, bandgap formation at low frequencies and
long-wavelength in metamaterials can be artificially opened through a locally resonant mecha-

nism.

The properties displayed by the band spectra, specifically the bandgaps, are notably dependent
on the medium microarchitecture. This microarchitecture governs the frequency and the width of
the bandgaps. Considering that several applications in a wide range of technologies depend on the
existence of large bandgaps, a suitable design criterion of phononic crystals consists of enlarging
the bandgap width generated between two bands. The objective is to attain the opening of artificial

bandgaps placed in the desired frequency range.

Several contributions have been published in the *90s to understand the effect that microarchi-
tectures have on this phenomenon. Pioneers’ works were reported by Sigalas y Economou (1992)
and Kushwaha et al. (1993). In both cases, these authors have studied elastic waves in composites
constituted by identical spheres (Sigalas et al.) or cylinders (Kushwaha et al.), of radius R, placed
periodically within a host homogeneous material. Geometrical variables, such as the volume frac-
tion of spheres or cylinders, lattice constant, symmetry of the sphere configurations; and material
variables, such as densities and stiffness contrasts have been considered to determine the band

structure features.

A more systematic microarchitecture design of phononic crystals to widening bandgaps can be
carried out through topology optimization techniques. Only to cite a few of them, we mention the
work of Sigmund’s and coauthors, see Jensen y Sigmund (2004) using the so-called solid isotropic
material penalization (SIMP) jointly with the method of moving asymptotes; the techniques based
on genetic algorithm (GA), Dong et al. (2014); or the technique named bi-directional evolutionary
structural optimization (BESO) adopted by Li et al. (2018) as well as by Zhang et al. (2017) to
particularly explore hexagonal lattices. An extensive review on different methodologies that can
be used to solve this microarchitecture design problem can be found in the paper by Yi y Youn

(2016), see also Li et al. (2019)

Following the concept established by topology optimization techniques as a means to design
optimal phononic crystals, we would like to highlight a comment taken from Yi y Youn (2016).

“«

According to these authors, “.. there exists a great promise for other alternative techniques such
as the level set method, the Heaviside projection method, and the phase-field method, to be used
in this topic in the future”. A recent paper following a methodology based on level-set method has
been reported by Noguchi et al. (2018). Also, aligned with this comment, in this work, we report
a microarchitecture design methodology which is formulated as a topology optimization problem.

The optimization problem is solved through an augmented Lagrangian technique, based on a pro-
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ximal point method (Nocedal y Wright (2006)), that employs a level-set function to define the
spatial configurations of the crystal phases. Sensitivities of the Lagrangian function are evaluated
with topological derivatives.

Our interest points toward the microarchitecture design of phononic crystals stressing the nu-
merical aspect of the reported methodology. Even when the reported algorithm is thought for the
handling of phonic crystal bandgaps, we emphasize that it can be slightly modified to design me-
tamaterials where the objective is the opening of bandgaps through locally resonant mechanisms.
We leave for future works the specific study of optimal microarchitectures of phononic crystals
exploring different kinds of material configurations; typically, different types of crystal symme-
tries, contrasts of elastic properties between the host material and the scatterers, volume fraction
of scatterers, etc.

The paper is organized as follows: Section 2 presents a summarized description of the elastic
wave propagation equation in periodic media and the numerical methodology to perform the band
structure analysis. In Section 3, we formulate the material design problem. Section 4 describes
the adopted optimization algorithm for solving this problem. This section corresponds to the chief
contribution of the paper. Details of the numerical implementation of the algorithm are given in
Section 5. The last part of the paper is devoted to the numerical verification of the topological
derivative expressions presented at the end of Section 3. An example to define the microstructure
of a phononic crystal with the widest bandgaps is also presented in this part of the paper. Finally,

we discuss some conclusions.

2. Bandgaps in phononic crystals

2.1. Plane waves in a periodic medium

The Navier’s equation of motion in the intrinsic form for an isotropic solid medium is given
by the expression:

VIiA+2u)V-u] = VA (uV Au) =pi , (C.1)

where A, p and p are the Lame’s parameters and density of the medium, respectively; and u is
the displacement vector. Due to the character assumed for the medium, A, ¢ and p are spatially
varying terms. Body forces are neglected in equation C.1.

Considering now the canonical basis in R?, {e,;e,; e}, and the material position vector x,
expressed as x = re; + ye, + ze,, we assume a plane motion defined in (e;; e,), such that the
three components of the vector u, u = u;e, + uye, + u.e;, are functions only of the coordinates
x and y. Additionally, we also assume that A(x,y), p(z,y) and p(z,y) are periodic properties

in the plane (e;;e,) with translation invariance in the direction e,. Under these conditions, the
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Figura C.1: Elastic wave traveling in a periodic medium. Unit-cell with Bloch boundary conditions.

Navier’s equation in the canonical basis can be written as two uncoupled equations in the plane
(ez, ey); one is a vectorial equation written in terms of the vector u;;,, comprising two components
of the displacement vector u: u;, = uze, + uye,, and the other is a scalar equation in terms of

the component u, denoted u,, = u(x,y). Both equations are given as follows:

Vp (A +2u)Vy - wip] = Vp A (uVp Agp) = pligp (C.2)

v10 : (vauop) = pilop ; (C.3)

where the two-dimensional gradient operator V), is defined by V,, = (0/0x) e, + (0/0y) e, and
the outer product V,, A u;, results a vector with z-component.
Particularly, in periodic media, both equations C.2 and C.3 have Bloch wave-type solutions,

see Gazalet et al. (2013), expressed as follows:

w, = Uz, y)e'krxnt) — [ﬁ(a:, y)e“kip"‘)} e it (C4)

Ugp = Gz, y)e'KorX—wort) — [ﬂ(w, y)e“‘“’ﬁ""] e wort (C.5)

with u;, and u,), being called the in-plane and the out-of-plane waves, respectively. Time is de-
noted by ¢, k;;, and k,,, are the wave vectors, and w;;, and w,,, are the angular frequencies of both
waves, respectively. To make the notation more compact from now on, we remove the subindi-
ces ip and op from the physical magnitudes of both waves. Thus, it can be understood from each
particular context to which wave these magnitudes refer.

The particular characteristics of Bloch waves is that the terms a(x, y) and 4(x, y), in equations

(C.4) and (C.5), are periodic functions reproducing the same translation symmetry of the medium.

2.2. Bandgap structure analysis

Waves propagating in periodic media are dispersive, which means that the frequency w and
the wave speed depend on the wave vector k. The evaluation of the pair (k, w) for different waves,
whose propagation is admitted in the periodic medium, is summarily described next.

Solutions (C.4), with the unkowns: 0, k and w, are introduced in the weak conventional varia-

tional formulation of the harmonic (spectral) motion equations related to (C.2) (a similar treatment
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is given to (C.5) with equation (C.3)). The variational formulation is solved in a unit cell, €2, of
the periodic material with boundary conditions satisfying the Bloch condition for the periodic

medium, see Figure C.1. We mention two strategies to perform this step.

i) In the first strategy, the assumed unknown is the function 1 in equation (C.4). Then, the ex-
plicit function h(x) = t(x)e!® %) and the virtual displacement field 6h(x) = 5t (x)ei ()
are introduced into the variational formulation jointly with periodic boundary conditions on
1 and d0. By adopting this strategy, the gradient operator could be generalized by including
a k dependent term, which comes from the definition taken for the h function. The strain-
displacement equation has to be modified accordingly, see for example the formulation in

Yera et al. (2021).

ii) Inthe second strategy, the assumed unknown is the function iz(x), which are introduced into
the variational formulation. Admissible variations are 6ﬁ(x). The boundary conditions for
h(x) should satisfy: h(x 4+ ) = h(x)e!® ™), where r is a primitive vector of the underl-
ying Bravais lattice of the periodic material, see Figure C.1. Similar boundary conditions
are imposed to § iz(x). Using this strategy, the conventional strain-displacement operator is
preserved. This formulation has been discussed by Krattiger y Hussein (2018). In this work,

we follow this strategy.

The resulting variational formulation derived from the second strategy is solved using the

Finite Element Methods. Considering this technique, the obtained discrete equation system is:
P(k) [K — w’M] P(k)h, = [K (k) —w?*M (k)| h, =0, (C.6)

where K and M are the unconstrained stiffness and mass matrices. The matrix P imposes the
Bloch conditions on the boundary d.o.f’s. This matrix connects the vector h,, which gathers the
(reduced) unconstrained nodal parameters of the interpolated function ﬁ(az, y), with the vector h,

that collects the full set of the nodal parameters of the same interpolated function:
h =Ph, . (C.7)

By considering the unit-cell finite element mesh sketched in Figure C.2, expression (C.7) is im-
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plemented with the following terms:

[ h, ] 1, 0 0 0
h, o I, O 0

h, 0 I, 0 0 N

h, o o0 I, 0 .

h=|h, . P00 &I, 0 D ohe= |, ] (C.8)

h,, o 0o o0 I, he

o, 0 0 0 &I, B

h,, 0 0 0 &I,

A, | 0 0 0 &I, |

where the subindices I, L, R, B, T', BL, BR, T'R and T'L in (C.8) identify the d.o.f. sets of the
nodes indicated in the Figure. I,, I , I, and I, are identity matrices whose dimensions are given
by the number of d.o.f.’s of the vectors hy, hy, hp and h |, respectively. The coefficients £; and
&are: & = ¢!1) and & = eillera) 71 and 7y are the primitive translation vectors of the lattice.

Top boundary conditions  Node

) Node ——— A TR
Unit-cell (TL) o (TR
0 A
() [ T \ @ |Interior nodes (1)
\ @ Left nodes (L)
Left Right .
boundary < ) > boundary B Right nodes (L)
conditions conditions Bottom nodes (B)
"1
k j Top nodes (T)

Node - Node
(BR)

(BL) Bottom boundary conditions

Figura C.2: Finite element mesh of the unit-cell €2,,. Denomination of different sets of nodes.

The reader can find further details about the imposition of boundary conditions using the
matrix P(k) in the paper by Krattiger y Hussein (2018). In equation (C.6), P is the conjugate
transpose of P.

Additionally to h,, the equation system (C.6) has two unknowns: k and w, which can be
determined in different ways. The one which we follow in this work consists on adopting a specific
value of k, then, considering a non-trivial solution h,., we solve the associated eigenvalue problem
(C.6). The number of frequencies w; (j = 1,2,...) and modes h; depends on the number of the
problem d.o.f’s. We only consider the lower frequencies.

This procedure establishes a functional dependency of every mode w; with k, known as the
dispersion relation: w; (k). Therefore, diagrams for every w; may be plotted in terms of the wave
vectors in the irreducible Brillouin zone. The band structure obtained from these diagrams descri-
bes the range of allowed frequencies for the transmitted waves, as well as, the range of forbidden

frequencies or bandgaps.
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3. Microarchitecture design methodology

Considering a two-phase periodic composite with phases denoted m; and ms, as shown in
Figure C.1, our objective consists of designing the geometrical configuration of the microstructure,
i.e. the distribution of phases m; and mg in €2, to provide the maximum band-gap between two
adjacent bands j and j + 1.

The adopted methodology for solving this problem is a material design technique based on
topology optimization. The topology optimization strategy is a gradient-based technique that uses
the topological derivative to compute the sensitivities and the level-set function. Next, we describe

the mathematical formulation of this methodology.

3.1. Formulation of the topology optimization problem

Following the design methodology presented in Podesta et al. (2019), we select beforehand the
symmetry of the material configuration to be attained after solving the problem. This symmetry
also stipulates the shape of the design domain €2,. The characteristic size of €}, is arbitrarily
taken as @ = 1, where a is the lattice constant of the composite lattice system associated with the
chosen configuration symmetry. In consequence, the frequencies are normalized to provide a band
structure representation independent of the unit-cell size a.

By splitting €2, into two disjoint subdomains, Q}L constituted by phase m; and Qi constituted
by phase mg, we define the characteristic function y(x) as follows:

0 Vx € Q2
o

The optimization problem consists on maximizing the absolute bandgap width which is for-
mulated as follows:

méx <mk1’n w]2-+1(k, X) — méx w]z(k, X)) ; (C.10)

such that: (K —w’M)h, =0, k€ L

where w;;1 and w; are the frequencies of bands j + 1 and j, respectively, and L is the boundary
of the irreducible Brillouin zone (see Brillouin (1953)). The design variable in (C.10) is y. Thus,
the full space of phase configurations is tested to find the optimal solution.

Figure C.3 shows the unit-cell symmetry elements of a phononic crystal with pAmm space
group symmetry. Also, the first Brillouin zone (FBZ), the irreducible Brillouin zone (IBZ) and the
irreducible Brillouin zone boundary are depicted. For highly symmetric microarchitectures (e.g.,
with p4mm and p6mm space group symmetries) the probability that the extreme points of the band

structure occur on the boundary of the irreducible Brillouin zone is very high (see Maurin et al.
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(2018)). For this reason, during the optimization process, the analysis of the band structure can be
restricted only to wave vectors k € L. Checking the bandgap structures for wave vectors k in the

interior of the irreducible Brillouin zone may be a possibility for topologies with low symmetries.

k,
)
Symmetry elements . () ) s— T/ M
ymmetry *———9
‘l Four-fold rotation
symmetry
= k.
‘ Two-fold rotation T X T/a
symmetry
=== Reflection line
« = —  QGlide line “Tt/a
(b)

Figura C.3: Phononic crystal with pAmm symmetry. (a) Unit cell symmetry elements and asymmetric unit (in blue).
(b) Unit cell of the reciprocal lattice. First Brillouin zone (FBZ in gray) and irreducible Brillouin zone (IBZ in yellow);
boundary of the IBZ [I' — X — M —T.

The problem (C.10) is a maximin optimization problem where the wave vectors k for the cri-
tical frequencies may change during the optimization algorithm iterations. Such as mentioned by
Sigmund y Jensen (2003), this is a dirty objective function. Therefore, and following the extended
bound formulation due to Bendsge et al. (1983), Olhoff (1988), Olhoff (1989), Olhoff y Du (2013)
and Jensen y Pedersen (2006), this maximin problem is rephrased as the following nonlinear pro-
gramming problem

min — C.11
suin b1 — B2 (C.11)

such that: ~ §, := B — [w]?(k,x)]p >0, p=1,..,N

fq = [w]2'+1(k7 X)]q - 52 >0, ¢g=1,..,N

(K —w’M)h, =0, k€ Ly,

where (51 and 35 are additional variables representing the upper and lower bounds of the square
frequencies wjz and wjz 1, respectively, such as expressed in the constraints equations f, and g,.
Variables 51 and (3, are neither geometrical nor shape parameters, therefore, they do not depend
on the topology.

A discrete number of points N are chosen on the boundary of the irreducible Brillouin zone

to scan the frequencies. The wave vectors k of these NV points define the set L. The notation

[w]?(k, X)L) means that the frequency w; of band j is evaluated at the discrete point p on the

Brillouin zone boundary. Similarly, the notation {w? 1k, X)} , means that the frequency w;;q of

the band j + 1, adjacent to the band j, is evaluated at the discrete point q on the Brillouin zone
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boundary.
The first 2N constraints in the problem (C.11) involving the frequencies w; and w;1 can be

summed up into two vectorial constraints:

>0, (C.12)

6&>0, (C.13)

where the vector § € RY gathers the components § = {f1, ..., f,, .., fn} and the vector & €
RY gathers the components & = {g, ..., gg, -, 9N}, therefore, these vectorial inequalities are

interpreted component by component.

4. Optimization algorithm

The level-set function to handle the material configuration in €2, is subsequently introduced,
and then, the optimization problems (C.11) is rephrased in terms of this level-set-function. The
resulting formulation is solved with an optimization algorithm based on an augmented Lagrangian
technique. The evaluation of the sensitivities defining the gradient of the augmented Lagrangian
technique is computed through the topological derivative which is a key point to define a descent
direction of the Lagrangian functional. Particularly, the eigenvalue topological derivative repre-
sents the sensitivity of every eigenvalue of the problem (C.6) to infinitesimal domain perturbation
(topological changes) in €2,,.

The combined use of the level-set function and the topological derivative, which is adopted
in this work, follows closely the approach formerly presented by Amstutz y Andrd (2006) and
Amstutz et al. (2010) in topology design of mechanical structures. Concerning the topological
derivative for eigenvalue problems, the reader can get further details in the book by Novotny y
Sokotowski (2013).

The level-set function is introduced in the following sub-Section. After that, in the same sub-
Section, the augmented Lagrangian technique is described jointly with additional details that have
been used for solving the present problem. The description of the topological derivative is left for

sub-Section 4.3.

4.1. Level-set function.

The level-set function ) is a scalar function arbitrarily defined in €2, but satisfying ¢ €

C°(€,) and:
>0 Vxe Qi
P(x) =4 <0 VxeQ, : (C.14)
=0 Vxe€ 892[2
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where 89?2 is the interface between material m; and ms. Once v is defined, the characteristic

function x(x), in (C.9), can be rephrased as:

1 ve<o
X¢_{o V>0 ’ (C.15)

and the problem (C.11) can be reformulated in terms of y,, resulting:

min — C.16
B1,B2,% b= P2 ( )
such that: fp =51 — [w]z(k,xw]p >0, p=1,...,.N

gq = [w]2-+1(k, Xw)]q —p2>0, g=1,...N

(K—-w’M)h, =0, k€ Ly .

4.2. Augmented Lagrangian Technique

The problem (C.16) is solved through an augmented Lagrangian technique. Specifically, we
use an unconstrained formulation of the the augmented Lagrangian subproblem (Nocedal y Wright
(2006)) described in the Appendix I, see also Lopes et al. (2015). According to this formulation,

the generalized Lagrangian £, see equation (C.54) in Appendix I, is given by:

L(B1, B2, X M, F) = B —ﬁg—zﬂpfp—Z&qgﬁ% SR+ e -

peEA q€ll pEA q€ll
1 5 -
5. Z()‘p)2 + Z(’Yq)g , (C.17)
pE/A\ quI
where 5\p and 7, are Lagrange multipliers and « is a penalty parameter. Also, defining the sets
P=A{1,...,N}and Q = {1, ..., N}, then, the sets A, II, A and 11 in (C.17) are:
A:{p|p€77/\fp—5\p/a<0},

HZ{Q’QGQ/\Qq_:Yq/a<O}a

~ (C.18)
A=P\A,
II=0\II.
Consequently, the equivalent unconstrained form of (C.16), can be written as:
min  max £(B1, B2, Xy A7) - (C.19)

B1:.82:xyp A F

The inner maximization problem is solved in closed form as shown in the Appendix I. The outer

minimization problem in (C.19) is solved by using a descent direction algorithm.

The main ingredient to define a descent direction of £ respect to the the design variable X,
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is to introduce its topological derivative'. Following the above-mentioned reference works on this
topic, the topological derivative of £ at point x € 2, denoted D7 L(x), provides the sensitivity
of the functional £ with changes of  at the same point. In the books by Novotny y Sokotowski
(2013) and Novotny et al. (2019), the authors defines the generic concept of topological derivative.
Particularly, these authors analyze the topological derivative of the energy function associated with

an elastic boundary value problem posed in a given spatial domain.

First, we obtain the generic expression of the topological derivative of the function £ which
depends on the topological derivative of the eigenvalues related to problem (C.6). We left for the

next subsection the explicit description of the topological derivative of the eigenvalues.

Let us consider a perturbed characteristic function, ., that is similar to x everywhere in 2,,,
except within an infinitesimal ball of radius e and centered at x. The topological derivative in 2D

problems satisfies:

‘6(517 627)(67 5‘7’7) = E(ﬁhﬁ?v X 5‘7’7) + f(e)DTE(/BhBQva 5‘)7) + O(f(E)) (C.20)

where f(¢€) is proportional to the perturbed ball area. From equation (C.20), DrL(51, B2, X, A, )
is the term of minimum order in € indicating at X, if a phase change would induce a decrease of

the functional £. This criteria naturally provides a descent direction of the Lagrangian L.

The chain rule, which applies to the conventional differential calculus, can be generalized
to the operator Dy (-), see references cited above. Then, by applying this rule to the expression

(C.17), the topological derivative of the Lagrangian is:

DrL(B1, B2, %, A\, F) = — Z 5‘pDTfp - Z YeDrgq + prDTfp + Z 8¢ D79q(§-21)

pEA qell peEA q€ell

where Drf, and Drg, are the topological derivatives of the components p € A and ¢ € II of the

vectors § and &, respectively. These expressions are:

Drfp = —Dr[w3l, (C.22)

Drgy = DT[%Q‘H]q :

which are the topological derivatives of the eigenvalues [w?

%] and [w?, ] at points p and g, respec-

tively.

"Neither the Lagrangian (C.54) nor the fields involved in it are differentiable for changes of topologies. However,
the sensitivities of the field and the Lagrangian can be obtained by applying the topological derivative concept which
formally follows the rules of the differential calculus, typically, the chain rule, such as suggested by Amstutz y Andrd
(2006).
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Figura C.4: Perturbed micro-cell domain.

4.3. Topological Derivative of eigenvalues

The topological derivative of the eigenvalues resulting from problem (C.6) has been analyti-
cally obtained and reported in the work by Ammari et al. (2008). Alternatively, it can be nume-
rically estimated through the sensitivity (or change) of the eigenvalues to infinitesimal circular
perturbation in the domain, by introducing an interchange of phases in the circular hole centered
at x with radius ¢, as sketched in Figure C.4. Then, the perturbed eigenvalues are evaluated in
the new configuration. The topological derivative can be estimated with both, the original and the
perturbed, eigenvalues. This procedure is numerically assessed and compared with the analytical
expression in Section 6.

The expression of the topological derivative of the eigenvalue described next has been taken
from the paper by Amstutz (2011b). Let us consider that a background elastic material with Lame
parameters A1 ; p1 and density py exists at the point x in €2,,. Within an infinitesimal circular hole,
this material is substituted by other elastic material whose parameters: Ao; j12; p2 are proportional
to those of the background material via two contrast factors: 9 for the Lame parameters and 9,
for density, resulting: Ao = 9\ ; o = Ysp1 and po = J4p1. We denote 7, the (-th eigenvalue
of problem (C.6), and h, the eigenvector, or displacement mode, associated to it. Observe that the
full d.o.fs of hy are implicitly defined through the relation (C.7). We also assume that the set of
eigenvectors are orthonormalized, i.e.:

/Q p1(ho - hs)dV =6, ; Vindiceso,s. (C.23)
n

Then, the topological derivative of 1, denoted Dty , is given by:

Drne(x) = DrCo(x) — nep1(1 — 9a) (e - hy) (C.24)
where DpCly(x) results :
DTC’g(X) = (g [20’5 T Eep+ Cbtr(a'g)tr(sg)] (C.25)

being &, the strain compatible with h, and o the stress related to e, through the linear elastic
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constitutive law. All these terms correspond to the elastodynamic solutions of the unperturbed
problem. In expressions (C.24) and (C.25), all terms are evaluated at x. The coefficients (, and (p

are defined by the expressions:

(1= Js)(r1 +1)

. (Vs = 1) (k1 — 2)
2(/%1195 + 1) ’

G = ;

Ca = K1 +204 —1

with k1 being the bulk modulus of the background material: k1 = (A1 + 3p1) /(A1 + pr).
There exist some specific cases for evaluating the topological derivative of eigenvalues that
must be particularly contemplated. These cases arise very often during the iterative process of the

optimization algorithm and are described in the following two items:

i) The topology optimization algorithms for attaining the wider bandgaps in composites with
high symmetry must check the simultaneous phase changes in all the symmetry points of
the design domain. This procedure requires the evaluation of a topological derivative of
eigenvalues when simultaneous multiple perturbations are admitted in the design domain.
Thus, let us assume that there exist multiple simultaneous perturbations situated in positions
x) of , with: j = 1,...,np, where np is the number of simultaneous perturbations. The

topological derivative is given by (see Novotny y Sokotowski (2013)) :

Dyne =3 [DrC? = npr(1 ) (b - b)) (C.26)
j=1
where:
DrCY) = G200 e + G tr(oMr(ef!)] (C.27)

Accordingly with (C.25), the terms ag ) and séj ) are the stress and strain unperturbed solu-

tion evaluated in the points x(),

ii) An additional specific case that must be considered refers to the evaluation of the topological

derivative when multiple eigenvalues exist (ver Nazarov y Sokolowski (2008)). Let us consi-

der the eigenvalue 7, with multiplicity 6, (... < 7p—1 <1p = .. = Np1s,—1 < Npis, < ).
There are ¢, related eigenmodes denoted: hy; ....; by, 1 5,. The topological derivative of 7, is
determined by the eigenvalues 51(;1), vy [()5p ) of the symmetric matrix ) with components
k,m:

ka = DTOkm - 77P1(1 - ﬁd) (hp-l-k!—l : h'p+m71) ; ka m = 17 ceey 5]) (C28)

where:

DrClm = Ca [20p1k-1 ¢ €pym—1 + G tr(Opik—1)tr(€ptm—1)] (C.29)
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S.

Implementation of the numerical procedure

Some issues deserving specific attention for implementing the level-set methodology in the

optimization algorithm are presented in the following. It is remarked that alternative implementa-

tions of level-set-methodologies have been reported in the review paper of van Dijk et al. (2013).

i)

ii)

iii)

Interpolation of the level-set-function

It has been mentioned above that the Finite Element Method is used to determine the band
structure. Specifically, linear triangle finite element meshes with one quadrature point (at the
centroid of the finite element) are here adopted. The level-set function is interpolated on the
same mesh using the conventional finite element technique: ¥ (x) = N;(x)1); where N; are
the shape functions and %); are the nodal interpolation parameters of the level-set-function
(= 1,2,..., Np, with N, being the number of the mesh nodes). Thus, the interpolation

parameters (nodal values) of 1) are collected in the vector ¢ € RVr.
Evaluation of the characteristic function

The function ., is calculated in every v-th finite element, see Figure C.5. We take the
three nodal parameters of the level-set-function that correspond to this element: 1)} (with:
¢ = 1,2, 3), and the nodal coordinates x; of the nodes and determine Y, at the centroid,

which is denoted x,, as follows:

a) x,, =1, ifgy <0; Vie {1,2,3}.

b) x3, =0, ifyy >0; Vie {1,2,3}.

c) alternatively, if the zero-level-set of the interpolated function v (x) (i.e., the segment
given by 1)(x) = 0) intersect the element, then, compute:

c.1) the finite element area, AY,

c.2) the area A~ of the triangle (or quadrilateral) in where ¥ (x) < 0

Finally, compute: Xfp = -

Geometry and material mapping from the level-set-function parametrization

The elastic properties of the v—th finite element, that are characterized with the elasticity
tensor C" and the density p", are computed with the convex combination of the elasticity

tensors C; and Cy of phases m; and my, respectively, as follows:

C" = x3C1 + (1 — x3,)Co (C.30)
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Figura C.5: Determination of the characteristic function xy, at the v—th finite element.

P’ =xyp1+ (1= xy)p2 (C.31)

According to equations (C.30) and (C.31), if, for a given finite element, the three nodal
parameters of the level-set-function are negative (positive), the elasticity tensor (density)
coincides with the elasticity tensor (density) of phase m (mg). Alternatively, if the level-
set function parameters are positive and negative, the material elastic stiffness (density) can
be interpreted as a mixture of the stiffness (densities) of both phases. The salient feature
of this procedure is that a smooth transition from C; to Cs is induced by a continuous

movement of the interface across the element.

iii) Update of the level-set-function, the variables 31, 5 and the Lagrange multipliers

Once the characteristic function be and the topological derivatives of the Lagrangian fun-
ction, DL, are computed with equation (C.21) at the centroid of the v-th finite element, we
determine g}[’) as follows:

g4 = (1—2x3)DYL, (C.32)

which can be interpreted as a descent direction of the Lagrangian function. By interpola-
ting the corresponding field g, (x) with the standard finite element expression: g, (x) =
Ni(x)(gy )i, the vector gy, € RN>, gathering the nodal parameters, are obtained using a

projection of 951 to the nodes via a conventional least square technique. Finally, g, is nor-

malized :
. gy
Go = . (C.33)
gl
where the notation || - || , means the conventional L% norm in (£,,).

With g, the vector of nodal level-set-function at iteration k, ¢k, is updated at k + 1, as
follows:

Pt =Pk 4 gy, (C.34)
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where 7 is an adequate step length that should provide a decrease in the cost function. Since
the topology defined by 1) and ci is the same where ¢ > 0 is a scalar constant, we can

normalize 1. We denote 1,@'“ the normalized vector of 1"

R P*

k=T C.35
L T (€39

The descent direction of the augmented Lagrangian problem for the variables 81 and fs,

denoted ggl and gZQ, are

of
95 = *:—HZ%% Zf”aﬁi (C.36)
0
o=y 1+Z g —ozz 95 gq. (C37)
Then, the update scheme for 31 and 35 are:

A (C.38)

5T =85 + g5, (C.39)

and every component of the Lagrange multiplier vector X are updated using the following

expressions:

5\k+1 _ )\l; - afp7 if fp - )\];/Ck <0 . (C.40)
P 0, otherwise ’

and the components of 4 are updated according to:

~k . by
~k+1 Vg — 8, if 9q — )‘Q/O‘ <0 C.41
Tq { 0, otherwise ' (C.41)

iv) Convergence criterion

Convergence is achieved when the following two criteria are accomplished:

a) The derivatives 0L/0/1 , 0L/0 P9 are sufficiently small:

2 2
¢<ggl> (2 <, o

where tolg is a given tolerance. Furthermore, following Amstutz’s work (Amstutz

(2011a)), an additional local optimality criterion of problem (C.19) is given by the
condition:

DT£>O 5 veru?
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which can be implemented by verifying the inequality
G- > (1 —toly) ; (C.43)

where tol,, is a given tolerance.

b) All constraints must be satisfied:

fp 2 O ; vp E {172’ "'7N}

g,>0 ; VYge{l,2,..,N} (C.44)

v) Iterative scheme

The implemented iterative scheme inspired by the Augmented Lagrangian technique is sum-

marized in the following Box.
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Box 1: General Algorithm
Initialize: Level-set function ¥°; 59 and 39; Lagrange multipliers A%, 4°; penalty
parameter o’; tolerances tolg and tol,.

Iteration k:
1. Construct the characteristic function x (1*).

2. Compute the elastic properties and density (equations (C.30) and (C.31)) in
every finite element.

3. Compute the band structure (solve (C.6) V k € Ly).

4. Evaluate the augmented Lagrangian L£(3¥, 85, 4" Xk 4*) defined by equa-
tion (C.17)

5. Compute the topological derivative of eigenvalues: DTwJQ- (x(x)) and

DTwJZ 11 (x(X)) using equation (C.26), or, in the case of multiple eigenvalues

(C.28).

6. Compute the search directions ggl, g"ﬁ“2 and gj;, with equations (C.34) (C.36)
(C.37).

7. Determine the steep size parameter T € [Tpnin, Tmaz), by means of a linear
search procedure, where 7,,,;, and 7,4, are the safewarded minimum and ma-
ximum step sizes

8. Update A7, B5+1 and 4%+ with equations (C.38), (C.39) and (C.34), res-
pectively. Normalize 1**! by computing 1p**1. Impose symmetries cons-
traints.

9. If the convergence conditions (equations (C.42), (C.43) and (C.44)) are fulfi-
lled then stop.

10. If condition (C.43) is fulfilled and (C.44) is violated, then: a <
min(a + Ao amaz)

11. If conditions (C.42)~and (C.43) are fulfilled or 7 == 7,3, then update the La-
grange multipliers: A1 and 4% with equations (C.40), (C.41), respectively.
Return to 1.

vi) Nested grid refinements

The optimization problem is solved using a sequential finite element mesh refinement pro-
cedure. Initially, the problem is solved with a coarse grid. After attaining the algorithm
convergence, according to Box 1, the level-set function is projected onto a finer finite ele-
ment mesh, and the iterative process is restarted on the new mesh. This procedure may be

continued in subsequent refinement steps.

A refinement step consists of splitting every triangular finite element of the structured mesh

into four elements. Thus, the number of elements increases with a factor 4 from one step to
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Figura C.6: Nested finite element mesh refinement procedure. Mapping of the level-set function parameters, from the
coarser grid (left) onto the finer mesh (right).

the next. The level-set function parameters of the coarser grid are projected onto the finer
one. The projection procedure, which is sketched in Figure C.6, is determined as follows:
i) the parameters of the fine grid are copied from the coarse one in the coincident nodes.
ii) In those nodes of the finer grid which do not coincide with the coarser grid nodes, the

parameters are the average values of those defined in the closest nodes of the coarser grid.

5.1. Symmetry imposition

The material configuration computed at each iteration of the optimization algorithm is forced
to exhibit the crystal symmetry defined by a pre-established space group. To attain this objective,

we adopt the following strategy, similar to that describe by Rossi Cabral et al. (2020).

a) A finite element mesh preserving the space group symmetry is built, and the set of points

(nodes) belonging to the asymmetric unit” are identified.

b) The image points related to every point of the asymmetric unit through the symmetry ope-
rations are next identified. Both sets of points (those belonging to the image and the asym-

metric unit) depend on the crystal space group.

c) At the iteration k + 1, the topological derivatives of the eigenvalues Dp [wjz]p, p € A and
Dr [wJQ +1]¢> g € TI are computed according to (C.26) or (C.28) depending if the eigenvalue
is simple or multiple respectively. These values are copied to the symmetrical points of the
mesh. Note that the additive property of the topological derivatives for multiple simultaneo-
us perturbations is implicitly assumed in (C.26). This procedure is numerically validated in

the next Section.

Then the topological derivative of the Lagrangian function, DL is computed according to

equation (C.21). Finally, the updating of 1)**! (equation (C.34)) is performed.

*The asymmetric unit and the corresponding image points are defined for all the space groups in the International
Tables of Crystallography (London (2004)). See also Vainshtein (2013) for further description about this topic.
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Sequence of cylindrical perturbations of radii €
[0.0025; 0.0050; 0.0100; 0.0200; 0.0400; 0.0800]
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Figura C.7: Validation of the topological derivative of the eigenvalues. a) Unit cell of the periodic composite. The
configuration of Material 2, in gray, is perturbed by introducing a sequence of cylindrical holes with radii ¢ — 0 of
Material 1; b) finite element mesh of the unit cell and detail of the regions where phase mg is perturbed.

6. Numerical verification of the topological derivative formulas

Numerical experiments are carried out to verify the analytical expressions of the topological
derivatives described in sub-Section 4.3. These experiments are performed by taking a unit cell of
the composite, with size 1 x 1, which has a configuration with a p4mm symmetry. The host media
corresponds to phase m; and the cylindrical inclusions are constituted by phase ms. This unit cell
is shown in Figure C.7-a.

A sequence of problems (C.6) is solved. Each problem results from substituting a cylindrical
hole at a point of the inclusion with phase ms by the host material with phase m;. The successive
instances of this sequence consist of decreasing the hole radius € toward zero. Simultaneously,
and considering the symmetry imposed to the material configuration, three identical holes are
introduced at the image points of the domain. In this experiment, the holes are assumed as topology
perturbations.

Let us consider the j—th eigenvalue of the original problem (C.6) and the j—th eigenvalue
of the perturbed problem which are denoted wg and w?, respectively. The following sequence of

numbers is computed:

wi — wg
Aw,e = D) 3
e

(C.45)

where the hole radius e corresponds to one element of the set:
{0.08; 0.04; 0.03; 0.01; 0.005; 0.0025}.

Considering that four simultaneous cylindrical perturbations are introduced at points z1, 22,
z3, 24, we assume that the following additive asymptotic expansion hold, see Amstutz (2011b)

and Novotny y Sokotowski (2013):

4
w2 —wd =Y fle)Dr(wd)(zi) + o(f(er), .oy fle)) (C.46)
k=1
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where f(eg) = 7'('6% is the area (volume per unit thickness) of the k-th perturbation and the term
Z/)\T(oﬂ) is given by equation (C.24) after replacing 7, by w?2. Even when expression (C.24) is
derived from the asymptotic expansion of w? for a single perturbation (Amstutz (2011b)), the
additive behavior expressed in (C.46) can be naturally assumed; Sokotowski y Zochowski (2003)
prove the additive property of asymptotic expansions for some cases (see also Amstutz y Ciligot-

Travain (2010)). In our experiment, the four perturbations have the same radius ¢, then, we have

hm AVR Z Dy ( wo (21) = Dr (w%)

The experimental test is performed with the following material parameters: Young moduli
FEy = 49.01 GPa, E; = 91.15 GPa, Poisson’s ratio v = 0.52, p; = 1200 k:g/m3, P2 =
19500 kg/m3. The finite element mesh shown in Figure C.7-b with a detail of the perturbed zones
(having 17844 triangular elements) is identical for all the problems in the proposed e-sequence.
The mesh becomes increasingly refined when approaching the hole center.

Figure C.8 shows the results obtained with the present analysis for the third (left column)
and fourth (right column) eigenvalues and three wave vectors k = (0,0); (,0) and (7, 7). The
straight horizontal red solid-line is the analytical expression of the eigenvalue topological derivati-
ves, Dr(w3). The dashed blue lines with dots show the numerical assessments of the expressions
(C.45) in terms of 1/e. Figure C.9 display similar results for the fifth and sixth frequency bands.

All cases of the numerical assessments display the correct trend toward the analytical expres-

sion of the topological derivatives when € — 0.

7. Examples of phononic crystal designs

We perform the microstructure designs of phononic crystal with p4Amm symmetry. Three dif-
ferent cases, (a), (b) and (c), are assessed. In each case, the objective is to attain the wider absolute

bandgaps for in-plane waves between:

case a): the third and fourth bands,
case b): the fifth and sixth bands,

case ¢): the eight and ninth bands,

respectively. The initial configurations are built by applying a Heaviside projection filter to a ran-
domly generated topology. We emphasize that the filter is used only to obtain the initial configu-
rations.

The material properties of the constituent phases are the following. Host material: F; =

91.15 x 107 kg/(ecms?), v = 0.52 (Young modulus and Poisson ratio of plane elasticity),
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Figura C.8: Analytical expression of the eigenvalue topological derivatives (red lines) compared with their numerical
assessments (dashed blue lines with dots) for the third (left column) and fourth (right column) eigenvalues. Eigenvalues
are the square of the angular frequencies. Wave vectors k = (0, 0) (row 1), k = (,0) (row 2) and k = (7, 7) (row 3)
corresponding to I', X and M points, respectively.
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Figura C.9: Analytical expression of the eigenvalue topological derivatives (red lines) compared with their numerical
assessments (dashed blue lines with dots) for the fifth (left column) and sixth (right column) eigenvalues. Eigenvalues
are the square of the angular frequencies. Wave vectors k = (0, 0) (row 1), k = (,0) (row 2) and k = (7, 7) (row 3)
corresponding to I', X and M points, respectively.
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p1 = 1.95 x 1072 kg/cm?. Inclusions: Ey = 49.01 x 10 kg/(em s?), vy = 0.52, and py =
1.20 x 1073 kg/em3. The unit cell size is a = 1 cm. The initial penalty parameter of the optimi-
zation algorithm is a® = 1, the penalty parameter increment is Aav = 0.1, and e = 10. The
convergence tolerances are tolg = 10~3 and toly = 0.005.

The dispersion branches of the band structure are computed with N = 27 discrete points on the
boundary of the IBZ zone. Therefore, the optimization problem results with 2N = 54 constraints.

The algorithm for solving these examples uses a two-stage nested grid refinement procedure.
The first stage is solved with a mesh having 4096 triangular finite elements and the second stage

with a mesh having 16384 finite elements.

7.1. Discussion of results

The results obtained for the three cases a), b) and c¢) are summarized and depicted in Figures
C.10, C.11 and C.12, respectively.

Figures C.10-a, C.11-a and C.12-a show the microarchitectures (unit cells and assembled pho-
nonic crystals) that have been obtained with the topology optimization algorithm. Observe the
well-defined interfaces of the final geometrical configurations attained with this technique. We
also note that the bandgaps at higher frequencies demand more complex microstructures.

The microstructure acoustic properties of the three cases are analyzed with the band structure
diagrams plotted in Figures C.10-b, C.11-b and C.12-b. In these Figures, we also shown the band-
gaps generated by each microstructure. The frequencies axes in the plots are normalized with the
unit cell size a and a characteristic wave velocity C'y = \//T/pl , Where p; is the shear modulus
of the phase m;. Curves in red and blue identify the upper and lower bands where the objective
bandgaps come up. The relative bandgap widths are also depicted in these figures.

The numerical behaviour of the algorithm in terms of the iteration numbers required to get the
convergence are summarized in Figures C.10-c-f, C.11-c-f and C.12-c-f. Next, we discuss these

results.

e Figures C.10-c, C.11-c and C.12-c are plots of the product g - 1/;, as well as, the horizontal
red line corresponding to the value 1 — tol,, = 0.995. The criterion (C.43) is satisfied when
the dashed blue lines with dots is closer to 1 than the horizontal red line. In the three cases,

we note that this criterion is reached in a few number of iterations.

e Figures C.10-d, C.11-d and C.12-d plot the left term (1/(9L/0B1)% + (0L£/0B2)?) of the
criterion (C.42). They are plotted with dashed blue lines. The dashed red straight-line plot
the min(f,, gq) Vp, ¢, defined in the criteria (C.44), in terms of the iteration numbers. The

response of these plots show notable jumps after the mesh refinement.
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e Dotted blue curves in Figures C.10-e, C.11-e and C.12-¢e are plots of the maximum compo-
nent of the vector A of Lagrange multipliers introduced in the function (C.17). The dotted
red curves are plots of the maximum component of the vector 4 of Lagrange multipliers

also introduced in the same function.

e Figures C.10-f, C.11-f and C.12-f are plots of the maximum absolute bandgap in terms of

the iteration number.

The topologies and bandgaps (frequency ranges) attained with the present technique compare
very well with those reported by Li et al. (2016) for similar problems. Note, however, that we
search for the maximum absolute bandgap, while the mentioned reference work searches for the

maximum relative bandgap.

8. Conclusions

In this paper, we have described a new topology optimization algorithm for the design of
phononic crystal microarchitectures. After assessing the number of iterations required to converge
and the quality of the optimized topology, we conclude that the algorithm shows an adequate

performance.

The well-defined interfaces generated by this topology optimization algorithm is a remarked

feature.

One of the central issues to reach a good performance of the algorithm based on the present
methodology is to account for the analytical expressions of the topological derivative. In the pho-
nonic crystal design problem, the relevant derivatives are the topological derivatives of the frequen-
cies associated with the wave propagation phenomena. The paper presents analytical expressions
of these derivatives, which, in the particular case of multiple and simultaneous perturbations, have
been validated through numerical experiments.

The examples presented in the paper compare well with solutions reported in the literature for
similar problems.

Finally, we mention that we have tested the algorithm with different starting material configu-
rations. The conclusion is that the attained microarchitecture for a specific topology optimization
problem depends on this condition. Therefore, in practical cases, it is suggested to test several
initial configurations before choosing the final topology. This characteristic is typical of problem
with multiple local minimum, such as happens in the material design problem addressed in this

paper.
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